Nonparametric estimation of
risk measures of collective risks

Henryk Zahle
Saarland University

LUH-Kolloquium “Versicherungs- und Finanzmathematik”
Hannover
November 5, 2015

Based on joint work with

Volker Kratschmer (Essen), Alexandra Lauer (Saarbriicken),
and Alexander Schied (Mannheim)



Contents

1. Introduction

2. Choice of estimators

3. Consistency, asymptotic normality
4. Bias correction through bootstrap

5. Qualitative robustness



1. Introduction

This talk will be concerned with statistical inference for
law-invariant risk measures (premium principles).

In the Introduction, | will

» recall the definition of risk measures,
> give some examples for risk measures,

> present the basic statistical issue.



Definition

Let (Q, F,P) be atomless and X C L° = L%(Q, F,P) be a vector space
containing the constants. Let p: X — R be a map and consider the
following conditions:

(1)

(2) cash additivity: p(X +m) = p(X)+m forall X € X and m € R.
(3) subadditivity: p(X;1 + X2) < p(X1) + p(X2) for all X, Xo € X.
(4) positive homogeneity: p(AX) = Ap(X) forall X € X and A > 0.

monotonicity: p(X1) < p(X2) for all X7, X2 € X with X7 < Xo.

p is a monetary risk measure if (1)—(2) hold.
p is a coherent risk measure if (1)—(4) hold.

p is law-invariant if p(X1) = p(X3) whenever Py, = Px,.



Example 1
The Value at Risk at level « € (0,1)
V@R, (X) := Fx (o) = inf{z e R: Fx(z) > a}

is a law-invariant and positively homogeneous monetary risk measure on
X = LY. But it is not subadditive, hence not coherent.



Example 2

The Average Value at Risk at level a € (0,1)
AV@R,( : / V@R, (

is a law-invariant coherent risk measure on X = L.
If Fx is continuous at V@R, (X), then

AV@R,(X) = E[X|X > VAR, (X))



Example 3
The expectiles-based risk measure at level o € [1/2,1)
Ept,(X) := Ua(X)(0)

is a law-invariant coherent risk measure on X = L.
Here we use the notation

Uy (X)(m) := E[Ug(X — m)], m e R

for
ar , >0

Ua(2) ::{ (1-a)z , <0

If & = 1/2, then Ept, (X) = E[X].



Example 4
The one-sided moment-based risk measure for p € [1,00) and a € [0, 1]
OsM,,q(X) := E[X] + aE[((X — E[X])*)"]"/*

is a law-invariant coherent risk measure on X = LP.



Example 5

Let g be a convex distortion function, i.e. a convex nondecreasing
function ¢ : [0,1] — [0, 1] with g(0) =0 and g(1) = 1. The
distortion risk measure associated with g

0 %)
pu(X) 1= = [ a(Px(@)de+ [ (1= g(Px(a) da

— 0o

is a law-invariant coherent risk measure on X = X, :={--- }.
For right-continuous g, we have the representations

oo

po(X) = [ VOR(X)dgle) = [ dlgo P

—0o0

If specifically g(t) = max{(t — @)/(1 — «);0}, then p, = AVQR,,.
But there is no distor. function g such that p, = Ept,, or p; = OsM,, 4.



Example 5

Let g be a convex distortion function, i.e. a convex nondecreasing
function ¢ : [0,1] — [0, 1] with g(0) =0 and g(1) = 1. The
distortion risk measure associated with g

0 %)
pu(X) 1= = [ a(Px(@)de+ [ (1= g(Px(a) da

— 0o

is a law-invariant coherent risk measure on X = X, :={--- }.
For right-continuous g, we have the representations

oo

po(X) = [ VOR(X)dgle) = [ dlgo P

—0o0

Distortion risk measures associated with convex distortion functions are
the building blocks of rather general law-invariant coherent risk measures
(including Ept,, and OsM, ,) ...



Theorem

Let p be a law-invariant coherent risk measure on X = LP for some
p € [1,00]. Then there is some set G, of continuous convex distortion
functions such that

p(X) = sup pg(X) forall X e X

“Kusuoka representation”.

Kusuoka (2001)
Kratschmer/H. Z. (2011)
Belomestny/Kratschmer (2012)



For every law-invariant p : X — R we may define a map
Ry M(X) — R by  R,m) = p(Xn),
where X, € X has law m and
M(X):={Px: X € X}.

We call R, risk functional associated with p.



Statistical issue

We consider a “homogeneous” insurance collective

» Xy,..., X, ~p iid.individual claims in the next insurance period.
S X~ p*  total claim in the next insurance period.

Individual claim distribution p is unknown.

» Y1,...,Y,, ~p iid. indiv. claims in the previous insur. period(s),

Up/n~c€ (0,00) (e.g up=mn)

and are interested in information on the individual premium

(P G
EP(Zi:le)— nRP(M )-



Statistical issue

Let
Q:=RY, F = BR)®Y, PH = p®N

and note that
(Q,]—', {P*:pe M(X)})

is the corresponding nonparametric statistical model. The observation
variable Y; is defined to be the i-th coordinate projection on 2 = RN,

We are interested in the following aspect of the parameter u:

Tu(k) = Ry (™).



2. Choice of estimators

Approach

» choose reasonable estimator 45" for u*" based on Yi,...,Y,

n

> use Ty, == 1R, (1177) as estimator for T, (i) := 1R, (")

Examples

The Central Limit Theorem and Glivenko—Cantelli suggest respectively

T . TEN . AN
P = ./\fnmnngzn and TR T
where
My, = empirical mean of Y7,...,Y,
Sy, = empirical standard deviation of Y7,...,Y,,

n

[y, = empirical probability measure of Y7, ... = =2 by,

un



2. Choice of estimators

Approach

» choose reasonable estimator 45" for u*" based on Yi,...,Y,

n

> use Ty, == 1R, (1177) as estimator for T, (i) := 1R, (")

T n

Note
The normal approximation with estimated parameters
Hf{f = Nnﬁzun,n?in

is easy to compute. However the total claim distribution p*™ is typically
skewed to the right, whereas the normal distribution is symmetric.



2. Choice of estimators

Approach

» choose reasonable estimator 45" for u*" based on Yi,...,Y,

n

> use Ty, == 1R, (1177) as estimator for T, (i) := 1R, (")

=
Note
The normal approximation with estimated parameters

—
*N . .
:uun = Nnmun,n’sﬁn

is easy to compute. However the total claim distribution p*™ is typically
skewed to the right, whereas the normal distribution is symmetric.

For instance, ;= (1 — p)dog + pPay for p=0.1 and Py, = fopl Pareto

fap(@) = ab ' (0w +1) " ig 0@ (a,b>0).



n = 100

n = 150

n = 200

FPFF

true convolution p*"

PP

normal approximation N, ,,s2



Approach

» choose reasonable estimator 45" for u*" based on Yi,...,Y,

n

> use Ty, == 1R, (1127) as estimator for T, (i) := 1R, (")

T n

Note

The computation of the convolution

— ),

kN o —
'uun T 'uun

is more time-consuming (use, for instance, the Panjer recursion).
On the other hand, it takes into account the skewness of p*™.



Questions
» Consistency:
1 = 1 *n a.s.
ERP(NW) - E,R’P(/J‘ )) — 0
» Asymptotic normality:

1 o 1 *N d
Vi (=R (17 = ~Rp(1™)) < Z ~ Noga()

» Qualitative robustness:

For every € > 0 there exist a § > 0 such that for all n € N

Un,

dweak (1, V) <0 = dLévy(P%Rp(@) , P’%Rp(u/;\")) <e



Questions

» Consistency:

r 1 7 1 *n a.s.
n (ER,,(MU,”) — —R, (s )) 250 forr<1/2

» Asymptotic normality:

1 o 1 *N d
Vi (=R (17 = ~Rp(1™)) < Z ~ Noga()

» Qualitative robustness:

For every € > 0 there exist a § > 0 such that for all n € N

Un,

dweak (1, V) <0 = dLévy(P%Rp(@) , P’%Rp(u/;\")) <e



. Consistency, asymptotic normality

Basic assumption

Let p: X — R be a law-invariant map, A > 2, and assume:
a

b

) un/n — c € (0,00).

) pis cash additive and positively homogeneous, and M7 C M(X).
)

)

C

(
(
(c) peM(L).
(

d) For each sequence (m,,) C M7 with d(m,,Np1) — 0
there exist constants C, 3 > 0 such that for all n € N

Rp(my) = Rp(No,1)| < CdA(mn7N0,1)'B-

dx(p1, pr2) = SUp, g [ Fuy (2) — Fup ()|(1 + |2]Y)
M3 = {p € My : dy(p,80) < oo} (C M(LP) for any p < A).



. Consistency, asymptotic normality

Basic assumption

Let p: X — R be a law-invariant map, A > 2, and assume:
a) up/n — c € (0,00).

)

b) p is cash additive and positively homogeneous, and M{‘ C M(X).
)

)

C

(
(
(c) peM(L).
(

d) For each sequence (m,,) C M7 with d(m,,Np1) — 0

there exist constants C, 8 > 0 such that for all n € N

Rp(my) — Ry(No1)| < Cda(mn, Noa)P.

The number u,, of observed individual claims is of the same "“dimension”
as the number n of individual risks in the collective. In other words:

Claims could be observed only in the last few years.



3. Consistency, asymptotic normality

Basic assumption

Let p: X — R be a law-invariant map, A > 2, and assume:
a

b

) un/n — c € (0,00).

) pis cash additive and positively homogeneous, and M7 C M(X).
)

)

C

(
(
(c) peM(L).
(

d) For each sequence (m,,) C M7 with d(m,,Np1) — 0
there exist constants C, 8 > 0 such that for all n € N

IRp(mn) = Rp(Noa)| < Cda(mp, Noa)P.

For instance, p = VQR,, AVQR,,, Ept,, OsM,, py, ...



. Consistency, asymptotic normality

Basic assumption

Let p: X — R be a law-invariant map, A > 2, and assume:
a

b

) un/n — c € (0,00).
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)

)

C

(
(
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(

d) For each sequence (m,,) C M7 with d(m,,Np1) — 0
there exist constants C, 3 > 0 such that for all n € N

IRp(mn) = Rp(Noa)| < Cda(mp, Noa)P.

For instance, X = LP and
the individual claims X; ~ p lie in L* for some A > p.



. Consistency, asymptotic normality

Basic assumption

Let p: X — R be a law-invariant map, A > 2, and assume:

a) up/n — c € (0,00).

)

b) p is cash additive and positively homogeneous, and M3} C M(X).
)

)

C

(
(
(c) peM(L).
(

d) For each sequence (m,) C M7 with dy(m,,Ny1) — 0
there exist constants C, 3 > 0 such that for all n € N

IR,(m,) — R,(No1)| < Cdx(my,, No1)®.

For instance, p = V@GR, (A =0, 5 =1), AVAR, (A>1, 8 =1),
Ept, (A>1,8=1),0sM, (A>p, 5=1/p), ...



3. Consistency, asymptotic normality

Basic assumption

Let p: X — R be a law-invariant map, A > 2, and assume:
a

b

) un/n — c € (0,00).

) pis cash additive and positively homogeneous, and M7 C M(X).
)

)

C

(
(
(c) peM(L).
(

d) For each sequence (m,,) C M7 with d(m,,Np1) — 0
there exist constants C, 3 > 0 such that for all n € N

Rp(my) = Rp(No,1)| < CdA(mn7N0,1)'B-

. is not very restrictive!



Theorem

Under the basic assumption we have

(0) IR, (p*") = m+ {\/LERP(NOJ)} s+ O(n=1/2-7)
0 %RP(N"’?L"”’"E?W) = MMy, + {ﬁRp(No,l)}gun
(i) % Ro(fgr) = M, + {ﬁRP(No,l)}%n t Opas (n1/2)

v :=min{\ — 2,1}/2
m = mean(p), s:=std(p), M, = 3= 20" Vi, Su, =

Kratschmer/H. Z. (2011)
Lauer/H.Z. (2015)



Theorem

Under the basic assumption we have

(0) ARp(u™) = m+{=R,(No1)} s+ O(n~1/27)
() 2Ry Wi nsz,) = Py + { F=Rp(No1)} B,

(ii) %RP(ZZJ:) = ﬁlun + {\%Rp(/\/‘o,l)} :S\un + Op.as. (n_l/Q_’Y)
Note

This shows that the premium determined according to p is asymptotically
equivalent to the premium determined according to the standard
deviation principle with safety loading
Ry (No)
\/ﬁ P 0,1)-

The factor \/Lﬁ reflects the balancing of risks in a collective of size n.



Proof

For instance, the first identity follows from

Ro(™) = RpWNpm,ns2) + (Ro(t™) = Rp(Noum, ns2))
= plnm+nsZ) + (p(v/nsZ, +nm) — p(v/nsZ +nm))
= nm+Vnsp(Z) + vns(p(Zn) — p(2))
= nm+VnsRy(Noa) + vns(R,(law{Z,}) — R,(No1))

(with Z, = ﬁ Z?:1(Xi —m) and Z N./\/o,l) and

Vs [Ry(aw{Z,}) - Ry(No.o)
< /ns-const, - sup |Fz, (z) — ®o1(x)| (1 + l2|*)
xeR

< /ns-const, - consty -n 7.

The last step is ensured by Petrov's nonuniform Berry—Esséen inequality.



Corollary

Under the basic assumption we have
(0) LRy (Num,ns2) = Ry (17") = O(n=1/277),

(i) %RP(N’”?L% »nﬁn) - %Rp(ﬂ*n) = (My, — M)+ Op.as. (n’l/z)_

(i) 1R, (@) — 1R, (1) = (M, — m) + 0pas (n™1/2),

v :=min{\ — 2,1}/2

mi=mean(p), s:=std(p), My, == DY By, =

Kratschmer/H. Z. (2011)
Lauer/H.Z. (2015)



Corollary

Under the basic assumption we have

(O) %RP(NTLm,n:ﬁ) - %Rp(p,*n) e O(n71/277)_

(i) %Rp(./\/nﬁlun,ngin) — %Rp(,u*") = (fflun _ m) + Opas. (nfl/z)_
(ii) %Rp(ﬁ::) - %Rp(u*n) _ (mun B m) T Opas (n71/2).

Note

nr((ffLun — m) + Op-as. (n71/2))

OP-a.s. (n7 1/2)
onr

Uy, (M, — M) +

2% 0 forallr<1/2



Corollary

Under the basic assumption we have

(0) +Rp(Numons2) — 2R,(0*™) = O(n~1277),

() ARy Wo, 5z, ) = ERp (1) = (o, —m) + 055 (n71/2).
(i) 1R, (@) — 1R, (1) = (M, — m) + 0pas (n™1/2),

Note

Vit (i, —m) + 0pas.(n~Y2))

—1/2

= V(, —m) + Eeel )
n

i} Z ~ N0752



Corollary

Under the basic assumption we have
(0) %RP(Nnm,nsz) - %Rp(/‘*n) = O(nil/in)-
(i) %RP(NnT?Lu,,L,nﬁn) - %RP(N*n

) (T/flun — m) + Op_ass. (n71/2)'

(i) LR, (7i") — 1R, (1*™) = (i, —m) + 0poas, (n~1/2),

Note
. in particular,
lR (/»?’L) _ g“n (D—l(l_ O[) lR (/;L) _ g“n (p—l(a)
n P \Huy /Un 2) v \Hun VUn 2

prowdes an asymptotic confidence interval for the |nd|V|duaI premium

LR, (™) at level a for both 12" := Ny s ~and pEn = .



Numerical example

We let u,, = n and p = VQRg 99 and = (1 — p)dg + pPas
for the Pareto distribution P, ;, = f, »¢ with Lebesgue density

fap(@) = ab (0w +1) " ig 0@ (a,b>0).

We fixed p = 0.1, considered the following fours sets of parameters

a b| mean(y) std(p) | mean(Pap)  std(Pap)

2.1 10 1 14.80 10 45.83
3 20 1 6.25 10 17.32
6 50 1 4.90 10 12.25

10 90 1 4.64 10 11.18

and did Monte Carlo simulations based on 50 repetitions.

Note that wu,, is “small”, p is “strict”, and p is “risky” !
P I
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The light blue lines represent the empirical 5%- and 95%-quantiles.



Conclusion

» The estimators are asymptotically equivalent.
LR, (fiz") is better than LR, (N, nz2 ) for finite sample.

S3
Un

» Good applicability to light-tailed © and moderate n.
Good applicability to medium-tailed p and large n.
Moderate applicability to heavy-tailed p and large n.

» Both estimators have a negative bias.

— Bias correction (see Section 4)
Outlook

» Comparison with parametric models.



4. Bias correction through bootstrap

Problem

Both estimators have a negative bias.

Countermeasure
Estimate the bias and subtract it from the original estimator.

Use, for instance, a bootstrap-based estimator for the bias.

For simplicity | here restrict to Efron’s bootstrap
(i.e. to the multiplier bootstrap with multinomial weights).



We have seen in Section 3 (Corollary) that
law{ /i (R R (1i7) = 3 Rp(1™)) } = Nos2
One can show (Lauer/H.Z. (2015+)) that also

—B — W
law{\/tn (LR, (13" 7) — 2R, (1) | (Yi, o Y )} 25 Np g2

Here
,uu" is based on (Y7,...,Y,.),
;Z’ZL is based on (Y,B,,..., VB, ),

? n,Un

where, given (Y1,...,Y,, ), the bootstrap sample (Y;B,,... VB, )is
drawn from the “urn” {Y3,...,Y, } with replacement



That is, for large n we have

1aw{%RP(m) - lRP(u*n)} ~ NO,SQ/U,,,L

n

and

_ B _
1aw{%73p(,u{j:} ) — %Rp(u;j:}) } (Yq,... ,Yun)} ~ No,s2/u, -

Here

—

prm is based on (Yi,...,Yy, ),

B
pi™ is based on (Yfl, .. ,Y,Eun).
where, given (Y1,...,Y,,), the bootstrap sample (Y,2,,..., V2,

drawn from the “urn” {Y7,...,Y,. } with replacement.



That is, for large n we have

law {3 Ry (1) = SR (™)} % Noseyu, ()

and

_ B _
1aw{%7€p(u{j:} ) — %Rp(u;j:}) ‘ (Yq,... ,Yun)} ~ No,s2/u, -

%) pretends that law{ LR ,(1*") — LR ,(1*")} has mean zero.
n VP \Fuy n'vP

However, from the numerical example in Section 3 we known that the
mean is strictly negative.

Thus for our purpose J\/’O’gﬁ /u, 1S NOt a reasonable estimator for the law
of the empirical error. A better estimator can be defined as follows ...



That is, for large n we have

*1

law{ IR, (ns") — LR, (™)} =~ Nos2/m

and

B
*M

1;1‘\\v{%7?’/)<}1'1¢,, ) o %R/)OIJ,’,I) ‘ <}/l~, s TYVHN,)} ~ /V‘().,sz/n,-

——B,1 —B,L .
Let L>mnand pi™ ..., ux"" be based on L independent
bootstrap samples (V2 LYBE, £=1,...,L. Then

SEUEE
1 L
e O N A R W)
provides the bootstrap estimator for

law{ T R,(1i?) = AR, (1™}



. and one can use its mean

1 —

—— B
Bias,, = L5 (AR (i) = 2Ry (pd™)

as an estimator for

—

Bias(T,; 1) := BX[ER, (1) — SR (1))

In particular,

_BSC A B
T, =T, — Bias,,

provides an estimator for T, (1) := 2R ,(1*™) with smaller bias than

To = 2R, (u3").



Numerical example

We let u,, = n =100 and p = V@R 99 and p = (1 — p)dp + pPas
for the Pareto distribution P, ;, = f, »¢ with Lebesgue density

fap(@) = ab (0w +1) " ig 0@ (a,b>0).

We fixed p = 0.1 and the following set of parameters

std(u) | mean(Pap)  std(Pap)

b | mean(y)
10 12.25

a
6 50| 1 4.90 |

We did a Monte Carlo simulation based on 500 repetitions (where the
bootstrap estimator for the bias was based on L = 1.000 repetitions)

and obtained
J(7iz) | mean LR, ()P

LR, (p*") | mean iR
3. 3.13




Numerical example

We let u,, = n =100 and p = V@R 99 and p = (1 — p)dp + pPas
for the Pareto distribution P, ;, = f, »¢ with Lebesgue density

fap(@) = ab (0w +1) " ig 0@ (a,b>0).
We fixed p = 0.1 and the following set of parameters

a b | mean(y) std(y) | mean(P,p) std(Pay)
6 50| 1 190 | 10 1225

We did a Monte Carlo simulation based on 500 repetitions (where the
bootstrap estimator for the bias was based on L = 1.000 repetitions)
and obtained

IR, (™) | mean 1R, (Mo, nsz) | Mean 1R, (Vo sz )B5€

33 | 2.89 | 2.94
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5. Qualitative robustness

As before we let
Q=R F = B(R)®N, PH o= &N
and consider the statistical model
(Q, F, {P*: p € M(X)}).

We assume that £ > | §,, € M(X) foralln € N and y; € R.

The aspect of interest is

and we use the estimator



Definition

~

The sequence of estimators (7},) is said to be robust on M C M(X) if
for every u € M and € > 0 there exist a § > 0 such that for all n € N

Ve Mv dweak(,ua V) S o — dLévy (P%nap%n) S .

The definition was proposed by Hampel (1971) for M = M(X), where

dweak = any metric generating the weak topology, e. g. dweak = dLévy

drevy(pt,v) :==inf{e > 0: F,(z—e)—e < F,(z) < Fy(z+¢e)+e Vo € R}



Definition

~

The sequence of estimators (7},) is said to be robust on M C M(X) if
for every u € M and € > 0 there exist a § > 0 such that for all n € N

Ve Mv dweak(,ua V) S o — dLévy (P%nap%n) S .

Corollary to Hampel’'s theorem

If {T,, : n € N} is equicontinuous for the weak topology,
then (7T),) is robust on M = M(X).

Problem

{T,, : n € N} is not equicontinuous for the weak topology for any law-
invariant coherent risk measure p (if X" is the “natural” domain of p).



Definition

~

The sequence of estimators (7},) is said to be robust on M C M(X) if
for every u € M and € > 0 there exist a § > 0 such that for all n € N

Ve Mv dweak(,ua V) S o — dLévy (P%nap%n) S .

Corollary to Hampel’'s theorem

If {T,, : n € N} is equicontinuous for the weak topology,
then (7T),) is robust on M = M(X).

To do

Find a suitable generalization of Hampel's theorem!



The p-weak topology

Let p € [0,00]. On (any subset of)

M(LP) := {u € Mi(R) : /|x|pu(dx) < oo}

we may impose the p-weak topology, that is, the coarsest topology for
which all mappings p— [ fdpu, f € Cp(R), are continuous, where

Cp(R) := {f € C(R) : |f(x)| < clz|? for some ¢ € (o,oo)}.

Note that
W — b p-weakly
— [ fdu, — [ fdpforall feCy(R)
<  pn — pweakly and [ |2fP pn(dz) — [ |2f? p(dz)



Let X = L?, i.e. the domain of R, is M(LP).

Definition

~

The sequence (T},) is said to be p-robust on M C M(LP) if for every
w € M(LP) and € > 0 there exist a 6 > 0 such that for all n € N

v € M(LP), dpvearc(pv) S8 = die (P4 P4 ) <e.

Theorem

If {T), : n € N} is equicontinuous for the p-weak topology, then (fn) is
p-robust on every locally uniformly p-integrating set M C M(LP).

H.Z. (2016)
Kratschmer/Schied/H. Z. (2012, 2014)



Let X = L?, i.e. the domain of R, is M(LP).

Definition

~

The sequence (T},) is said to be p-robust on M C M(LP) if for every
w € M(LP) and € > 0 there exist a 6 > 0 such that for all n € N

Ve M(Lp)’ dp—wcak(,u, V) <4 — dLévy (]P)%l,]P);An) <e.

Theorem

If {T), : n € N} is equicontinuous for the p-weak topology, then (fn) is
p-robust on every locally uniformly p-integrating set M C M(LP).

Here M C M is said to be locally uniformly p-integrating if for every
1€ M and e > 0 there exist § > 0 and a > 0 such that

veM, dyax(p,v) <6 = [|z[PLlygpse v(de) < e



Let X = L?, i.e. the domain of R, is M(LP).

Definition

~

The sequence (T},) is said to be p-robust on M C M(LP) if for every
w € M(LP) and € > 0 there exist a 6 > 0 such that for all n € N

Ve M(Lp)’ dp—wcak(,u, V) <4 — dLévy (]P)%l,]P);An) <e.

Theorem

If {T), : n € N} is equicontinuous for the p-weak topology, then (fn) is
p-robust on every locally uniformly p-integrating set M C M(LP).

In particular, in this case (fn) is robust on every locally uniformly
p-integrating set M C M(LP) on which the weak topology and the
p-weak topology coincide.



Theorem

For p € [0,1], M C M(LP) the following conditions are equivalent:

a

b

The weak topology and the p-weak topologies on M coincide.

M is locally uniformly p-integrating.

d

(a)

(b)

(c) Every weakly compact subset of M is uniformly p-integrating.

(d) Every weakly convergent sequence in M is uniformly p-integrating.
(e)

e) For every sequence (u,,) € M for which p,, converges weakly to

the convergence [ |z|P p,(dz) — [|z[? po(dz) holds.

H.Z. (2016)
Kritschmer/Schied/H. Z. (2015+)



Theorem

For p € [0,1], M C M(LP) the following conditions are equivalent:

a

b

The weak topology and the p-weak topologies on M coincide.

M is locally uniformly p-integrating.

d

(a)

(b)

(c) Every weakly compact subset of M is uniformly p-integrating.

(d) Every weakly convergent sequence in M is uniformly p-integrating.
(e)

e) For every sequence (u,,) € M for which p,, converges weakly to

the convergence [ |z|P p,(dz) — [|z[? po(dz) holds.
Definition
A set M C M(LP) satisfying condition (a) is called w-set in M(LP).

(Note: The smaller p, the larger one can make such w-sets).



Let X = L?, i.e. the domain of R, is M(LP).

Corollary

If {T,, : n € N} is equicontinuous for the p-weak topology,
then (7T),) is robust on every w-set M in M(LP).

Examples
{T, : n € N} is equicontinuous for the p-weak topology if

» p=AVQ@R, (p=1), p=Ept, (p=1), p=0sM,,,

W-sets in M(LP) are fairly large. Examples are

> the set of all normal distributions, the set of all Gamma distributions,
the set of all Pareto distributions with tail-index a > ag > p, ...



Our theory is taken into account in the IAIS Risk-based Global Insurance
Capital Standard-

I A I S Public Table 3. Main features of VaR and Tail-VaR
INTERNATIONAL ASSOCIATION OF Features/Risk measure VaR Tail-VaR
e sureRsors Frequency captured? Yes Yes
Severity captured? No Yes
Sub-additive? Not always Always
Diversification captured? Issues Yes
R'SK'basef' Global Back-testing? Straight-forward Issues
Insurance Capital Standard Issues wilh data
Estimation? Feasible limitation
N Sensitive to Sensitive to tail
Model uncertainty? " modeling
17 December 2014 Robustness | (with respect to “Lévy metric®™")? | Almost, only minor No
issues
Public Consultation Document Robus:g\ess Il (with respect to “Wasserstein Yes Yes

Comments due by 16 February 2015 metric**")?

% The Lévy metric is a metric on the space of cumulative distribution functions of one-dimensional random
variables. It is a special case of the Lévy-Prokhorov metric.

* The Wasserstein (or Vasershtein) metric is a distance function defined between probability distributions on a
given metric space, the meftric is also known for its optimal transport properties.

Risk-based Global Insurance Capital Standard
[ rerr————— Public Consultation
B 207 16 2015 P ot 158 17 December 2014 — 16 February 2015 Page 42 of 159




Thank you!
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