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An'academic'response'to'Basel'3.5'
1.'Measuring'dependence'uncertainty:'the'DNB'case

2.'AsymptoPc'equivalence'of'VaR/ES'worst'case'esPmates

3.'Adding'extra'dependence'assumpPons



1.'A'real'example:'the'DNB'case.'See'[3].

DNB'risk'porbolio'used'for'ICAAP

Credit'Risk

2.5e06''
simulaPons

Market'Risk

2.5e06''
simulaPons

Ownership'Risk

2.5e06''
simulaPons

OperaPonal'Risk

LogNormal'
distribuPon

Business'Risk

LogNormal'
distribuPon

Insurance'Risk

LogNormal'
distribuPon

L1 L2 L3 L4 L5 L6

total'loss'exposure'(for'DNB:'d=6)L+d = L1 + · · · + Ld
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1.'A'real'example:'the'DNB'case.'See'[3].

DNB'risk'porbolio'used'for'ICAAP

Credit'Risk

2.5e06''
simulaPons

Market'Risk

2.5e06''
simulaPons

Ownership'Risk

2.5e06''
simulaPons

OperaPonal'Risk

LogNormal'
distribuPon

Business'Risk

LogNormal'
distribuPon

Insurance'Risk

LogNormal'
distribuPon

L1 L2 L3 L4 L5 L6

total'loss'exposure'(for'DNB:'d=6)L+d = L1 + · · · + Ld

Basel'II(I)'requirement:'compute'and'reserve'based'on

VaR↵(L+d ) or ES↵(L+d )
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ValueZatZRisk'(VaR)'

Expected'Shorball'(ES)'

P(L+d > VaR↵(L+d ))  1 � ↵.

ES↵(L+) =
1

1 � ↵

Z 1

↵
VaRq(L+) dq, ↵ 2 (0, 1)d d

ES↵(L+d ) = E[L+d |L+d > VaR↵(L+)], if L+d is continuous.

.

VaR↵(L+
d

) = inf{x 2 R : F

L

+
d

(x) > ↵}, ↵ 2 (0, 1).

Risk'measures:'definiPons



VaR'vs'ES
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VaR'fails'to'be'subaddiPve'

ES↵(L+d )  ES+↵(L+d ) :=
dX

i=1

ES↵(Li)

ES'is'a'coherent'risk'measure'

VaR↵(L+d ) > VaR+↵(L+d ) :=
dX

i=1

VaR↵(Li).>

comonotonic'dependence'
(maximal'correlaPon)



General'problem

DUZspread'for'VaR

VaR↵(L+d )VaR↵(L
+
d )

one'period'risks'with'staPsPcally'esPmated'marginals

DUZspread'for'ES

ES↵(L
+
d ) ES↵(L+d )

7

superaddiPve'models

Pd
i=1 VaR↵(Li)



General'problem

DUZspread'for'VaR

VaR↵(L+d )VaR↵(L
+
d )

and'unknown'dependence'structure
one'period'risks'with'staPsPcally'esPmated'marginals

DUZspread'for'ES

ES↵(L
+
d ) ES↵(L+d )

7

superaddiPve'models

Pd
i=1 VaR↵(Li)

VaR↵(L+d ) := sup {VaR↵(L1 + · · · + Ld); Li ⇠ Fi, 1  i  d} ,
VaR↵(L

+
d ) := inf {VaR↵(L1 + · · · + Ld); Li ⇠ Fi, 1  i  d}.

:

:



General'problem

DUZspread'for'VaR

VaR↵(L+d )VaR↵(L
+
d )

and'unknown'dependence'structure
one'period'risks'with'staPsPcally'esPmated'marginals

DUZspread'for'ES

ES↵(L
+
d ) ES↵(L+d )

7

superaddiPve'models

Pd
i=1 VaR↵(Li)

Pd
i=1 ES↵(Li) =
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How'can'we'compute'the'bounds?

VaR↵(L+d )VaR↵(L
+
d )

ES↵(L
+
d ) ES↵(L+d )

For'general'inhomogenous'marginals,'there'does'not'exist'an'
analyPcal'tool'to'compute''''''''.

Pd
i=1 ES↵(Li) =
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How'can'we'compute'the'bounds?

VaR↵(L+d )VaR↵(L
+
d )

ES↵(L
+
d ) ES↵(L+d )

For'general'inhomogenous'marginals,'there'does'not'exist'an'
analyPcal'tool'to'compute''''''''.

Pd
i=1 ES↵(Li) =

Then'use'the'Rearrangement'Algorithm;''
see'[3]'for'a'stepZbyZstep'implementaPon.



PARETO(2)'MARGINALS'AND'''''=0.99↵ ORDERED'MATRIX

With'N=10^5,'we'obtain'the'first'three'decimals'of'''''''''''''''''''''''''''''''''''''''''''in'0.2'sec.''''''''''''''''''''''VaR↵(L+3 ) = 45.9898



Model'uncertainty:'the'DNB'example

DNB'risk'porbolio'(figures'in'million'NOK)

quanPle'level'used:''''''='99.97%↵

Credit'Risk

2.5e06''
simulaPons

Market'Risk

2.5e06''
simulaPons

Ownership'Risk

2.5e06''
simulaPons

OperaPonal'Risk

LogNormal'
distribuPon

Business'Risk

LogNormal'
distribuPon

Insurance'Risk

LogNormal'
distribuPon

L1 L2 L3 L4 L5 L6

62,156.4

VaR↵(L+d )VaR↵(L
+
d )

105,878.293,152.7

10

VaR↵(L
+
d )Pd

i=1 VaR↵(Li)
= 1.136

Pd
i=1 VaR↵(Li)



The'worst'superaddiPvity'(or'diversificaPon)'raPo'for''''''''''is'defined'as'

S ↵(d) :=
VaR↵(L+d )
VaR+↵(L+d )

=
VaR↵(L+d )
Pd

i=1 VaR↵(Li)

L+d

worstZpossible'dependence

comotonic'dependence

The'worst'diversificaPon'raPo:'definiPon;'see[3].
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�↵(L
+
d )



The'worst'superaddiPvity'(or'diversificaPon)'raPo'for''''''''''is'defined'as'

S ↵(d) :=
VaR↵(L+d )
VaR+↵(L+d )

=
VaR↵(L+d )
Pd

i=1 VaR↵(Li)

L+d

worstZpossible'dependence

comotonic'dependence

The'worst'diversificaPon'raPo:'definiPon;'see[3].

11

�↵(L
+
d )

Examples: 

Z''''''''''''''''''''''''''''':'the'aggregate'posiPon'is'always'less'risky'than'the'sum'of'the'
marginal'exposures.'Examples:''''''''''''''''''''''''''''''has'a'mulPvariate'Gaussian'or'
mulPvariate'Student’s't'(in'general'ellipPcal)'distribuPon.'

Z''''''''''''''''''''''''''''':'superaddiPvity'of'VaR.'It'typically'occurs'with'heavyZtailed'and/
or'skew'marginals'and/or'nonZellipPcal'porbolios.

(L1, . . . , Ld)
�↵(L

+
d ) = 1

�↵(L
+
d ) > 1



Explicit upper bound in the homogeneous case (all risks have df F) : 

Model'uncertainty:'general'risk'porbolio

S ↵(d) :=
VaR↵(L+d )
VaR+↵(L+d )


ES↵(L+d )

VaR+↵(L+d )
 dES↵(L1)

dVaR↵(L1)
=

ES↵(L1)
VaR↵(L1)

.

12

�↵(L
+
d ) =



Explicit upper bound in the homogeneous case (all risks have df F) : 

Model'uncertainty:'general'risk'porbolio

S ↵(d) :=
VaR↵(L+d )
VaR+↵(L+d )


ES↵(L+d )

VaR+↵(L+d )
 dES↵(L1)

dVaR↵(L1)
=

ES↵(L1)
VaR↵(L1)

.

12

�↵(L
+
d )

Theorem:'Under'some'general'marginal'condiPons'(including'all'the'conPnuous'
distribuPonal'models'used'in'QRM)'+'LOSSES'WITH'FINITE'MEAN,'we'have

(homogeneous'case)lim
d!1

S ↵(d) =
ES↵(L1)

VaR↵(L1)
.lim

d!1
�↵(L

+
d ) =

=



Values for the limit for Pareto(  ) distributions

Values for the limit for LogNormal(0,  ) distributions

Values for the limit for Exponential(  ) distributions✓

✓

✓
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Model'uncertainty:'general'risk'porbolio'with'infinite'mean

What'if'the'losses'have'infinite'mean?''

Under'some'general'marginal'condiPons,'we'have'that''

This'means'that'the'VaR'for'a'sum'can'be'arbitrarily'large'with'respect'to'the'
corresponding'VaR'esPmate'for'comonotonic'risks.'

lim
d!1

S ↵(d) = 1.lim
d!1

�↵(L
+
d ) =



An'academic'response'to'Basel'3.5'
2.'AsymptoPc'equivalence'of'VaR/ES'worst'case'esPmates



Model'uncertainty:'the'DNB'example

DNB'risk'porbolio

quanPle'level'used:''''''='99.97%↵

Credit'Risk

2.5e06''
simulaPons

Market'Risk

2.5e06''
simulaPons

Ownership'Risk

2.5e06''
simulaPons

OperaPonal'Risk

LogNormal'
distribuPon

Business'Risk

LogNormal'
distribuPon

Insurance'Risk

LogNormal'
distribuPon

L1 L2 L3 L4 L5 L6

ES↵(L
+
d )

74,354.7 110,588.8
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62,156.4

VaR↵(L+d )VaR↵(L
+
d )

105,878.293,152.7

Pd
i=1 VaR↵(Li)

ES↵(L+d )



Equivalence'of'worst'VaR'and'ES'esPmates

In'general,'we'have

VaR↵(L+d )

ES↵(L+d )
 1.

17



Theorem:'Under'some'general'marginal'condiPons'(including'all'the'conPnuous'
inhomogeneous'models'used'in'QRM)'+'LOSSES'WITH'FINITE'MEAN'we'have'

  

lim
d!1

VaR↵(L+d )

ES↵(L+d )
= 1.

Equivalence'of'worst'VaR'and'ES'esPmates

In'general,'we'have

VaR↵(L+d )

ES↵(L+d )
 1.

17



Equivalence'of'worst'VaR'and'ES'esPmates

Sum'of'd'LogNormal(2,1)'marginals.

Sum'of'd'different'Pareto,'LogNormal,'ExponenPal'marginals.

Z'The'limit'is'evident'also'for'relaPvely'small'dimensions;''

Z'Important'consequences'wrt'the'forthcoming'Basel'3+'accords.
18



An'academic'response'to'Basel'3.5'
3.'Adding'extra'dependence'assumpPons



WORST'VAR'SCENARIO

2d'projecPons'to'[0.999,1]^2'of'the'support'of'the'3dZcopula'
merging'the'upper'99.9%Ztails'of'the'three'Pareto(2)'distributed'

random'variables'maximising'the'99.9%ZVaR'of'their'sum.''
The'black'area'represents'a'completely'mixable'part,'see'[1].

1

1

β

βα
α

β'

β'

20



1

1

β

βα
α

β'

β'

? ? ?
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In'quanPtaPve'risk'management,'the'components'of'a'risk'porbolio'ouen'have'some'
posiPve'dependence'structure.

Dependence'restricPons:'our'approach'(I)

Typical'assumpPon:'POD'risks,'i.e. L?? 
co

L

For X and Y in Rd
, we define the concordance order Y 

co

X, if both

FY (x)  FX(x) and FY (x)  FX(x)

hold for all x 2 Rd
.

23

Y 
co

X implies

Cov(Yi, Yj)  Cov(Xi, Xj); ⇢S(Yi, Yj)  ⇢S(Xi, Xj); ⌧(Yi, Yj)  ⌧(Xi, Xj);

where ⇢S is Spearman’s and ⌧ is Kendall’s rank correlation coe�cient.

Y 
co

XThe'concordance'order'''''''''''''''''''''''''implies



Adding'posiPve'dependence'I;'see'[2]

Pareto(2)'marginals Exp(1)'marginals

??

Our'assumpPons:

comonotonicity'
within

comonotonicity'
within

independence'
between

L1, L2, L3, L4 L5, L6, L7, L8

24

↵ = 99.9%



Adding'posiPve'dependence'I;'see'[2]

Pareto(2)'marginals Exp(1)'marginals


co

(L
1

, . . . , L
8

)??

Our'assumpPons:

comonotonicity'
within

comonotonicity'
within

independence'
between

L1, L2, L3, L4 L5, L6, L7, L8

24

↵ = 99.9%



Adding'posiPve'dependence'I;'see'[2]

Pareto(2)'marginals Exp(1)'marginals


co

(L
1

, . . . , L
8

)??

Our'assumpPons:

comonotonicity'
within

comonotonicity'
within

independence'
between

L1, L2, L3, L4 L5, L6, L7, L8

24

↵ = 99.9%

30.62

VaR↵(L+d )VaR↵(L
+
d )

248.24150.12

Pd
i=1 VaR↵(Li)

DUZS'with'marginals'info'only

122.49 205.27150.12

Pd
i=1 VaR↵(Li) VaR

0
↵

VaR0↵

DUZS'with'marginals'info'
AND''''''''''assumpPon

co



Why'posiPve'dependence'does'not'help

This'copula'is'POD!'

α

α

0 1

1

β

β

0.95 0.96 0.97 0.98 0.99 1.00

0
50

10
0

15
0

20
0

α

V
al

ue
-a

t-R
is

k 

no info
PQD
comonotonic
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Why'posiPve'dependence'does'not'help

If (L??
1

, L??
2

) 
co

(L
1

, L
2

) then ES↵(L
??
1

+ L??
2

)  ES↵(L1

+ L
2

)

PosiPve'dependence'assumpPon:

26



Why'posiPve'dependence'does'not'help

These'ordering'results'can'be'generalized'to'arbitrary'dimensions'and'law'
invariant,'convex'risk'measure'using'the'''

weakly'condiPonal'increasing'in'sequence'order'or'the'supermodular'order'''
between'vectors;'see'a'variety'of'examples'in'[2].

If (L??
1

, L??
2

) 
co

(L
1

, L
2

) then ES↵(L
??
1

+ L??
2

)  ES↵(L1

+ L
2

)

PosiPve'dependence'assumpPon:

If (L
1

, L
2

) 
co

(L??
1

, L??
2

) then ES↵(L1

+ L
2

)  ES↵(L
??
1

+ L??
2

)

NegaPve'dependence'assumpPon:
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?? ?? ??
Market

Asset

Busin.Credit

Non life Life

Insur.

Reput.

Reinsurance Operational Catastrophic

Gaussian marginals

LogN LogN Pareto

Dependence'restricPons:'work'in'progress'with'L.'Rüschendorf'and'S.'Vanduffel

27

Our'assumpPons: ↵ = 99.9%

independence'
between

independence'
between

independence'
between

121.5

VaR↵(L+d )VaR↵(L
+
d )

367.70304.63

Pd
i=1 VaR↵(Li)

VaR
0
↵ = 256.04

no'dependence'assumpPon'within

DUZS'with'marginals'info'only

VaR'upper'bound'with'marginal'info'
AND'independent'subgroups



Z Adding'posiPve'dependence'info'is'not'useful'to'reduce'worst'bounds:'One'should'instead'
assume'some'independence/negaPve'dependence'structure'in'order'to'reduce'the'upper'
bound'on'a'risk.'

Z VaR'vs'ES:'If'you'take'a'worstZcase'perspecPve,'they'are'asymptoPcally'equivalent.'

Z SuperaddiPvity'of'VaR:'We'have'analyPcal'and'numerical'techniques'available'for'the'
computaPon'of'VaR/ES'uncertainty'range.'

Z There’s'more'under'the'top'of'the'iceberg:'The'risk'assessment'of'a'mulPvariate'bank'porbolio'
cannot'be'reduced'to'a'single'VaR'number.'The'superaddiPvity'raPo'and'the'VaR/ES'
uncertainty'range'might'help'to'assess'the'implied'model'risk.'

Final'remarks'and'warnings;'see'[3]
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