
Costly Capital and Optimal Reinsurance

Pablo Koch-Medina

Department of Finance and Swiss Finance Institute, University of Zurich

pablo.koch@df.uzh.ch

Claudia Ravanelli

Department of Finance, University of Zurich

claudia.ravanelli@df.uzh.ch

Gregor Svindland

Institute of Actuarial and Financial Mathematics and House of Insurance,

Leibniz University Hannover

gregor.svindland@insurance.uni-hannover.de

24 July 2026

Abstract

We develop a theory of optimal reinsurance when holding capital is costly. Rein-

surance creates value not by reducing risk but by lowering the cost of regulatory

capital. Within a broad class of indemnity contracts, regulatory regimes and mar-

gins, an optimal layer contract always exists. Our normative benchmark is the

frictional cost margin, which charges each contract the carry cost of the reinsurer’s

supporting capital. Costly capital drives the insurer to hold as little capital as

possible: under V@R the optimal contract leaves shareholders no capital at risk,

coverage stopping at the quantile beyond which V@R is blind, so the entire tail

is retained, whereas a sufficiently stringent ES regime makes full cession optimal

for any loss distribution. The expected value margin departs from this benchmark,

creating a distortion that harms both parties: it enables transactions benefiting the

insurer at the reinsurer’s expense and blocks mutually beneficial ones.
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1 Introduction

The classical literature on optimal reinsurance, starting with Borch (1960), focuses on

minimizing risk: the insurer seeks to reduce the variance, Value-at-Risk, or Expected

Shortfall of its retained losses. This research program, whose literature was surveyed in

Cai and Chi (2020), remains active in both insurance and reinsurance design (see, e.g.,

Zhuang et al., 2016, Cai et al., 2017, Cheung et al., 2023, Boonen and Jiang, 2025, Boonen

et al., 2025, and Zhang and Jiang, 2026). In our setting the objective is the maximization

of shareholder value. A stock insurer with a diffuse, well-diversified shareholder base has

no intrinsic aversion to idiosyncratic risk—shareholders can diversify it away at negligible

cost (Mayers and Smith, 1982, 1990). What shareholders do care about is the dead weight

cost of holding equity capital: double taxation, agency costs, and regulatory compliance

expenses that create a carry cost on every dollar of equity (Froot et al., 1993; Froot and

Stein, 1998; Froot, 2007; Hancock et al., 2001a). These frictions remain the foundation of

modern theories of risk capital and its allocation. (Erel et al., 2015; Bauer and Zanjani,

2016), and Koijen and Yogo (2015) document that capital frictions can be economically

large for insurers.

We develop a shareholder-value theory of optimal reinsurance in which the carry cost

of capital is the sole friction. The model therefore abstracts from reinsurer default and

franchise value.1 However, keeping the reinsurer default-free is less restrictive than it

may appear, since the reinsurer in our model is capitalized to the same solvency stan-

dard as the insurer. Moreover, since the ceding insurer cannot observe the reinsurer’s
1The classical literature neither considers the insurer’s default option nor its franchise value. A recent

strand incorporates the reinsurer’s default, under posted premium principles (Asimit et al., 2013; Chi
et al., 2023; Liang et al., 2026) or with the reinsurer setting the price strategically (Chen et al., 2024),
while leaving the insurer itself fully liable, so the insurer’s default option channel central to our analysis
is absent there.
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balance sheet, residual counterparty risk cannot be modeled and is instead quantified

either through a price adjustment or through a regulatory capital add-on proportional

to expected recoverables, as under Solvency II and the Swiss Solvency Test. A price

adjustment is observationally equivalent to full performance at a modified margin, while

a capital add-on operates through the carry cost channel at the center of our analysis.

Default concentrated in states with large ceded losses is not captured. Including franchise

value would require a different methodology. In this framework, reinsurance is a capital

management instrument: transferring risk releases regulatory capital, and the insurer val-

ues the transfer through the carry cost saving on the released capital, consistent with the

evidence that regulatory capital requirements are a first-order driver of reinsurance activ-

ity (Koijen and Yogo, 2016).2 Following the corporate finance framework of Babbel and

Merrill (2005) and Koch-Medina et al. (2021), shareholder added value decomposes into

tangible added value—the value the firm would create were it default-free—and default

option value, the benefit shareholders derive from limited liability. Purchasing reinsur-

ance impacts the insurer added value through three distinct drivers: carry cost savings

from the capital relief it provides, the direct cost of the reinsurer’s margin, and a loss in

the value of the default option, since reducing the probability of insolvency reduces the

value of shareholders’ limited liability claim. Two benchmark cases are worth highlight-

ing. First, when capital is costless, carry cost savings are zero and reinsurance cannot

create value regardless of the regulatory regime or the loss distribution. Second, when the

reinsurer’s margin absorbs all potential savings, risk transfer is equally futile. Between

these extremes, the entire case for reinsurance rests on whether capital relief can offset

the margin paid and the default option sacrificed.

We introduce a frictional cost margin: a loading on each layer of coverage equal to

the carry cost of the capital the reinsurer must hold to support it. This is the loading

embedded in the reinsurer’s indifference price—the price at which the reinsurer earns

zero added value on every contract and is indifferent about which contract the insurer

picks. We use the frictional cost margin as a normative benchmark. When insurer and

reinsurer face the same type of friction but the reinsurer bears a lower effective carry cost
2That reinsurance and outside capital are substitutes for meeting regulatory requirements is also the

point of departure for Plantin (2006), who models reinsurance as a financing decision in which professional
reinsurers emerge endogenously to serve a monitoring role. His comparative statics—reinsurance demand
increasing in both regulatory stringency and the cost of outside capital—are consistent with our results,
though derived through a different friction (moral hazard in loss mitigation).
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rate, risk transfer creates value by moving capital from a high-carry-cost balance sheet to

a low-carry-cost one. Under the reinsurer’s indifference pricing this value accrues entirely

to the insurer. We contrast this benchmark with the expected value margin, which charges

a loading on expected ceded loss and is widely encountered in practice.

We study four regulatory regimes. The two empirically relevant ones are V@R (Sol-

vency II) and ES (Swiss Solvency Test). Because V@R can require negative regulatory

capital when the quantile falls below expected losses, we also study EV@R, which com-

bines the V@R capital adequacy test with a reserving requirement (arguably the more

faithful representation of Solvency II than a pure V@R-regime). A pure reserving regime

serves as a no-capital-requirement benchmark. Our main findings are as follows.

(i) Layer optimality. We focus our attention on the standard class of admissible

indemnities under which both the ceded and the retained loss increase with the

loss. Layer contracts—defined by an attachment point and a detachment point—

belong to this class and turn out to be optimal across all risk-sensitive regulatory

regimes and margin specifications. This result extends the classical optimality of

coverage limits under limited liability (Huberman et al., 1983; Hofmann et al.,

2019; Bergesio et al., 2025) to reinsurance in a value-maximizing framework.

(ii) Frictional cost margin. A single condition—that the reinsurer’s effective carry

cost rate be strictly lower than the insurer’s—is necessary for reinsurance demand

under all three risk-sensitive regimes. Under ES it is also sufficient, but under V@R

and EV@R, demand in addition requires that the loss is such that the insurer is

required to hold capital above reserves in the absence of reinsurance. Strikingly,

even though EV@R imposes a strictly more demanding capital requirement, V@R

and EV@R share the demand condition, the maximal added value, and—whenever

the reinsurer’s margin is strictly positive—the optimal contracts. Under V@R (and

EV@R) the optimal layer exhausts the insurer’s net tangible value and coverage

stops at the regulatory quantile, since V@R is insensitive to losses beyond this

threshold. Under ES the optimal layer extends into the tail. Full cession is optimal

precisely when the carry cost differential between insurer and reinsurer is large

enough relative to the confidence level—a structural property that is independent

of the loss distribution.
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(iii) Expected value margin. The expected value margin decouples price from cap-

ital cost, producing a bilateral distortion relative to the normative frictional cost

margin, which is the margin at which the reinsurer breaks even on every con-

tract: low layers that would create value for both parties are overpriced and go

untransacted, while under stringent regulation high layers that destroy value for

the reinsurer are underpriced and purchased. Because the loading on low layers

outweighs the capital relief they generate, the insurer retains a strictly positive

ground layer, and full cession is structurally excluded.

The optimality of layers is the result of the interplay between the three drivers of

added value: carry costs, margin, and default option value. This optimal contract form

has a simple economic logic, which the analysis makes precise (see Remark 7.7).

Because costly capital is the only friction, a value-maximizing insurer always prefers

to hold as little capital as possible. Whether it can act on this preference all the way

to holding no capital against unexpected losses—leaving no shareholder capital at risk—

depends on the regulatory regime. Under a pure reserving regime, no capital above

reserves is required, so reinsurance offers no capital relief and is never optimal. Under

V@R and ES, by contrast, the need to hold capital can make reinsurance attractive.

Finally, the closest antecedent is Krvavych and Sherris (2006), who maximize share-

holder value under V@R regulation with the expected value margin but restrict attention

to change-loss contracts—coverage of a fixed share of the loss in excess of a deductible—

which nest stop-loss and proportional coverage. Our analysis differs in three respects:

i) optimality is established over all indemnity contracts satisfying standard monotonic-

ity conditions on ceded and retained losses (a class that includes change-loss contracts),

showing that their uncapped contracts are strictly suboptimal, ii) an explicit demand

condition is derived, and iii) the analysis extends to ES regulation and to the frictional

cost margin.

The remainder of the paper is organized as follows. Section 2 presents the model.

Sections 3 and 4 develop the equity framework and the added value objective. Section 5

specifies the regulatory regimes, and Section 6 formulates the optimization problem.

Section 7 establishes conditions under which reinsurance is never optimal. Section 8 in-

troduces the frictional cost margin. Sections 9 and 10 characterize optimal reinsurance

under V@R/EV@R and ES regulation with the frictional cost margin. Section 11 de-
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rives optimal contracts under the expected value margin and identifies a broader class

of margins for which layer optimality holds. Section 12 concludes. Proofs and technical

material are in the appendix.

2 The Insurance Company

Throughout the entire paper (Ω,F ,P) is a non-atomic probability space with P rep-

resenting the “physical probability”. In particular, random variables with continuous

distributions are supported. The expectation of an integrable random variable X un-

der P is denoted by E[X], by FX(x) := P(X ≤ x) its distribution function and by

SX(x) := P(X > x) = 1 − FX(x) its survival function. Throughout, increasing and

decreasing are understood in the weak sense, and strict monotonicity is always stated

explicitly.

We consider a limited liability insurance company with a diffuse shareholder base op-

erating over one period from t = 0 to t = 1. At t = 0, the company underwrites a portfolio

generating aggregate losses at t = 1, modeled by a single integrable random variable L

which is independent of financial market prices, which is crucial for the valuation of cash

flows to shareholders, and satisfies assumption (L):

(L) L ≥ 0 and FL is continuous and strictly increasing on [0, ess supL), where

ess supL ∈ (0,∞].

The company charges a premium

πI := πI(L) := E[L]
1 + r

+QI

where E[L]
1+r

is the actuarially fair premium (with r > −1 being the risk-free rate) and

QI := QI(L) ≥ 0 the profit margin.

Financial Controls

The management of the company is tasked with maximizing shareholder value (defined

in Section 3) while satisfying regulatory constraints (defined in Section 5) and has two

financial controls at t = 0:
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(F1) Capital injection or dividend payment: Raise capital c0 ∈ [0,∞) from share-

holders or pay dividend d0 ∈ [0,∞) to shareholders, which we summarize as

m0 := c0 − d0,

(F2) Reinsurance purchase: Buy reinsurance contract C : [0,∞) → [0,∞) from a

class of “admissible” contracts C with ceded loss C(L) and retained loss RC(L) =

L− C(L). The insurer pays a reinsurance premium

πR(C) := πR(C(L)) := E[C(L)]
1 + r

+QR(C)

where E[C(L)]
1+r

is the actuarially fair premium and QR(C) := QR(C(L)) is the

reinsurer’s margin, which is assumed to satisfy

QR(0) = 0 and QR(C) ≥ 0 for all C ∈ C. (1)

Later we will impose more structure on the margin.

Remark 2.1. Note that the margin is posted: the reinsurer quotes QR over the whole

admissible class C and must sell any contract the insurer selects at the quoted price.

Admissible Reinsurance Contracts

A contract C : [0,∞) → [0,∞) is said to be admissible if it satisfies the following

properties

(C1) Principle of indemnity: 0 ≤ C(l) ≤ l for all l ≥ 0

(C2) Monotonicity of ceded loss: l 7→ C(l) is increasing

(C3) Monotonicity of retained loss: l 7→ RC(l) = l − C(l) is increasing

Remark 2.2. Properties (C2) and (C3) immediately imply Lipschitz-continuity of C.

More precisely,

0 ≤ C(l2) − C(l1) ≤ l2 − l1, for 0 ≤ l1 ≤ l2.
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The class of admissible reinsurance contracts is denoted by C. Property (C1) precludes

overinsurance. Property (C2) prevents loss underreporting by ensuring reinsurance pay-

ments increase with losses. While often referred to as the “no-sabotage” condition, in

a reinsurance context property (C3) is better understood as ensuring consistent claims

management incentives: the insurer should never prefer a larger loss. Without this re-

striction, higher gross losses could benefit the insurer through lower retentions, distorting

claims settlement practices, loss mitigation efforts, and underwriting discipline. These

conditions are satisfied by quota-share contracts but also by layer (reinsurance) con-

tracts, a standard class of contracts in the reinsurance market that includes stop-loss

contracts. They are characterized by their attachment point b ≥ 0 and detachment

point d ≥ b as follows

Cb,d(l) = min{
(
l − b

)
+
, d− b} =



0 if l ≤ b

l − b if b ≤ l ≤ d

d− b if l ≥ d

for l ≥ 0. The corresponding retained loss is given by

RCb,d(l) = l − Cb,d(l) =



l if l ≤ b

b if b ≤ l ≤ d

l − (d− b) if l ≥ d

The parameter set for layer contracts is D := {(b, d) : 0 ≤ b ≤ d ≤ ∞}. If b = d, then

Cb,d ≡ 0 is the trivial contract corresponding to no reinsurance. When d ≥ ess supL,

then Cb,d(l) = (l − b)+ is a stop-loss contract if b > 0 and full insurance if b = 0.

3 Equity and Carry Costs

At t = 0, the insurer receives premium πI from policyholders, pays reinsurance premium

πR(C) to the reinsurer, and raises (or distributes) capital m0 from (to) shareholders.

Substituting the premium decompositions from Section 2, total assets at t = 0 are

m0 + πI − πR(C) = m0 +QI −QR(C) + E[RC(L)]
1 + r

.
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These assets back the retained liabilities RC(L), whose regulatory value is E[RC(L)]/(1+

r). In a frictionless world, the capital available to absorb unexpected losses would be:

m0 +QI −QR(C).

However, we assume that holding capital is costly and model the carry cost of

capital as a fraction γ ∈ [0, 1) of m0 +QI −QR(C) if this quantity is positive. These are

deadweight costs that account for double taxation of returns, agency costs, and regulatory

compliance expenses and are the only friction in the model (see Hancock et al., 2001b,

Froot et al., 1993, and Froot, 2007).3 Hence, after accounting for carry costs the insurer’s

total assets at t = 0 amount to

A0(m0, C) := m0 +QI −QR(C) − γ ·
(
m0 +QI −QR(C)

)
+

+ E[RC(L)]
1 + r

.

Net tangible value is total assets net of the regulatory value of retained liabilities after

accounting for carry costs and is given by:

NTV(m0, C) = A0(m0, C) − E[RC(L)]
1 + r

= m0 +QI −QR(C) − γ ·
(
m0 +QI −QR(C)

)
+
.

Net tangible value is the capital the regulator views as available to absorb unexpected

losses.

We assume throughout that the insurer holds only risk-free investments, so that total

assets at t = 1 are

A1(m0, C) = A0(m0, C)(1 + r)

=
[
m0 +QI −QR(C) − γ ·

(
m0 +QI −QR(C)

)
+

]
· (1 + r) + E[RC(L)].

3The carry cost γ is not a CAPM-style cost of equity. The two are different in kind and play different
roles but are sometimes confused, especially in discussions of regulatory cost-of-capital benchmarks. The
CAPM return reflects shareholders’ required compensation for the covariance of the share price with the
market and is by construction blind to frictions such as double taxation or agency costs. Froot (2007)
models these frictions as a “carry” charge on internal capital: each unit of equity held inside the firm
generates a deadweight flow cost and therefore raises firm market value by less than a unit. Hancock et al.
(2001b) express the same idea in required-return terms: for shareholders to receive the CAPM return,
the firm’s pre-friction return must exceed it by the frictional cost. Calibrating γ to a CAPM-style cost
of equity conflates the expected return benchmark with the friction.
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4 The Objective Function: Added Value

The insurer’s cash flows to shareholders at date t = 1 amount to

(
A1(m0, C) −RC(L)

)
+
.

Here we have taken into account that shareholders have limited liability so they capture

the upside when assets exceed liabilities but walk away when losses exceed assets.

The diffuse shareholder base of the insurance company means that no individual

shareholder bears a significant share of the insurer’s idiosyncratic risk. Cash flows to

shareholders can be valued as if shareholders were risk neutral to obtain shareholder

value at t = 0, see Mayers and Smith (1990) as well as Babbel and Merrill (2005),

Froot (2007), Krvavych and Sherris (2006), and Koch-Medina et al. (2021). Since we

assume that the insurer only invests in the risk-free asset and that insurance losses are

independent from financial market risk, this amounts to valuing cash flows to shareholders

by discounting their expected value with respect to the risk-free rate

V (m0, C) =
E
[(
A1(m0, C) −RC(L)

)
+

]
1 + r

.

Shareholder value can be decomposed into the two components

V (m0, C) = NTV(m0, C) + DO(m0, C)

where default option value, the value of limited liability, is given by:

DO(m0, C) =
E[
(
RC(L) − A1(m0, C)

)
+

]
1 + r

= 1
1 + r

∫ ∞

A1(m0,C)
SRC

(ℓ) dℓ. (2)

The default option is non-negative and represents an asset to shareholders but a liability

to policyholders: the integral 1
1+r

∫∞
A1(m0,C) SRC

(ℓ) dℓ captures the expectation of retained

losses beyond available assets. Note that NTV(m0, C) can also be interpreted as the

value of the insurer’s cash flows assuming the insurer has unlimited liability.
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Shareholder Added Value Decomposition

What matters to shareholders is not absolute value but the value created above the capital

they have injected, i.e., (shareholder) added value:

AV(m0, C) = V (m0, C) −m0.

Since V (m0, C) = NTV(m0, C) + DO(m0, C), also added value decomposes into two

economically distinct components:

AV(m0, C) = TAV(m0, C) + DO(m0, C), (3)

where TAV(m0, C) = NTV(m0, C) −m0 is the net tangible added value, or tangible

added value for short. Note that, in line with our earlier interpretation, TAV(m0, C) is

the value the firm would create if it were default-free or, equivalently, if it had unlimited

liability—net tangible value reduced by the capital shareholders have injected:

TAV(m0, C) = E[A1(m0, C) −RC(L)]
1 + r

−m0 = QI −QR(C)−γ ·
(
m0+QI −QR(C)

)
+
. (4)

The difference QI − QR(C) is the margin spread, i.e. the margin the insurer earns

minus the margin it pays for reinsurance. The carry cost term γ ·
(
m0 +QI −QR(C)

)
+

constitutes a penalty for holding capital when γ > 0.

Shareholders prefer less to more capital

The task of management is to choose financial controls (m0, C) to maximize added value

subject to regulatory constraints. Before specifying the regulatory constraints (Section 5),

we establish a key property: shareholders always prefer less capital in the firm. The eco-

nomic intuition is straightforward. Injecting more capital has two effects, both negative

for shareholders: it increases carry costs (reducing net tangible value when γ > 0) and

it reduces the probability and severity of default (reducing default option value). As a

result, added value is decreasing in capital. To state the result precisely, for any contract

C ∈ C, set

m0(C) := sup{m0 : DO(m0, C) > 0},
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which is the capital level at which the insurer becomes fully solvent—the point above

which the default option vanishes because limited liability is never triggered (note that

m0(C) = ∞ whenever the retained loss is unbounded). When capital is costly, each

additional unit of injected capital destroys value—either through carry costs, through

reduced default option value, or both. When capital is costless, carry costs vanish but

the default option still shrinks as the firm becomes better capitalized. Once the firm is

fully solvent, limited liability is never triggered, and further capital changes nothing. We

summarize this in the next proposition.

Proposition 4.1 (Strict Monotonicity of Added Value in Capital). The following state-

ments hold:

(i) If γ > 0, then m0 7→ AV(m0, C) is strictly decreasing.

(ii) If γ = 0, then m0 7→ AV(m0, C) is strictly decreasing on (−∞,m0(C)) and constant

and equal to the margin spread QI −QR(C) on [m0(C),∞)

Proof. See Appendix D.

This monotonicity result is used in Section 6 to show that any exogenously imposed

capital constraint—in our case regulatory capital requirements—must bind: if the firm

held more capital than required by regulation, the firm could increase added value by

paying out the excess.

5 The Constraint: Regulatory Test

Proposition 4.1 shows that, absent regulation, shareholders would hold no capital. Mi-

croprudential regulation prevents this from happening, by requiring that total assets

A1(m0, C) cover the retained loss RC(L) to an acceptable level. We will assume that the

regulator imposes a capital adequacy test of the form

ρ
(
A1(m0, C) −RC(L)

)
≤ 0, (5)

where ρ is a positively homogeneous monetary risk measure. Recall that ρ is a positively

homogeneous monetary risk measure if it satisfies: (i) monotonicity: X ≥ Y ⇒ ρ(X) ≤

ρ(Y ), (ii) cash additivity: ρ(X+m) = ρ(X)−m for m ∈ R and (iii) positive homogeneity:
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ρ(tX) = tρ(X) for t ≥ 0. We refer to Föllmer and Schied (2016) for a comprehensive

treatment of risk measures. By cash additivity and positive homogeneity the capital

adequacy test (5) can be rewritten as:

ρ(−RC(L)) ≤ A1(m0, C), (6)

which can be read as ρ(−RC(L)) being the minimum amount of total assets the company

needs to have at t = 1 to pass the capital adequacy test. We sometimes refer to a capital

adequacy test ρ as the regulatory test and speak of the insurer operating under a

ρ-regime.

Concrete capital adequacy tests

The following law-invariant choices for ρ are common in practice. We present stylized

versions of these tests. The definitions used in practice are by necessity more intricate

and may involve additional requirements such as scenario tests which we ignore here.

• Expectation. If

ρ(X) = −E(X),

then the regulatory test reduces to

E[RC(L)] ≤ A1(m0, C), (7)

i.e. the minimum amount of required assets suffices to pay expected insurance claims

only and there is no capital buffer against unexpected losses. This pure reserving

requirement is typically viewed as an absolute minimum standard.

• Value-at-Risk. Under Solvency II, the capital adequacy test is based on

ρ(X) = V@Rλ(X) := inf{m ∈ R : P(X +m < 0) ≤ λ},

for a confidence level λ ∈ (0, 1) (typically λ = 0.005 under Solvency II). The V@R

test requires the insurer to hold enough assets so that the probability of insolvency

does not exceed λ. It examines a single quantile of the loss distribution and is

indifferent to the severity of losses beyond that quantile.
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• Expected Shortfall. Under the Swiss Solvency Test, the capital adequacy test is

based on

ρ(X) = ESλ(X) := 1
λ

∫ λ

0
V@Rs(X) ds,

for λ ∈ (0, 1) (λ = 0.01 under the Swiss Solvency Test). Expected Shortfall averages

the Value-at-Risk over all confidence levels up to λ, thereby accounting for the entire

tail of the loss distribution beyond the λ-quantile. Unlike V@R, it penalizes the

insurer for having a heavier tail, even if the probability of insolvency is unchanged.

Note that by Filipović and Svindland (2008, Lemma 2.11) we always have

ESλ(−RC(L)) ≥ E[RC(L)], (8)

with strict inequality except when RC(L) is a.s. constant, which under assumption (L)

is equivalent to C(L) = L, i.e. to full insurance. Hence, passing the ESλ-capital ade-

quacy test automatically implies passing the reserving test. By contrast, it is possible

that an insurer passes the V@R capital adequacy test while not meeting the reserving

requirement, i.e.,

V@Rλ(−RC(L)) < E[RC(L)],

which we had declared to be the minimum standard. It is thus natural to introduce a

new risk measure combining the V@R test with the reserving requirement:

• Enhanced Value-at-Risk. We define for λ ∈ (0, 1):

EV@Rλ(X) = max
{
E[−X], V@Rλ(X)

}
.

Remark 5.1 (EV@R and Solvency II). Since Solvency II imposes a reserving require-

ment and a V@R capital adequacy test, EV@R is arguably its more faithful single-test

representation. Nonetheless, pure V@R serves as a benchmark isolating the effect of

the quantile constraint. As we show below, although EV@R is the more restrictive test,

reinsurance demand is identical under V@R and EV@R.

Remark 5.2 (Scope of the capital requirement). Throughout, ρ denotes the risk-based

capital requirement generated by the business written, which shrinks as retained risk

shrinks. We abstract from the fixed minimum own funds an insurer must hold merely
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to be licensed, an exogenous amount that does not scale with retained risk. Such a floor

replaces a corner at zero shareholder capital (which we do not rule out in our setting) by

a corner at a fixed positive level and leaves all comparisons in what follows unchanged.

=========================================================================

6 The Manager’s Optimization Problem

Given a regulatory regime defined by ρ ∈ {−E,V@Rλ,EV@Rλ,ESλ}, the manager of the

insurance company chooses the financial controls—capital m0 and reinsurance contract

C—to maximize added value subject to the regulatory test (6):

max
(m0,C)∈Aρ

AV(m0, C) (9)

where

Aρ := {(m0, C) : ρ(−RC(L)) ≤ A1(m0, C)}.

The simplified optimization problem

The first step in studying the demand for reinsurance is to note that the regulatory con-

straint must bind to any optimum. By Proposition 4.1, added value is strictly decreasing

in capital—when γ > 0, everywhere. When γ = 0, until the firm becomes default-free.

Therefore, the manager can always increase added value by reducing capital to the reg-

ulatory minimum. For any C ∈ C, the map m0 7→ A1(m0, C) is continuous and strictly

increasing with range R, so there is a unique capital level mρ
0(C) at which the constraint

binds, i.e., A1(mρ
0(C), C) = ρ(−RC(L)). Solving this equation explicitly yields

mρ
0(C) =


ρ(−RC(L)) − E[RC(L)]

(1 − γ)(1 + r) −QI +QR(C) if ρ(−RC(L)) ≥ E[RC(L)]

ρ(−RC(L)) − E[RC(L)]
(1 + r) −QI +QR(C) if ρ(−RC(L)) < E[RC(L)].

(10)

The second case—where required assets fall below expected retained losses—can only

arise under V@R regulation, when the V@R threshold is below the mean. The distinction

reflects whether carry costs apply: in the first case the insurer holds positive net tangible

value and pays carry cost γ. In the second case it does not.
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Proposition 6.1 (Binding Solvency Constraints). Let ρ ∈ {−E,V@Rλ,EV@Rλ,ESλ}

and assume that (m∗
0, C

∗) is optimal, that is (m∗
0, C

∗) solves (9). Then the solvency

constraint binds:

m∗
0 = mρ

0(C∗) and A1(m∗
0, C

∗) = ρ(−RC∗(L))

Proof. See Appendix E.

By Proposition 6.1, the solvency constraint binds at any optimum, so the capital level

is fully determined by the contract: m0 = mρ
0(C) as given in (10).

Notation. For all expressions of the form H(m0, C) we will write Hρ(C) = H(mρ
0(C), C)

and H+
ρ (C) = max{Hρ(C), 0}. Thus Vρ(C), NTVρ(C), TAVρ(C), DOρ(C) and so on are

defined. For notational convenience, we will write HE, HV@R, HEV@R and HES instead of

the more cumbersome H−E, HV@Rλ
, HEV@Rλ

and HESλ
.

The optimization problem (9) now reduces to a choice of the reinsurance contract C

alone:

max
C∈C

AVρ(C). (11)

Substituting the binding constraint into the definitions of tangible added value and

default option value yields the implied components as functions of the contract alone.

For net tangible value and tangible added value we obtain:

NTVρ(C) = ρ(−RC(L)) − E[RC(L)]
1 + r

, (12)

and
TAVρ(C) = QI −QR(C) − γ̃ · NTV+

ρ (C)

= QI −QR(C) − γ̃ ·

(
ρ(−RC(L)) − E[RC(L)]

)
+

1 + r
,

(13)

where

γ̃ := γ

(1 − γ)

is the effective carry cost rate. γ̃ measures the carry cost per unit of net tangible value

whenever the latter is positive: supporting one unit of net tangible value requires holding

1/(1 −γ) units of pre-cost capital—carry costs themselves consume capital, so the equity
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injection must be “grossed up”—and the carry cost on this capital is γ/(1−γ). Note that

by definition and (8) we have NTVρ(C) = NTV+
ρ (C) whenever ρ ∈ {E,EV@Rλ,ESλ}.

The default option is given by:

DOρ(C) :=
E
[(
RC(L) − ρ(−RC(L))

)
+

]
1 + r

. (14)

Optimal contracts under the E- and EV@R-regimes

We first prove that under a pure reserving regime reinsuring is never optimal.

Theorem 6.2 (No reinsurance under pure reserving). If ρ = −E, then no reinsurance is

uniquely optimal, i.e.

AVE(0) > AVE(C)

for all C ∈ C such that C(L) does not vanish a.s.

Proof. See Appendix E.

The above theorem settles the question of optimal reinsurance in a pure reserving

regime, so we will drop this regime from our considerations. The final result of this

section will let us read off EV@R results from V@R results automatically.

Proposition 6.3 (EV@R and V@R-optimality). Assume added value under V@R,

EV@R and pure reserving is computed using the same margin QR. The following

statements hold:

(i) For every C ∈ C,

AVEV@R(C) = min
{
AVV@R(C), AVE(C)

}
.

(ii) If not reinsuring is optimal under V@R, then not reinsuring is also optimal under

EV@R.

(iii) If there exists a V@R-optimal contract, and if every V@R-optimal contract C∗ sat-

isfies

NTVV@R(C∗) ≥ 0,
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then V@R- and EV@R-optimal contracts coincide, and the same maximal added

value is attained under both regimes.

Proof. See Appendix E.

7 Necessary Conditions for Reinsurance Demand

We now turn to the central economic question: can reinsurance create shareholder value?

Reinsurance always reduces the default option

Reinsurance affects the default option through two opposing channels: it reduces retained

losses (pulling default option value down) but also reduces required regulatory capital

(pushing it up). However, the pull-down effect always dominates.

Theorem 7.1 (Reinsurance reduces the default option). Let ρ ∈ {V@Rλ,ESλ}. For all

non-zero admissible contracts C ∈ C:

DOρ(C) ≤ DOρ(0),

with equality if and only if C is constant on [V@Rλ(−L), ess supL).

Proof. See Appendix F.

Remark 7.2 (Default states and the No-Waste Principle). The channel through which

reinsurance erodes the default option is the same accounting fact that underlies the No-

Waste Principle of Bergesio et al. (2025). There, under actuarially fair pricing and ex-

pected utility, indemnity payments for bankrupting losses accrue to third-party claimants

rather than to the policyholder. Here, ceded recoveries in default states flow into the estate

and accrue to policyholders rather than to shareholders, so what shareholders lose in de-

fault option value, policyholders gain in recoveries. This gives the insurer an incentive not

to “waste” reinsurance on coverage of losses that would chiefly benefit the policyholders.
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Three value drivers

The change in added value from purchasing a contract C decomposes into three value

drivers:

∆AVρ(C) := AVρ(C) − AVρ(0) = γ̃ CRρ(C)︸ ︷︷ ︸
carry cost savings

− QR(C)︸ ︷︷ ︸
margin paid

+ ∆DOρ(C)︸ ︷︷ ︸
default option change

, (15)

where

CRρ(C) = NTV+
ρ (0) − NTV+

ρ (C) =

(
ρ(−L) − E[L]

)
+

1 + r
−

(
ρ(−RC(L)) − E[RC(L)]

)
+

1 + r

is the capital relief, i.e., the reduction in regulatory capital from purchasing reinsurance,

and ∆DOρ(C) = DOρ(C) − DOρ(0) is the change in default option value. Capital relief

can be positive or negative, in which case carry costs increase. Note also that, when

ρ ∈ {EV@Rλ,ESλ}, due to the definition of EV@R and (8), capital relief simplifies to

CRρ(C) = ρ(−L)
1 + r

− ρ(−RC(L))
1 + r︸ ︷︷ ︸

change in total required assets

− E[L] − E[RC(L)]
1 + r︸ ︷︷ ︸

change in reserves

.

Under pure reserving, capital relief is identically zero. Under ES regulation, by comono-

tonic additivity (see Lemma A.2), the above expression further simplifies to

CRES(C) = ESλ(−C(L)) − E[C(L)]
1 + r

,

so that capital relief is strictly positive for any non-trivial contract, because ESλ always

dominates the expectation operator (see (8)).

Since ∆DOρ(C) ≤ 0 by Theorem 7.1, reinsurance is costly on two counts: it lowers

the default option value and it carries a non-negative margin QR(C) ≥ 0. The case for

reinsurance therefore rests on whether carry cost savings can offset both. The following

observation is immediate.

Proposition 7.3 (When reinsurance is optimal). Let ρ ∈ {V@Rλ,ESλ}. Purchasing

reinsurance strictly improves on no reinsurance if and only if there exists a contract
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C ∈ C with C(L) ̸= 0 such that

γ̃ CRρ(C) > QR(C) − ∆DOρ(C).

In particular, for reinsurance to strictly improve on no reinsurance, it is necessary that

there exists a non-trivial contract C ∈ C with strictly positive capital relief: CRρ(C) > 0.

When reinsurance is not optimal

When no carry cost savings are possible, it is not optimal to buy reinsurance. We can

identify upfront two instances where this happens. The first instance is when capital

carries no costs at all (γ = 0), even if the insurer is required to hold it. For ρ ∈

{V@Rλ,ESλ} the result follows from Proposition 7.3 since γ̃ = 0, and for ρ = EV@Rλ it

then follows from Proposition 6.3(ii).

Theorem 7.4 (No reinsurance under costless capital). If γ = 0, then no reinsurance is

(weakly) optimal regardless of the regulatory regime, i.e.,

AVρ(0) ≥ AVρ(C)

for all C ∈ C and all ρ ∈ {V@Rλ,EV@Rλ,ESλ}.

This establishes costly capital as the friction that makes reinsurance potentially valu-

able. Without capital frictions, transferring risk to the reinsurer only imposes a cost and

is value destroying. More broadly, the fundamental driver of reinsurance demand for a

value-maximizing insurer is not risk aversion but capital efficiency: reinsurance serves as

a substitute for costly equity capital in meeting regulatory requirements. The contrast

with the classical theory is sharp: under actuarially fair prices a risk-averse buyer pur-

chases full insurance (Mossin, 1968; Arrow, 1971), whereas here demand at fair prices is

decided entirely by how the regulatory test converts risk transfer into capital relief, as

Sections 9 and 10 make precise.

Remark 7.5. When QR(C) > 0 for every non-trivial contract C, the inequality in The-

orem 7.4 is strict and no reinsurance is uniquely optimal. Under margin specifications

where QR(C) = 0 is possible for non-trivial contracts—such as the frictional cost margin

introduced in Section 8—no reinsurance is only weakly optimal: the insurer is indifferent

20



to ceding risk the reinsurer will bear at zero margin whenever the transfer does not affect

the default option.

The second instance when there are no carry costs savings arises under V@R when

NTVV@R(0) ≤ 0, because then CRV@R(C) ≤ 0. The economic meaning of NTVV@R(0) ≤

0 is that the regulatory capital floor sits at or below the expected loss, so the insurer is

not required to hold any shareholder capital in the first place. Note that NTVV@R(0) ≤ 0

also implies CREV@R(C) ≤ 0, and thus is sufficient for no reinsurance to be optimal under

an EV@R regime.

Theorem 7.6 (No reinsurance under V@R when there is no capital to relieve). Let

ρ ∈ {V@Rλ,EV@Rλ}. If NTVV@R(0) ≤ 0, then no reinsurance is optimal:

AVρ(0) ≥ AVρ(C) for all C ∈ C.

In Theorem 7.4 reinsurance offers no benefit because the friction itself is absent: with

γ = 0, holding capital generates no carry cost. In Theorem 6.2 and Theorem 7.6 the

friction is present but inactive: net tangible value without reinsurance is non-positive,

so the insurer holds no capital above reserves and carry costs are already 0, leaving

nothing to reduce by ceding risk. As we shall see, this second mechanism—the absence

of shareholder skin in the game—can reappear under both V@R and ES regulation even

after optimization.

Remark 7.7 (Layers are the natural optimal contracts). The decomposition (15) into the

three value drivers already suggests the form optimal contracts will take in Sections 9–11.

At the top of the loss distribution the default option dominates. Losses in the default region

are borne by policyholders rather than shareholders, so covering them chiefly benefits

policyholders: under V@R such coverage yields no capital relief at all, and under ES

the relief it yields can be outweighed by the default option surrendered, depending on the

stringency of the regime. Ceasing coverage in the tail is therefore rational. At the bottom

the default option is unaffected and the tradeoff is different: low losses are close to certain,

so the assets held against them are almost entirely reserves rather than capital, and ceding

them therefore releases almost none. Whether this small capital relief offsets the margin

paid depends on the pricing convention (Sections 8 and 11). In between, the default option

is inert and, for the margins we study, added value is linear in the coverage taken at each
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loss level: Therefore, nothing is lost by letting coverage either grow one-for-one or stay

flat, the two extremes admissibility allows. A level is worth covering when the capital

relief it generates outweighs its margin, and this balance tips at most once as losses grow,

so the levels worth covering sit together in a single stretch: coverage stays flat up to the

attachment point, grows one-for-one across the stretch, and stays flat again beyond it. The

results below make this heuristic precise: for every regime and margin specification studied

a layer is always among the optimal contracts. Theorem 11.13 extends the conclusion to

any nonnegative margin respecting the stop-loss order.

8 The Reinsurer’s Frictional Cost Margin

Section 7 established that reinsurance can create value only if γ > 0, under only a non-

negativity assumption on the margin QR. To characterize optimal contracts we need to

impose more structure. The structure we impose in Sections 8 to 10 is that the reinsurer

prices each contract at indifference: the price at which the reinsurer’s shareholder-value

objective leaves it neutral between trading and not trading the contract. This is the

natural normative benchmark in a market where both parties evaluate transactions by

the same shareholder-value criterion. Beyond this economic rationale, the frictional cost

margin has direct regulatory and market foundations. On the regulatory side, Federal

Office of Private Insurance (2006) mandates cost-of-capital pricing within the Swiss Sol-

vency Test: the risk margin on insurance liabilities equals required capital multiplied by a

fixed cost-of-capital rate of six percent (see also Albrecher et al., 2017, Section 7.2.2). On

the market side, Swiss Re (2023) requires that premium and investment income together

cover expected losses, administrative expenses, and capital costs.

Under the assumption that the reinsurer faces the same regulatory test ρ and has

effective carry cost rate γ̃R ∈ [0,∞), indifference pricing requires that the margin charged

exactly equals the carry cost of the capital the reinsurer must hold. This delivers the

frictional cost margin

QR(C) = γ̃R · NTV+
ρ,R(C), (16)

where

NTVρ,R(C) = ρ(−C(L)) − E[C(L)]
1 + r

(17)
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is the net tangible value the reinsurer needs to hold. The frictional cost margin satisfies

the non-negativity condition (1).

The frictional cost margin (16) compensates the reinsurer exactly for its carry cost of

capital, yielding zero added value on every contract. This is the distinctive feature that

makes the margin a normative pricing benchmark: any deviation produces a bilateral

distortion—on overpriced contracts the insurer may walk away from transactions that

would have been mutually beneficial, and on underpriced contracts it accepts transactions

that destroy value for the reinsurer. Section 11 makes this pattern precise for the expected

value margin—one of the most widely used margins in practice.

Remark 8.1 (Frictional cost margin under EV@R). The frictional cost margin for any

contract is the same under V@R and under EV@R. This follows from

NTV+
EV@R,R(C) = NTV+

V@R,R(C)

which is easily verified. This will be important to establish Corollary 9.5.

Maximizing tangible added value under the frictional cost margin

The frictional cost margin interacts with V@R and ES regulation in a particularly trans-

parent way, because both risk measures are comonotonic additive and expectations are

linear. So, if ρ ∈ {V@Rλ,ESλ} the comonotonicity of the ceded loss −C(L) and the re-

tained loss −RC(L) implies (Lemma A.2) that the total net tangible value in the system

is conserved:

NTVρ(0) = NTVρ(C) + NTVρ,R(C). (18)

Reinsurance does not create or destroy net tangible value—it merely redistributes it

between insurer and reinsurer. Identity (18) immediately gives

NTV+
ρ (0) ≤ NTV+

ρ (C) + NTV+
ρ,R(C), (19)

i.e., the total net tangible value on which carry costs are levied in the system after

reinsurance is at least as large as the no-reinsurance amount. Since

TAVρ(C) = QI − γ̃R NTV+
ρ,R(C) − γ̃ NTV+

ρ (C), (20)
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we immediately obtain from (19):

TAVρ(C) ≤ QI − min(γ̃, γ̃R) NTV+
ρ (0) for every C ∈ C. (21)

Inequality (21) is the main tool for the regime-specific analysis that follows in Sections 9

and 10. At this stage, it yields Theorem 8.2 below, a first non-optimality result.

When reinsurance is not optimal under the frictional cost margin

When γ̃R ≥ γ̃, inequality (21) becomes TAVρ(C) ≤ QI − γ̃ NTV+
ρ (0) = TAVρ(0),

which together with DOρ(C) ≤ DOρ(0) implies that no reinsurance is optimal under

ρ ∈ {V@Rλ,ESλ}. Under an EV@R regime, the same conclusion follows from the V@R

result combined with Theorem 6.2 and Proposition 6.3.

Theorem 8.2 (No reinsurance when γ̃R ≥ γ̃). Let ρ ∈ {V@Rλ,EV@Rλ,ESλ}. Under

the frictional cost margin (16), if γ̃R ≥ γ̃, then no reinsurance is optimal:

AVρ(0) ≥ AVρ(C) for all C ∈ C.

The condition γ̃R < γ̃ is therefore necessary for reinsurance to create value under the

frictional cost margin.

Remark 8.3 (Costless reinsurance margin). Theorem 8.2 sharpens the necessary condi-

tion for reinsurance demand from γ > 0 (Theorem 7.4) to γ̃ > γ̃R: it is not enough that

the insurer’s capital be costly. The reinsurer’s effective carry cost rate must be strictly

lower. When γ̃R = 0 the two conditions coincide.

Why assuming γ̃R < γ̃ is natural

Though insurer and reinsurer face the same type of friction, it is natural to assume that

γ̃R < γ̃ due to two distinct effects. First, a lower cost per unit of net tangible value:

to the extent that reinsurers’ superior underwriting and auditing expertise relative to

primary insurers (Chang et al., 2024; Garven et al., 2014) translates into more effective

risk management, they face lower costs of external financing (Froot et al., 1993; Campello

et al., 2011). Second, a lower marginal capital requirement per unit of risk: to the extent

that the ceded risk diversifies within the reinsurer’s larger, more heterogeneous portfolio,
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the marginal capital required to support it is typically lower than on the insurer’s own

balance sheet. Swiss Re (2023) note that a reinsurer needs to hold comparatively less

capital to cover a given risk than does a primary insurer because the reinsurer’s portfolio is

more broadly diversified, and identify this capital differential as the source of the economic

gain that reinsurance produces. Gibson et al. (2014) similarly attribute reinsurers’ lower

cost of capital to their larger size and better diversification, reporting a Swiss Re estimate

of a roughly 100bp cost of capital advantage over primary insurers. In particular, when

insurer and reinsurer face the same per-unit carry cost γ but the reinsurer’s marginal

capital requirement is a fraction α ∈ (0, 1) of the insurer’s (reflecting diversification

within the reinsurer’s portfolio) the reduced-form relationship becomes γ̃R = α · γ̃. For

instance, α = 0.84 corresponds to a 16% diversification benefit. To avoid modeling the

reinsurer’s portfolio explicitly, we take γ̃R < γ̃ as a proxy that captures both effects.

9 Optimal Reinsurance under V@R and EV@R Regu-

lation and the Frictional Cost Margin

In view of Theorem 8.2 and Theorem 7.6 we assume throughout this section that γ̃R < γ̃

and NTVV@R(0) > 0, since otherwise no reinsurance is optimal. We set v := V@Rλ(−L).

We first characterize when tangible added value is maximal.

Lemma 9.1. For every C ∈ C,

TAVV@R(C) ≤ QI − γ̃RNTVV@R(0). (22)

If γ̃R = 0, equality holds in (22) if and only if NTV+
V@R(C) = 0. If γ̃R > 0, equality holds

in (22) if and only if NTVV@R(C) = 0.

Proof. See Appendix G.

By Theorem 7.1 any contract that caps the cession at v or earlier has maximal default

option value. If, in addition, such a contract satisfies NTVV@R(C) = 0 when γ̃R > 0 or

NTV+
V@R(C) = 0 when γ̃R = 0, then it will maximize not only the default option but also

tangible added value, implying that it will be optimal. This means that, whenever they
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are non-empty, the sets

OV@R :=
{
C ∈ C : NTVV@R(C) = 0, C(ℓ) = C(v) for all ℓ ≥ v

}
,

O 0
V@R :=

{
C ∈ C : NTVV@R(C) ≤ 0, C(ℓ) = C(v) for all ℓ ≥ v

} (23)

are precisely the sets of optimal contracts, the first when γ̃R > 0 and the second when

γ̃R = 0. Note that OV@R ⊂ O 0
V@R so that we only need to establish that OV@R is non-

empty. This follows from Lemma C.2, which exhibits a one-parameter family of contracts

{Cb(d),d : d ∈ [dmin, v]} with NTVV@R(Cb(d),d) = 0 and dmin < v. More precisely, we have:

Proposition 9.2 (A one-parameter family of optimal contracts). There exist a unique

dmin ∈ (0, v) and a strictly increasing function b : [dmin, v] → [0, v) such that, for 0 ≤ b ≤

d ≤ v, NTVV@R(Cb,d) = 0 if and only if d ∈ [dmin, v] and b = b(d). In particular, OV@R

and O 0
V@R are non-empty.

Since OV@R and O 0
V@R are easily seen to be convex and the set of layer contracts is not

closed under convex combinations, we conclude that under V@R not all optimal contracts

are layers. That the optimal set is larger at γ̃R = 0 reflects the fair-price indifference of

Remark 7.5: at a vanishing margin the insurer is indifferent to ceding risk beyond the

point where net tangible value is exhausted, provided the cession stays capped at v and

thus leaves the default option untouched. We summarize the preceding discussion in a

theorem.

Theorem 9.3 (Optimal contracts under V@R). Let ρ = V@Rλ with the frictional cost

margin and assume γ̃R < γ̃ and NTVV@R(0) > 0.

(i) If γ̃R > 0, the set of optimal contracts is the infinite convex set OV@R. In particular,

every optimal contract satisfies NTVV@R(C) = 0.

(ii) If γ̃R = 0, the set of optimal contracts is O 0
V@R. In particular, ground-up coverage

C0,v is optimal.

In either case, every optimal contract C ∈ C attains

AVV@R(C) = QI − γ̃R NTVV@R(0) + DOV@R(0). (24)
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Remark 9.4. Let dmin be as in Proposition 9.2. It is not difficult to show that if for

each K ∈ [dmin, v] we set α(K) := v−E[L]∫ K

0 FL(ℓ) dℓ
the “capped proportional contract” given by

CK(ℓ) := α(K) min{ℓ,K} belongs to OV@R. This delivers another one-parameter family

of optimal contracts of a standard type.

At the optimum—for definiteness, at any contract in OV@R—required V@R-capital

equals the expected retained loss and is funded entirely by the premium. In fact, net

tangible value is zero, so shareholders hold no capital at risk in the firm and the opti-

mal mV@R
0 (C) = QR(C) − QI merely offsets the margin spread, representing a dividend

payment whenever QI > QR(C). Shareholders do, however, retain the full default option

DOV@R(0) on losses above v. Since the frictional cost margin coincides under V@R and

EV@R (Remark 8.1), Theorem 9.3 settles the EV@R-regime as well:

Corollary 9.5 (Optimal contracts under EV@R). Under the frictional cost margin, if

0 ≤ γ̃R < γ̃ and NTVV@R(0) > 0, then the set of EV@R-optimal contracts is OV@R

(not only when γ̃R > 0), with maximal added value QI − γ̃R NTVV@R(0) + DOV@R(0), as

under V@R. In particular, the set of EV@R-optimal contracts is contained in the set of

V@R-optimal contracts, with equality if and only if γ̃R > 0.

Proof. See Appendix G.

The V@R- and EV@R-regimes are genuinely different: EV@R imposes the reserving

requirement in addition to the V@R test. Nevertheless, under the standing assumptions

of this section the two regimes agree on the maximal added value, every EV@R-optimal

contract is V@R-optimal, and the optimal sets coincide precisely when γ̃R > 0. When

γ̃R > 0 the coincidence is an instance of Proposition 6.3(iii). At γ̃R = 0 the V@R-optimal

set O 0
V@R is strictly larger, because the reserving requirement embedded in EV@R closes

the fair-price indifference region of Theorem 9.3(ii): for a contract with NTVV@R(C) < 0,

the reserving floor E[RC(L)] lies strictly above the V@R level of the retained loss, so over-

ceding remains free in margin but is no longer free in default option value.

27



10 Optimal Reinsurance under ES Regulation and

the Frictional Cost Margin

In this section we continue to assume that γ̃R < γ̃ since otherwise no reinsurance is

optimal by Theorem 8.2 and set v := V@Rλ(−L).

We first reduce the problem to layer contracts Cb,d with 0 ≤ b ≤ v ≤ d. Under ES

the analysis is richer than under V@R because the regulatory test responds to both the

attachment b and the detachment d of a layer, giving the insurer two levers rather than

one.

Reduction to layers

Economically, the reduction operates through two channels. Given an arbitrary contract

C ∈ C, the associated ES-preserving layer (Appendix B) holds required assets fixed

but redistributes net tangible value: under conservation (18), what the insurer sheds

the reinsurer absorbs. Each unit transferred results in a carry cost gain at the rate

γ̃ − γ̃R. Simultaneously, the layer’s retained losses stop-loss dominate those of C, weakly

improving the default option. Both channels point the same way.

Lemma 10.1. Under ρ = ESλ and the frictional cost margin, for every C ∈ C there

exists a layer Cb,d with 0 ≤ b ≤ v ≤ d such that

AVES(Cb,d) ≥ AVES(C),

where the inequality is strict whenever C(L) and Cb,d(L) are not a.s. equal.

Proof. See Appendix H.

Thus, the goal is to maximize

AVES(Cb,d) = TAVES(Cb,d) + DOES(Cb,d),

over the range 0 ≤ b ≤ v ≤ d. By equation (58) in Appendix C we have:

DOES(Cb,d) = 1
1 + r

∫ ∞

αES(d)
SL(ℓ) dℓ, (25)
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where αES(d) is the loss level at which the insurer defaults:

αES(d) := d+ 1
λ

∫ ∞

d
SL(ℓ) dℓ.

By (18) and (21), tangible added value decomposes as

TAVES(Cb,d) = QI − γ̃R NTVES(0) − (γ̃ − γ̃R) NTVES(Cb,d), (26)

where, see (61),

NTVES(Cb,d) = 1
1 + r

 ∫ b

0
FL(ℓ) dℓ︸ ︷︷ ︸

body term: lever b

+ 1 − λ

λ

∫ ∞

d
SL(ℓ) dℓ︸ ︷︷ ︸

tail term: lever d

. (27)

Fix d ∈ [v, ess supL]. Then, (26) and (27) immediately imply that TAVES(Cb,d) is strictly

decreasing in b ∈ [0, v]. Since the default option does not depend on b, by (25), this means

that AVES(Cb,d) is maximized at b = 0, proving the following result:

Corollary 10.2 (Layer reduction under the frictional cost margin and ES-regime). Under

ρ = ESλ and the frictional cost margin with γ̃R < γ̃, any optimal contract is a layer of

the form C0,d with v ≤ d.

Remark 10.3. We call the coefficient (1 − λ)/λ in (27) the regulatory tail multiplier.

Its size depends on regulatory stringency. Typical regulatory regimes set λ below 1
2 , so the

multiplier exceeds 1 and the tail contribution is amplified in net tangible value—and, via

the leading coefficient (γ̃ − γ̃R)/(1 + r) in (26), in carry costs. By contrast, when λ > 1
2

the multiplier shrinks below 1 and the tail contribution is dampened. Under the Swiss

Solvency Test (λ = 0.01) the multiplier is 99: each unit of expected tail loss generates 99

units of net tangible value.

Optimal contracts have detachment points strictly beyond v

Note that by (65) we have

∂dAVES(C0,v) = (γ̃ − γ̃R)(1 − λ)
1 + r

> 0.
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In particular, a small extension of the detachment beyond v is strictly profitable, so

C0,v cannot be optimal. The strict inequality reflects the fact that ES-capital continues

to respond to expected tail losses where V@R-capital does not. This combined with

Corollary 10.2 establishes that any optimal contract C0,d∗ is ground-up coverage with a

cap d∗ > v: the insurer cedes all losses up to d∗.

Theorem 10.4 (Optimal reinsurance under ES with frictional cost margin). Let ρ = ESλ

with frictional cost margin and assume γ̃R < γ̃. Then any optimal contract over C is a

layer C0,d∗ with d∗ > v and the set of optimal contracts is non-empty. Moreover,

(i) If (γ̃ − γ̃R) 1 − λ

λ
≥ 1, then d∗ = ess supL and full cession is uniquely optimal.

(ii) If (γ̃−γ̃R) 1 − λ

λ
< 1, then any optimal detachment point satisfies d∗ ∈ (v, ess supL).

Proof. See Appendix H.

Remark 10.5 (ES generates more demand than V@R). Comparing the hypotheses of

Theorems 9.3 and 10.4, whenever reinsurance is optimal under V@R it is also opti-

mal under ES, but not conversely: ES requires only γ̃R < γ̃, while V@R also requires

NTVV@R(0) > 0. Moreover, when both regimes admit reinsurance, the optimal ES

contract C0,d∗ provides strictly more coverage than every optimal V@R contract: each

C ∈ OV@R is capped at v, so C ≤ C0,d∗ pointwise, with strict inequality beyond v.

Note that the condition for full reinsurance depends only on carry costs and the

confidence level, not on the loss distribution: full cession is optimal precisely when γ̃ −

γ̃R ≥ λ/(1 − λ). Under Swiss Solvency Test parameters (λ = 0.01 and a per-unit carry

cost γ = 0.06, so γ̃ = γ/(1 − γ) ≈ 6.38%) the threshold differential is λ/(1 − λ) ≈ 1.01%,

so full cession obtains for γ̃R up to 5.37%—equivalently γ̃R/γ̃ ≤ 0.84: at parity per-unit

carry cost, a 16% reduction in the reinsurer’s marginal capital requirement suffices for

full cession.4

Remark 10.6 (No skin in the game). Full cession under ES is the third instance—after

pure reserving (Theorem 6.2) and optimal reinsurance under V@R (Theorem 9.3)—in

which shareholders are not required to inject any capital and net tangible value at the
4This calibration holds the per-unit carry cost γ constant across insurer and reinsurer, attributing

the gap γ̃ − γ̃R entirely to a lower marginal capital requirement at the reinsurer (see Section 8 for the
two channels that justify the assumption γ̃R < γ̃).
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optimum equals 0. Under pure reserving and under V@R the insurer still retains loss

exposure but holds no capital against it, so the shortfall in adverse states falls on policy-

holders through the default option. Under ES with full cession nothing is retained, and the

loss is borne entirely by the reinsurer. The common pattern is that value maximization un-

der limited liability drives the insurer to shed shareholder capital whenever the regulatory

and pricing environment permits. While other forces—notably franchise protection—may

in practice restrain the insurer from shedding all shareholder capital, stripping franchise

value from the model isolates the effects implied by the regulatory design alone.

Uniqueness

Theorem 10.4 establishes uniqueness of the optimal contract only in case that full rein-

surance is optimal. The following result proves uniqueness for a wide class of loss distri-

butions for L.

Proposition 10.7 (Uniqueness of the optimal detachment). Assume ρ = ESλ with fric-

tional cost margin, γ̃R < γ̃, and (γ̃ − γ̃R) 1 − λ

λ
< 1. Furthermore, assume L admits a

density fL on [v, ess supL) whose hazard rate hL = fL/SL is non-increasing on the tail

[v, ess supL). Then there exists a unique optimal contract C0,d∗ and d∗ < ess supL.

Proof. See Appendix H.

Remark 10.8 (Typical loss distributions). Proposition 10.7 requires the hazard rate

hL = fL/SL to be non-increasing on the tail [v, ess supL). This condition is satisfied by

the heavy-tailed severities standard in large-loss and catastrophe reinsurance (Klugman

et al., 2019, Sec. 3.4.3).

Example 10.9 (Non-uniqueness). The following example shows that the non-increasing

hazard hypothesis in Proposition 10.7 cannot be dropped. Consider ρ = ESλ with λ = 0.01

and L with piecewise-constant hazard rate

hL(ℓ) =



12, ℓ ∈ [0, 1
2),

0.05, ℓ ∈ [1
2 ,

11
10),

50, ℓ ∈ [11
10 ,

23
20),

0.5, ℓ ∈ [23
20 ,∞),
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so that v = 1
12 ln 100 ≈ 0.3838 and ess supL = ∞. The four bands describe high-

frequency–low-severity losses, a range where almost nothing happens, catastrophic losses,

and a light tail. From (25), (26) and (27), it is easy to see that maximizing AVES(C0,d)

over d ∈ [v,∞] is equivalent to maximizing

G(d) :=
∫ ∞

αES(d)
SL(ℓ) dℓ − ∆

∫ ∞

d
SL(ℓ) dℓ, αES(d) := d+ 1

λ

∫ ∞

d
SL(ℓ) dℓ, ∆ := (γ̃−γ̃R)1 − λ

λ
,

since AVES(C0,d) = const +G(d)/(1 + r).

On [v, ess supL), hL jumps up at 11
10 : it is not non-increasing, while every other

hypothesis of Proposition 10.7 continues to hold. For d just below 11
10 the default level

αES(d) already lies in the band of catastrophic losses while d is still in the band before it,

and this produces two local maxima of G. The gap between the two peak values changes

sign between ∆ = 13
20 and ∆ = 7

10 , so the peaks are exactly tied at some ∆∗ ∈ (13
20 ,

7
10). In

particular, at ∆ = ∆∗ (equivalently γ̃ − γ̃R ≈ 0.70%), G attains its global maximum at

two distinct points d∗
1 <

1
2 <

11
10 < d∗

3 <
23
20 , both strictly interior to (v, ess supL) and both

strictly dominating d = v and full cession (d → ∞, where G → 0). One optimal contract

cedes essentially only the high-frequency–low-severity losses, the other in addition cedes

essentially all of the catastrophic losses. The two local maxima arise not only at ∆ = ∆∗:

G retains a local maximum near each of d∗
1, d

∗
3 for every ∆ in an open interval (roughly

∆ ∈ (0.09, 0.76)).

11 Optimal Reinsurance under the Expected Value

Margin

Sections 9 and 10 characterized optimal reinsurance under the frictional cost margin—

the loading in the reinsurer’s indifference price. Margins encountered in practice often

deviate from this benchmark. One of the most widely used, the expected value margin, is

proportional to the expected ceded loss:

QR(C) = qR · E[C(L)]
1 + r

, qR > 0. (28)

Throughout this section we continue to use the notation v := V@Rλ(−L).
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Reduction to layers

Under the expected value margin, optimal contracts are always layers under both a V@R-

and an ES-regime. Economically, given an arbitrary contract C ∈ C, the ρ-preserving

layer constructions in Appendix B hold required capital fixed while lowering expected

ceded loss, so the margin drops and tangible added value increases. Simultaneously,

retained losses of the layer stop-loss dominate those of C, so the default option improves

(Lemma F.1). Both effects improve added value and, when C is not a layer, strictly so.

Lemma 11.1 (Layer reduction under the expected value margin). Let ρ ∈ {V@Rλ,ESλ}

and let QR be the expected value margin (28). For every C ∈ C there exists a layer Cb,d

with 0 ≤ b ≤ v ≤ d such that

AVρ(Cb,d) ≥ AVρ(C),

where the inequality is strict if C(L) is not a.s. equal to Cb,d(L). Under ρ = V@Rλ one

may take d = v.

Proof. See Appendix I.

As a result of the preceding lemma, we may restrict our search for optimal contracts

to the ρ-admissible set

Dρ :=


{(b, v) : 0 ≤ b ≤ v}, if ρ = V@Rλ

{(b, d) : 0 ≤ b ≤ v ≤ d}, if ρ = ESλ.

A layer Cb,d with (b, d) ∈ Dρ will be called ρ-admissible. For a ρ-admissible layer Cb,d,

the expected value margin (28) reads (see (37) in Appendix A)

QR(Cb,d) := qR

1 + r

∫ d

b
SL(ℓ) dℓ. (29)

11.1 Mispricing from the Reinsurer’s Perspective

The frictional cost margin corresponds to the reinsurer’s indifference price: under it the

reinsurer’s added value is zero on every contract. The expected value margin departs

from this benchmark. For any contract C ∈ C, the reinsurer’s added value is the margin
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received net of the frictional cost of the capital it must hold:

AVρ,R(C) := qR

1 + r
E[C(L)]︸ ︷︷ ︸

expected value margin

− γ̃R NTV+
ρ,R(C)︸ ︷︷ ︸

frictional cost margin

. (30)

Section 8 explained that the resulting mispricing produces bilateral distortions: where

AVρ,R(C) > 0 the contract is overpriced from the reinsurer’s perspective, and the insurer

may not buy it even though it would have been mutually beneficial to do so at a lower

price. Where AVρ,R(C) < 0 the contract is underpriced, and the reinsurer absorbs a loss

in value if the insurer chooses to purchase it, which is beyond the reinsurer’s control.

Set θR := γ̃R

γ̃R+qR ∈ [0, 1) and write AVρ,R(b, d) := AVρ,R(Cb,d). All layers appearing

below have b ≤ v and, under V@R, d ≤ v. For such layers, by Remark A.3 and (37),

NTVρ,R(Cb,d) = 1
1 + r

[∫ min{d,v}

b
FL(ℓ) dℓ+ 1 − λ

λ

∫ d

min{d,v}
SL(ℓ) dℓ

]
≥ 0,

so the positive part in (30) is inactive, and using qRSL − γ̃RFL = (γ̃R + qR)(SL − θR)

below v and qR − γ̃R
1−λ

λ
= γ̃R+qR

λ
(λ− θR) above v, (30) factors completely:

AVρ,R(b, d) = γ̃R + qR

1 + r

[∫ min{d,v}

b

(
SL(ℓ) − θR

)
dℓ + λ− θR

λ

∫ d

min{d,v}
SL(ℓ) dℓ

]
. (31)

The reinsurer’s added value is thus the accumulated layer-wise mispricing: a “thin” layer

at loss level ℓ is priced above its frictional cost precisely when SL(ℓ) > θR below v, while

above v price and marginal capital are both proportional to SL(ℓ), so the comparison

no longer depends on ℓ and every tail layer is priced above cost if λ > θR and below if

λ < θR.

When γ̃R > 0, let b̂R ∈ (0, ess supL) be the unique solution of

SL(b̂R) = θR.

If γ̃R = 0, this equation has no solution (θR = 0 while SL > 0 on [0, ess supL)) and

we set b̂R := ess supL. The body integrand in (31) is positive below b̂R and negative

above: adding coverage below b̂R creates value for the reinsurer, adding coverage above

b̂R destroys it. In view of (31) the following is immediate.

Proposition 11.2 (Mispricing: reinsurer’s perspective). (i) If λ ≥ θR, then
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AVρ,R(b, d) ≥ 0 for every ρ-admissible layer: no contract destroys value for

the reinsurer.

(ii) If λ < θR, then b̂R < v and every ρ-admissible layer with b < b̂R decomposes as the

sum of two layers stacked at b̂R, namely Cb,d = Cb,b̂R + C b̂R,d, with

AVρ,R(b, d) = AVρ,R(b, b̂R)+AVρ,R(b̂R, d), AVρ,R(b, b̂R) > 0, AVρ,R(b̂R, d) < 0.

Every non-trivial ρ-admissible layer with b ≥ b̂R satisfies AVρ,R(b, d) < 0.

The value additivity in (ii) reflects that both margins are additive across layers stacked

at b̂R (the expected value margin by linearity of the expectation, the frictional cost

margin by comonotonic additivity of ρ). Assume λ < θR, the empirically relevant case

(Remark 11.3). Because the insurer’s optimal contract is always a layer with d ≥ v > b̂R,

the loss-making upper part C b̂R,d is unavoidable, and the reinsurer comes out ahead in

total exactly when the profitable bottom part outweighs it.

Remark 11.3 (The empirically relevant case λ < θR). In practice, λ < θR. Indeed, the

condition λ ≥ θR is equivalent to

qR ≥ 1 − λ

λ
γ̃R.

This means that the loading would have to exceed the carry cost by the factor 1−λ
λ

—roughly

200 under Solvency II (λ = 0.005) and 100 under the Swiss Solvency Test (λ = 0.01),

which no reinsurance market sustains.

11.2 Optimal Reinsurance under V@R

Assume ρ = V@Rλ. In view of Theorem 7.6 we consider the case NTVV@R(0) > 0, since

otherwise no reinsurance is optimal. By Lemma 11.1 we can restrict our search for an

optimal contract to layers Cb,v with b ∈ [0, v]. We can further reduce the set of candidates

for an optimal contract.

Lemma 11.4. There is a unique b0 ∈ (0, v) with NTVV@R(Cb0,v) = 0. Moreover,

NTVV@R(Cb,v) < 0 for b < b0 and NTVV@R(Cb,v) > 0 for b > b0.
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Any optimal V@R-admissible layer Cb,v must satisfy b ∈ [b0, v].

Proof. See Appendix I.

Note that any layer Cb,v already satisfies

DOV@R(Cb,v) = DOV@R(0),

so the default option is already maximal and unaffected by the choice of b. As a result,

finding an optimal contract reduces to finding b ∈ [b0, v] to maximize TAV(Cb,v), which,

since NTV+
V@R(Cb,v) = NTVV@R(Cb,v) by Lemma 11.4, reads using (28) and (60)

TAVV@R(Cb,v) = QI − qR

1 + r
E[Cb,v(L)] − γ̃NTVV@R(Cb,v)

= QI − qR

1 + r

∫ v

b
SL(ℓ)dℓ− γ̃

1 + r

(∫ b

0
FL(ℓ)dℓ−

∫ ∞

v
SL(ℓ)dℓ

)

To locate the maximizer we consider

∂bTAVV@R(Cb,v) = qR + γ̃

1 + r

(
SL(b) − θI

)
, where θI := γ̃

γ̃ + qR
. (32)

Since SL is strictly decreasing by assumption (L), it follows that TAVV@R(Cb,v) is strictly

concave in b so it has a unique maximum. Set

b̂I := S−1
L (θI) ∈ (0, ess supL).

If λ ≥ θI , then b̂I ≥ v and TAVV@R(Cb,v) is strictly increasing in b ∈ [b0, v]. Hence, the

maximum is attained at b = v, so no reinsurance is optimal. If λ < θI , then b̂I < v and

the maximum over [b0, v] is attained at max{b̂I , b0}. We summarize this in the following

result.

Theorem 11.5 (Optimal V@R contract under the expected value margin). Assume

NTVV@R(0) > 0. The optimal V@R-admissible layer has detachment d∗ = v and attach-

ment

b∗ =



v, b̂I ≥ v, λ ≥ θI ; (no reinsurance),

b0, b̂I ≤ b0, λ < θI ,

b̂I , b0 < b̂I < v, λ < θI .
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Remark 11.6 (Comparison with Krvavych and Sherris (2006)). Krvavych and Sherris

(2006) maximize shareholder value under V@R regulation with an expected value premium

principle, restricting attention to change-loss contracts a(ℓ − b)+, which nest stop-loss

(a = 1) and proportional (b = 0) coverage. Theorem 11.5 establishes optimality within

the full admissible class C, shows that their uncapped change-loss contracts are strictly

dominated by the capped layer Cb∗,v, and identifies the explicit demand condition λ < θI

under the necessary assumption NTVV@R(0) > 0.

11.3 Optimal Reinsurance under ES

Assume ρ = ESλ. By Lemma 11.1 the search reduces to layers Cb,d with 0 ≤ b ≤ v ≤

d ≤ ess supL. Unlike under V@R, the detachment is now a free lever: coverage beyond

v generates capital relief and lowers the default option, so we need to maximize the full

added value AVES(Cb,d) rather than its tangible part alone. Added value decomposes as

follows (see (66) in Appendix C.3):

AVES(Cb,d) = AVES(0) + AB(b) + AT (d), (33)

where, with θI := γ̃/(γ̃ + qR) as in (32),

AB(b) := γ̃ + qR

1 + r

∫ v

b

[
θI − SL(ℓ)

]
dℓ, (34)

AT (d) := γ̃ + qR

λ(1 + r) (θI − λ)
∫ d

v
SL(ℓ) dℓ − 1

1 + r

∫ αES(d)

αES(v)
SL(ℓ) dℓ. (35)

Maximizing AVES(Cb,d) thus amounts to independently maximizing AB(b) and AT (d).

The body part. The derivative of AB is the expression already analyzed under V@R,

A′
B(b) = γ̃ + qR

1 + r

(
SL(b) − θI

)
,

so AB is strictly concave with the same stationary point b̂I = S−1
L (θI). If λ ≥ θI , then

AB ≤ 0 on [0, v] with maximum at b = v. If λ < θI , then b̂I ∈ (0, v) is the unique

maximizer with AB(b̂I) > 0.
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The tail part. Differentiating AT gives

A′
T (d) = γ̃ + qR

λ(1 + r) (θI − λ)SL(d) − 1
1 + r

SL(αES(d))α′
ES(d), d ≥ v,

where αES(d) = d+ 1
λ

∫∞
d SL(ℓ) dℓ is the default level and α′

ES(d) = 1 − SL(d)/λ ∈ [0, 1).

The first term is the tail gain in tangible added value, with sign fixed by θI − λ. The

second is the loss from the shrinking default option. At d = v the floor effect vanishes

(α′
ES(v) = 0) and SL(v) = λ, so A′

T (v) = γ̃+qR

1+r
(θI − λ). Moreover, both integrals in (35)

converge as d → ess supL, so AT extends continuously to [v, ess supL] and attains its

maximum there. Hence, we obtain:

Lemma 11.7 (Tail optimum under the expected value margin, ES). The tail gain AT

in (35) satisfies AT (v) = 0, and:

(i) if λ ≥ θI , then AT is non-positive on [v, ess supL), so d∗ = v;

(ii) if λ < θI , then A′
T (v) > 0 and AT attains a maximum at some d∗ > v with

AT (d∗) > 0.

Combining the body and tail analyses gives:

Theorem 11.8 (Optimal reinsurance under ES with the expected value margin). Let

ρ = ESλ with the expected value margin (28).

(i) Reinsurance is optimal if and only if λ < θI .

(ii) If reinsurance is optimal, b∗ = b̂I with SL(b̂I) = θI , and d∗ > v.

The demand condition λ < θI is common to V@R and ES, so both regimes share the

body optimum b̂I . Full cession is structurally excluded because b∗ = b̂I > 0—an artifact

of mispricing.

Remark 11.9 (Sufficient condition for stop-loss coverage). A sufficient condition for

d∗ = ess supL is λ ≤ λ∗
sl := γ̃/(1 + qR + γ̃). The condition is sharp: when λ > λ∗

sl,

every optimal detachment satisfies d∗ < ess supL. Full cession remains excluded because

b∗ = b̂I > 0. Indeed, the argument is the same as in the proof of Theorem 10.4 (i): for

d > v the marginal TAV benefit is [γ̃(1 − λ)/λ − qR]SL(d)/(1 + r), while the marginal

DO loss is bounded above by SL(d)/(1 + r). The benefit exceeds this bound whenever
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γ̃(1 − λ)/λ − qR ≥ 1, which simplifies to λ ≤ λ∗
sl. To show that when λ > λ∗

sl, every

optimal detachment satisfies d∗ < ess supL, we can use the argument in the proof of

Theorem 10.4 (ii) with ∆ replaced by γ̃(1 − λ)/λ− qR.

Remark 11.10 (Comparison with Arrow’s deductible). The expected value margin is

precisely the premium assumed in Arrow’s theorem, so the classical benchmark is available

for comparison: a risk-averse insurer with unlimited liability would purchase a straight

deductible (ℓ− b)+, covering the entire tail (Arrow, 1971). The value-maximizing insurer

does not. The deductible itself survives—b∗ = b̂I , with the trade-off between loading and

carry cost relief playing the role of risk aversion—but coverage is capped: at v under

V@R, and under ES at d∗ < ess supL whenever λ > λ∗
sl. The losses left uncovered are

precisely those on which the insurer defaults, so the unlimited coverage that protects the

risk-averse buyer where it matters most buys the shareholders nothing.

Remark 11.11 (Uniqueness of the optimal detachment). The detachment analysis of

Section 10 transfers: the tail objective has the same structure, with ∆ replaced by γ̃(1 −

λ)/λ − qR. Under the hazard-rate condition of Proposition 10.7 the optimal detachment

in Theorem 11.8 is therefore unique (a maximizer exists by Lemma 11.7). Uniqueness

can fail in general: choosing qR so that γ̃(1 − λ)/λ− qR coincides with the value of ∆ in

Example 10.9 produces the same two optimal detachments.

Remark 11.12 (Comparison of detachment points under the frictional cost and the

expected value margins). The detachment shift is intuitive: compared to an insurer facing

the frictional cost margin, an insurer facing the expected value margin takes more tail

coverage when the tail is underpriced and less when it is overpriced. When λ < θR the

tail is underpriced, so d∗
ev ≥ d∗

fc, where d∗
ev and d∗

fc are the optimal detachment points under

the expected value margin and the frictional cost margin, respectively. When λ > θR the

inequality reverses. In the empirically relevant case λ < θR both exceed v, since γ̃R < γ̃

gives θR < θI : margin choice changes how far coverage extends beyond v, not whether it

does.

11.4 Layer Optimality beyond the Expected Value Margin

The layer-reduction argument at the opening of this section used only two properties

of the expected value margin: stop-loss monotonicity (lower ceded loss in the stop-loss
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order implies lower margin) and non-negativity, see Appendix B for the definition of the

stop-loss order. A margin QR is stop-loss monotone if

C1, C2 ∈ C and C1(L) ≤sl C2(L) ⇒ QR(C1) ≤ QR(C2).

The expected value margin qualifies because the expectation functional preserves the

stop-loss order. Any margin of the form QR(C) = g(E[C(L)]) with g increasing qualifies

for the same reason. The same two-property argument, applied verbatim to any such

margin, yields the following generalization.

Theorem 11.13 (Layer optimality under stop-loss monotone margins). Let

ρ ∈ {V@Rλ,ESλ} and suppose QR is ≤sl-monotone with QR(C) ≥ 0 for all C ∈ C.

Then:

(i) Under V@Rλ, it suffices to optimize over layers Cb,v with 0 ≤ b ≤ v.

(ii) Under ESλ, it suffices to optimize over layers Cb,d with 0 ≤ b ≤ v ≤ d.

Proof. See Appendix I.

Remark 11.14 (Margins outside the stop-loss framework). Other widely used margins

are proportional to the variance or to the standard deviation of the ceded loss, QR(C) =

β Var(C(L))/(1 + r)2 and QR(C) = β
√

Var(C(L))/(1 + r) with β > 0, and fall outside

both tools used in this paper. They are not stop-loss monotone: stop-loss dominance

Cb,d(L) ≤sl C(L) implies E[Cb,d(L)2] ≤ E[C(L)2], but the squared mean also shrinks, so

the net effect on the variance, and hence on the standard deviation, is ambiguous. The

optimal contract form under these margins, therefore, remains open.

12 Conclusions

This paper develops a shareholder-value theory of optimal reinsurance when holding

capital is costly. In the benchmark case when capital is costless or the regulator imposes

only reserving requirements, reinsurance can never create value. When capital is costly,

added value from purchasing reinsurance has three drivers: carry cost savings, margin

paid, and default option loss. Whether reinsurance adds value depends on the tradeoff

between them. Across all regimes and margin specifications studied, there is always an
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optimal layer contract. The optimality of layers is the result of how the tradeoff between

the three value drivers plays out and the stipulated features of admissible contracts,

namely the monotonicity of ceded and retained losses.

The central message is that reinsurance serves as a capital management instrument.

The insurer transfers risk when the reinsurer can support it more cheaply, and the reg-

ulatory regime determines the scope and form of this transfer. V@R and ES create

qualitatively different incentives: V@R confines coverage to the regulatory quantile and

preserves the default option, while ES extends coverage beyond the quantile and can

make full cession optimal—a structural property independent of the loss distribution.

The carry cost itself drives the insurer to hold as little capital as possible, and V@R

and ES are permissive enough to let the insurer hold zero shareholder capital: under the

frictional cost margin the optimal V@R contract transfers all regulatory capital to the

reinsurer, while under sufficiently stringent ES the same outcome obtains through full

cession. In both cases shareholders are left with no capital at risk (see also Remark 5.2).

Sustaining meaningful risk retention requires forces beyond costly capital: franchise value

on the economic side, or, on the policy side, regulatory floors such as minimum license

capital or minimum retention rules.

The frictional cost margin is the reinsurer’s indifference price, at which it earns zero

added value on every contract. When the reinsurer’s carry cost rate is lower than the

insurer’s, risk transfer creates value, and under indifference pricing the entire gain accrues

to the insurer. While widely used, the expected value margin departs from this benchmark

and distorts trade in both directions: it prices low layers above the reinsurer’s capital

cost, blocking transactions that would have been mutually beneficial at the indifference

price, and, in the empirically relevant case (Remark 11.3), it prices tail layers below cost,

enabling transactions the reinsurer absorbs at a loss. The mispricing forces a strictly

positive ground layer and structurally excludes full cession.

The model does not take reinsurer default and franchise value into account. Incor-

porating franchise value would give shareholders a direct stake in avoiding default—a

motive absent from the single-period model—and could push coverage beyond the V@R

quantile, since tail losses invisible to V@R may still threaten the franchise. Reinsurer

default correlated with large losses, in turn, would tighten the demand conditions derived

here. Incorporating these elements into the model is left to future research.
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Appendix
The appendix is organized as follows. Appendix A collects distributional formulas for

layer contracts. Appendix B establishes the layer-optimality constructions, which may

be of independent interest. Appendix C derives the economic formulas for layer contracts

used in the proofs. The remaining appendices contain the proofs of the main results.

A Distributional Formulas for Layer Contracts

This appendix states useful distributional formulas for a layer contract Cb,d with attach-

ment point b and detachment point d. All formulas can be obtained by straightforward

computation. Throughout this appendix,

v := V@Rλ(−L) and s := ESλ(−L).

Three standard results

The following quantile transformation can be found in Denuit et al. (2005, Prop-

erty 1.5.16(i)):

Lemma A.1. Let X be a random variable and f : R → R continuous and increasing.

Then

V@Rλ(−f(X)) = f
(
V@Rλ(−X)

)
.

For any admissible contract C ∈ C, C(L) and RC(L) are both increasing functions of

L, so the random variables −C(L) and −RC(L) are comonotonic. As both V@Rλ and ESλ

are comonotonic additive (Föllmer and Schied, 2016, Theorem 4.88), the decomposition

−L = −C(L) + (−RC(L)) yields the following:

Lemma A.2 (Comonotonic splitting). For every C ∈ C and ρ ∈ {V@Rλ,ESλ},

ρ(−L) = ρ(−C(L)) + ρ(−RC(L)). (36)

In particular, if C1, C2 ∈ C satisfy ρ(−C1(L)) = ρ(−C2(L)), then ρ(−RC1(L)) =

ρ(−RC2(L)).
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Expected losses

E[Cb,d(L)] =
∫ d

b
SL(ℓ) dℓ, (37)

E[RCb,d(L)] =
∫ b

0
SL(ℓ) dℓ+

∫ ∞

d
SL(ℓ) dℓ. (38)

Value-at-Risk of the retained loss

V@Rλ(−RCb,d(L)) =



v − (d− b) if d ≤ v,

b if b ≤ v ≤ d,

v if v ≤ b.

(39)

Since RCb,d(ℓ) = ℓ − Cb,d(ℓ) is continuous and increasing, Lemma A.1 gives

V@Rλ(−RCb,d(L)) = v − Cb,d(v), and the three cases follow from the definition

of Cb,d.

Expected Shortfall of the retained loss

Using the representation

ESλ(−X) = V@Rλ(−X) + 1
λ
E
[
(X − V@Rλ(−X))+

]
(40)

we derive:

ESλ(−RCb,d(L)) =



s− (d− b) if d ≤ v,

b+ 1
λ

∫ ∞

d
SL(ℓ) dℓ if b ≤ v ≤ d,

s− 1
λ

∫ d

b
SL(ℓ) dℓ if v ≤ b.

(41)

Remark A.3 (Risk measures of ceded losses). Combining (36) with the retained-loss

formulas (39) and (41) yields the corresponding expressions for V@Rλ(−Cb,d(L)) and

ESλ(−Cb,d(L)).

B Layer Reinsurance Constructions

This appendix presents the construction of layer reinsurance contracts that preserve the

Value-at-Risk or the Expected Shortfall of the retained loss of a given reinsurance contract
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while being dominated by this contract in the stop loss order. The layer contracts for

V@R and ES are essentially the same as in Chi and Tan (2013, Theorems 3.1 and 3.2). For

transparency and since we require a bit more mileage from the constructions, we provide

self-contained proofs. When comparing our statements with those in Chi and Tan (2013),

take into account that our V@Rλ(−L) corresponds to their V@Rλ(L). Throughout this

appendix,

v := V@Rλ(−L) and s := ESλ(−L).

B.1 Layer Reinsurance under the V@R-Regime

The construction for the V@R-case delivers pointwise dominance of layers over general

admissible contracts.

Proposition B.1 (V@R-Preserving Layer Construction). For C ∈ C consider the layer

reinsurance contract Cb,d with b = V@Rλ(−RC(L)) and d = v. Then:

(i) V@Rλ(−Cb,d(L)) = V@Rλ(−C(L)) (V@R preservation of ceded losses)

(ii) V@Rλ(−RCb,d(L)) = V@Rλ(−RC(L)) (V@R preservation of retained losses)

(iii) Cb,d(L) ≤ C(L) (pointwise ordering of ceded losses)

(iv) RC(L) ≤ RCb,d(L) (pointwise ordering of retained losses)

In particular,

E[C(L)] ≥ E[Cb,d(L)] and E[RC(L)] ≤ E[RCb,d(L)], (42)

with strict inequality if C(L) is not a.s. equal to Cb,d(L).

Proof. (i): As C, Cb,d, and RC(l) = l − C(l) are increasing, Lemma A.1 gives

V@Rλ(−C(L)) = C(v), V@Rλ(−Cb,d(L)) = Cb,d(v), RC(v) = V@Rλ(−RC(L)) = b.

Hence C(v) = v −RC(v) = v − b = Cb,d(v), so V@Rλ(−Cb,d(L)) = V@Rλ(−C(L)). Part

(ii) follows from Lemma A.2.

(iii) and (iv): Since RC is increasing and RC(v) = b, for l ≤ v we have RC(l) ≤ b and

thus C(l) = l−RC(l) ≥ l− b. Together with C ≥ 0, this gives C(l) ≥ (l− b)+ = Cb,d(l).
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For l ≥ v, monotonicity of C gives C(l) ≥ C(v) = v − b = d − b = Cb,d(l). Thus

Cb,d(l) ≤ C(l) and RC(l) ≤ RCb,d(l) for all l ≥ 0. That the inequality is strict when C(L)

is not a.s. equal to Cb,d(L) is clear since then P(C(L) > Cb,d(L)) > 0.

B.2 Stop-Loss Order and a Conditional Version of Ohlin’s

Lemma

If Y and Z are non-negative random variables, we say that Z dominates Y in the

stop-loss order, and write Y ≤sl Z, if

E[(Y − t)+] ≤ E[(Z − t)+] for all t ∈ R.

The following equivalent characterization is classical (see, e.g.,Denuit et al., 2005, Propo-

sition 3.4.6): Y ≤sl Z if and only if E[ϕ(Y )] ≤ E[ϕ(Z)] for every increasing convex

function ϕ : R → R for which both expectations exist. In particular,

Y ≤sl Z =⇒ E[Y ] ≤ E[Z]. (43)

We will need the following simple conditional version of Ohlin’s Lemma.

Lemma B.2 (Conditional Ohlin Lemma). Let a < d ≤ ∞ and f and g be two non-

negative and non-decreasing functions on (a, d). Suppose there exist a < b < c < d such

that:

• g(x) ≤ f(x) for a < x < b,

• g(x) ≥ f(x) for b < x < c,

• g(x) ≤ f(x) for c < x < d.

Assume further that X is a random variable taking values in (a, d) such that

E[g(X)|A] = E[f(X)|A]

where A := {X ∈ (b, d)}. Then g(X) ≤sl f(X).

Proof. Let ϕ be an increasing and convex function. We will show that E[ϕ(g(X))] ≤

E[ϕ(f(X))]. To this end, we may without loss of generality assume that ϕ(0) = 0.
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Clearly,

E[ϕ(g(X))1Ac ] ≤ E[ϕ(f(X))1Ac ]. (44)

For x ∈ (a, d) set ĝ(x) = g(x)1(b,d)(x) and f̂(x) = f(x)1(b,d)(x). Then,

• ĝ(x) ≥ f̂(x) for a < x < c

• ĝ(x) ≤ f̂(x) for c < x < d.

Moreover, we have

E[ĝ(X)] = E[g(X)1A] = P(A)E[g(X)|A] = P(A)E[f(X)|A] = E[f(X)1A] = E[f̂(X)].

Since f, g ≥ 0, the truncations f̂ and ĝ are again non-decreasing. In view of Ohlin’s

classical result on stochastic orderings (Ohlin, 1969, Lemma 3) we conclude that ĝ(X) ≤sl

f̂(X). This implies

E[ϕ(g(X))1A] = E[ϕ(ĝ(X))] ≤ E[ϕ(f̂(X))] = E[ϕ(f(X))1A]. (45)

Hence, (44) and (45) imply that

E[ϕ(g(X))] ≤ E[ϕ(f(X))],

i.e., g(X) ≤sl f(X).

B.3 Layer Reinsurance under the ES-Regime

The construction for the ES-case delivers stop-loss dominance of layers over general ad-

missible contracts.

Proposition B.3 (ES-Preserving Layer Construction). For any C ∈ C there exists a

layer reinsurance contract Cb,d with b := V@Rλ(−RC(L)) and a uniquely determined

d ≥ v such that:

(i) ESλ(−Cb,d(L)) = ESλ(−C(L)) (ES preservation of ceded losses)

(ii) ESλ(−RCb,d(L)) = ESλ(−RC(L)) (ES preservation of retained losses)

(iii) Cb,d(L) ≤sl C(L) (stop-loss ordering of ceded losses)
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(iv) RC(L) ≤sl RCb,d(L) (stop-loss ordering of retained losses)

In particular, by (43),

E[RC(L)] ≤ E[RCb,d(L)]. (46)

Proof. (i) and (ii): Note that 0 ≤ b ≤ v. Consider the contract Cb,d(l) = min{(l−b)+, d−

b} with d ≥ v to be specified later. Since RC is increasing and RC(v) = b (Lemma A.1),

and as C(l) is non-negative

C(l) = l −RC(l) ≥ (l − b)+ = Cb,d(l) for l ≤ v, (47)

C(l) = l −RC(l) ≤ l − b = Cb,d(l) for v ≤ l ≤ d. (48)

For d ≥ v and u ∈ [0, λ], since V@Ru(−L) ≥ v ≥ b:

Cb,d(V@Ru(−L)) = min{(V@Ru(−L) − b)+, d− b} = min{V@Ru(−L) − b, d− b}

Let

h(d) = ESλ(−Cb,d(L)) = 1
λ

∫ λ

0
Cb,d(V@Ru(−L))du,

where we have used Lemma A.1 for the last equality, and note that h is continuous and

increasing. Moreover, by Lemma A.1

• h(v) = v − b = C(v) = V@Rλ(−C(L)), and V@Rλ(−C(L)) ≤ ESλ(−C(L)).

• h(∞) = s− b ≥ s− ESλ(−RC(L)) = ESλ(−C(L)).

where for the inequality we used that s − b = s − V@Rλ(−RC(L)) ≥ s − ESλ(−RC(L))

and for the last equality we used Lemma A.2. By the Intermediate Value Theorem, there

exists d ≥ v with h(d) = ESλ(−C(L)). Thus Cb,d satisfies (i), and (ii) follows from

Lemma A.2.

(iii): Under assumption (L), FL is a continuous and strictly increasing bijection from

[0, ess supL) onto [0, 1). We write qL := F−1
L for its inverse, the quantile function of L,

and recall that

V@Ru(−L) = qL(1 − u) and ESλ(−L) = 1
λ

∫ 1

1−λ
qL(u) du.
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Define for u ∈ (0, 1)

g(u) := Cb,d(qL(u)) and f(u) := C(qL(u)).

Since L d= qL(U) for U uniform on (0, 1), we have

Cb,d(L) ≤sl C(L) ⇐⇒ g(U) ≤sl f(U).

We will prove that g(U) ≤sl f(U) by an application of the conditional Ohlin lemma. To

verify the conditions note first that both g and f are increasing since C, Cb,d, and qL are

all increasing. The required equality of conditional expectations of g(U) and f(U) given

A := {1−λ < U < 1} is (49) below. Its outer equalities follow from Lemma A.1 together

with V@Ru(−L) = qL(1 − u), since g(U) d= Cb,d(L) and f(U) d= C(L).

E[g(U) | A] = 1
λ

∫ 1

1−λ
g(u) du = ESλ(−g(U))

= ESλ(−f(U)) = 1
λ

∫ 1

1−λ
f(u) du = E[f(U) | A].

(49)

Next note that for u ∈ (0, 1 − λ) we have qL(u) ≤ v. Hence, by (47), we obtain

g(u) = Cb,d(qL(u)) ≤ C(qL(u)) = f(u) for u ∈ (0, 1 − λ). (50)

Set η = 1−FL(d) (with FL(∞) := 1), so that for u ∈ [1−λ, 1−η] we have v ≤ qL(u) ≤ d.

Then, (48) and the continuity of C and Cb,d imply that for such u we have

g(u) = Cb,d(qL(u)) ≥ C(qL(u)) = f(u) for u ∈ [1 − λ, 1 − η]. (51)

If g(u) ≥ f(u) for all u ∈ (1 − λ, 1), then the equality of conditional expectations (49)

would force that g = f in that region. This, together with (50), would imply g(u) ≤ f(u)

for all u ∈ (0, 1) which would trivially imply g(U) ≤sl f(U).

Note that g(u) = f(u) for u ∈ (1 − λ, 1 − η) and f(u) > g(u) for some u > 1 − η

is not possible: g = f on (1 − λ, 1 − η) forces C(d) = d − b by continuity, so f − g =

C(qL(·)) − (d− b) ≥ 0 on (1 − η, 1), and therefore (49) would be violated.

On the other hand, g(û) > f(û) for some û ∈ (1 − λ, 1 − η) implies that g(u) > f(u)

for all u ∈ (û, 1−η) due to Lipschitz continuity of C. But then the equality of conditional
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expectations (49) would force that g(u) < f(u) for some u > 1 − η. As g is constant

equal to d− b beyond 1 − η, there can only be one crossing point 1 − δ.

In this case we have

g(u) ≥ f(u) for u ∈ (1 − λ, 1 − δ] (52)

g(u) ≤ f(u) for u ∈ (1 − δ, 1). (53)

This, together with (50) allows us to apply Lemma B.2 and conclude g(U) ≤sl f(U).

(iv): Apply the same argument as in (iii) to retained losses g̃(u) = RC(qL(u)) and

f̃(u) = RCb,d(qL(u)).

To establish strict domination of layers in Lemma 10.1 we need a technical result

which we split into two lemmas.

Lemma B.4. Let X ≤sl Y be integrable random variables and let a ∈ R satisfy

E[(X − a)+] = E[(Y − a)+] and P(Y = a) = 0.

Then P(X > a) = P(Y > a).

Proof. Set

Φ(t) := E[(Y − t)+] − E[(X − t)+] =
∫ ∞

t

(
SY (ℓ) − SX(ℓ)

)
dℓ.

Stop-loss order gives Φ ≥ 0, and Φ is a difference of two decreasing convex functions, so

its one-sided derivatives exist (Müller and Stoyan, 2002, Sec. 1.5.10):

Φ′
+(t) = P(X > t) − P(Y > t), Φ′

−(t) = P(X ≥ t) − P(Y ≥ t).

The hypothesis Φ(a) = 0 together with Φ ≥ 0 makes a a global minimum, hence Φ′
−(a) ≤

0 ≤ Φ′
+(a). Using P(Y ≥ a) = P(Y > a),

P(X ≥ a) ≤ P(Y ≥ a) = P(Y > a) ≤ P(X > a) ≤ P(X ≥ a),

so the chain collapses to equalities. In particular, P(X > a) = P(Y > a).
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Lemma B.5. Let C ∈ C, and let Cb,d be the ES-preserving layer of Proposition B.3. Set

sC := ESλ

(
−RCb,d(L)

)
= ESλ

(
−RC(L)

)
,

and assume, in addition, that

E[RC(L)] = E[RCb,d(L)] , (54)

E
[(
RC(L) − sC

)
+

]
= E

[(
RCb,d(L) − sC

)
+

]
. (55)

Then C(ℓ) = Cb,d(ℓ) for every ℓ ∈ supp(L).

Proof. Write R := RC , R∗ := RCb,d . By construction R(v) = b = R∗(v) and R∗(ℓ) =

min{ℓ, b} for ℓ ≤ v. Set αES(d) := d + 1
λ

∫∞
d SL(ℓ) dℓ, the loss level at which the insurer

holding Cb,d defaults (cf. (56)). Since R∗(ℓ) = ℓ − (d − b) for ℓ ≥ d, the middle case

of (41) gives R∗(αES(d)) = b + 1
λ

∫∞
d SL(ℓ) dℓ = sC . Moreover, SL(v) = λ, and the ES

representation (Föllmer and Schied, 2016, Eq. (4.51)) gives

E
[
R(L)1{L>v}

]
= E

[
R∗(L)1{L>v}

]
= λ sC . (∗)

Step 1: C = Cb,d on [0, v].

For ℓ ≤ v we have R(ℓ) ≤ R(v) = b and R(ℓ) ≤ ℓ, hence R(ℓ) ≤ min{ℓ, b} =

R∗(ℓ). Combining (∗) with (54) yields E[R(L)1{L≤v}] = E[R∗(L)1{L≤v}]. A nonnegative

integrand R∗(L) − R(L) with zero mean on {L ≤ v} vanishes almost surely there. By

strict monotonicity of FL we conclude that R = R∗ on [0, v].

If sC = b, equivalently d ≥ ess supL, we conclude directly: (∗) gives E[(R(L) −

b)1{L>v}] = λsC − λb = 0, while R(ℓ) ≥ R(v) = b for ℓ ≥ v. Hence, R(L) = b =

R∗(L) a.s. on {L > v}, which together with Step 1 yields C = Cb,d on [0, ess supL).

Assume from now on that sC > b, i.e. d < ess supL. Then αES(d) ∈ (d, ess supL), since∫ ess sup L
d SL(ℓ) dℓ < λ (ess supL − d) when ess supL < ∞ (as SL < λ on (v, ess supL)),

and trivially when ess supL = ∞.

Step 2: R(αES(d)) = sC .

We have R∗(ℓ) = sC only at ℓ = αES(d), so P(R∗(L) = sC) = P(L = αES(d)) = 0.

Applying Lemma B.4 to X = R(L) and Y = R∗(L) with a = sC , with (55) furnishing
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the matched stop-loss transforms,

P
(
R(L) ≥ sC

)
= P

(
R∗(L) > sC

)
= SL(αES(d)).

As R is continuous and increasing, {R(L) ≥ sC} = {L ≥ ℓ0} with ℓ0 := inf{ℓ : R(ℓ) ≥

sC}, so SL(ℓ0) = SL(αES(d)). Since FL is strictly increasing on [0, ess supL) and αES(d) <

ess supL, this forces ℓ0 = αES(d), and continuity of R together with R(v) = b < sC gives

R(αES(d)) = sC = R∗(αES(d)).

Step 3: C = Cb,d on [0, ess supL).

The retentions now agree at v and at αES(d). On [v, d] one has Cb,d(ℓ) = ℓ−b while C

is 1-Lipschitz with C(v) = v− b, so C(ℓ) ≤ ℓ− b = Cb,d(ℓ). On [d, αES(d)], Cb,d(ℓ) = d− b

and C is increasing with C(αES(d)) = d− b, so again C(ℓ) ≤ Cb,d(ℓ). On [αES(d),∞) the

same monotonicity gives C(ℓ) ≥ d− b = Cb,d(ℓ). In retention terms,

R∗ ≤ R on [v, αES(d)], R∗ ≥ R on [αES(d),∞).

Note that (R−sC)+ = (R−sC)1{L>αES(d)} and (R∗ −sC)+ = (R∗ −sC)1{L>αES(d)} a.s., so

(55) gives E[(R∗ −R)1{L>αES(d)}] = 0. Since the integrand is nonnegative, R(L) = R∗(L)

a.s. on {L > αES(d)}. Substituting this into (∗) leaves E[(R∗(L)−R(L))1{v<L≤αES(d)}] = 0

with a non-positive integrand, hence R(L) = R∗(L) a.s. on {v < L ≤ αES(d)} and, hence,

on {L > v}. Together with Step 1, R(L) = R∗(L) a.s. on Ω. This gives C = Cb,d on

[0, ess supL).

C Economic Formulas for Layer Contracts

Throughout this appendix we focus on ρ ∈ {V@Rλ,ESλ} and consider a layer Cb,d with

0 ≤ b ≤ v ≤ d ≤ ess supL, where v := V@Rλ(−L) and s := ESλ(−L). On this range the

required-asset levels sρ(b, d) := ρ(−RCb,d(L)) are, by (39) and (41) in Appendix A,

sV@R(b, d) = b, sES(b, d) = b+ 1
λ

∫ ∞

d
SL(ℓ) dℓ.
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C.1 Default Option

Denote by αρ(d) := sρ(b, d) + (d− b) the loss level at which default is triggered. We have

αV@R(d) = d, αES(d) = d+ 1
λ

∫ ∞

d
SL(ℓ) dℓ, (56)

and

α′
V@R(d) = 1, α′

ES(d) = 1 − SL(d)
λ

, (57)

with αES(v) = s and α′
ES(v) = 0. By (14),

DOρ(Cb,d) = 1
1 + r

∫ ∞

αρ(d)
SL(ℓ) dℓ. (58)

Thus DOρ(Cb,d) is independent of the attachment b and equals DOρ(0) at d = v. More-

over, for d ∈ [v, ess supL),

∂dDOρ(Cb,d) = − 1
1 + r

SL(αρ(d))α′
ρ(d). (59)

By (57) the right-hand side is non-positive, and strictly negative for d > v. Hence,

DOρ(Cb,d) is non-increasing in d and strictly decreasing on (v, ess supL), giving:

Lemma C.1 (Monotonicity of DO for layers). Let ρ ∈ {V@Rλ,ESλ}, b1, b2 ∈ [0, v] and

v ≤ d2 ≤ d1 ≤ ess supL. Then

DOρ(Cb1,d1) ≤ DOρ(Cb2,d2),

with strict inequality whenever d1 > d2.

C.2 Net Tangible Value

Net tangible value is given by NTVρ(Cb,d) = 1
1+r

(
ρ(−RCb,d(L)) − E[RCb,d(L)]

)
and does

not depend on the reinsurer’s margin. Using (38) and (39),

NTVV@R(Cb,d) = 1
1 + r

[∫ b

0
FL(ℓ) dℓ−

∫ ∞

d
SL(ℓ) dℓ

]
, (60)
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while (38), (41), and (8) yield

NTVES(Cb,d) = 1
1 + r

[∫ b

0
FL(ℓ) dℓ+ 1 − λ

λ

∫ ∞

d
SL(ℓ) dℓ

]
≥ 0. (61)

We will need the following technical lemma in which we will also consider d ≤ v.

Lemma C.2. Assume NTVV@R(0) > 0 and let dmin be the unique solution of∫ dmin
0 FL(ℓ) dℓ = v − E[L]. Then, for each d ∈ [dmin, v] there exists a unique b(d) ∈ [0, v)

with b(d) strictly increasing in d such that NTVV@R(Cb(d),d) = 0 and

NTVV@R(Cb,d) < 0, for b ∈ [0, b(d)) and NTVV@R(Cb,d) > 0, for b ∈ (b(d), d].

Moreover, for d ∈ [0, dmin) we have NTVV@R(Cb,d) < 0 for all b ∈ [0, d].

Proof. Since NTVV@R(Cb,d) = 1
1+r

(v − (d− b) − E[L] +
∫ d

b SL(ℓ) dℓ) we have

NTVV@R(Cb,d) = 0 ⇐⇒ f(b, d) := d− b−
∫ d

b
SL(ℓ) dℓ = v − E[L].

Note that f(0, d) is continuous and strictly increasing in d and

f(0, 0) = 0 < v − E[L] < v −
∫ v

0
SL(ℓ) dℓ = f(0, v).

Hence, there exists a unique dmin ∈ (0, v) such that f(0, dmin) = v − E[L].

For each d ∈ (dmin, v] we have that f(b, d) is continuous and strictly decreasing in

b ∈ [0, d] and

f(0, d) = d−
∫ d

0
SL(ℓ) dℓ > v − E[L] > 0 = f(d, d)

Hence, there exists a unique b(d) ∈ (0, v) such that f(b(d), d) = v − E[L]. It is clear

that b(d) is strictly increasing in d and that the stated sign pattern holds. Finally, for

d ∈ [0, dmin) and b ∈ [0, d], monotonicity of f in b gives f(b, d) ≤ f(0, d) < f(0, dmin) =

v − E[L], so NTVV@R(Cb,d) < 0.

C.3 Added Value under ES

Under V@R only contracts Cb,v are relevant—the detachment is fixed at d = v. In

the ES case, the detachment is a free lever chosen to maximize added value. For the
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frictional cost margin we compute the derivative of added value at d = v, which shows

that extending the detachment beyond v is optimal. For the expected value margin we

derive the body–tail decomposition (66) used in Section 11.

Write AVES(Cb,d) = TAVES(Cb,d) + DOES(Cb,d). By (59) and α′
ES(v) = 0 we have

∂dDOES(Cb,d)
∣∣∣
d=v

= 0, so

∂dAVES(Cb,d)
∣∣∣
d=v

= ∂dTAVES(Cb,d)
∣∣∣
d=v

. (62)

Frictional cost margin. Assume γ̃ > γ̃R. The conservation identity (18) gives

NTVES,R(Cb,d) = NTVES(0) − NTVES(Cb,d) ≥ 0 and QR(Cb,d) = γ̃R

(
NTVES(0) −

NTVES(Cb,d)
)
, hence

TAVES(Cb,d) = QI − γ̃R NTVES(0) − (γ̃ − γ̃R) NTVES(Cb,d), (63)

with detachment marginal

∂dTAVES(Cb,d) = (γ̃ − γ̃R)(1 − λ)
λ(1 + r) SL(d). (64)

Evaluating at d = v, where SL(v) = λ, and using (62),

∂dAVES(Cb,d)
∣∣∣
d=v

= (γ̃ − γ̃R)(1 − λ)
1 + r

> 0. (65)

Expected value margin. Now QR(Cb,d) = qR

1+r

∫ d
b SL(ℓ) dℓ. Since NTVES(Cb,d) ≥ 0

by (61), (13) gives

TAVES(Cb,d) = TAVES(0) − qR

1 + r

∫ d

b
SL(ℓ) dℓ− γ̃

(
NTVES(Cb,d) − NTVES(0)

)
.

Using (61), splitting the integrals at v, and rearranging we obtain

TAVES(Cb,d) − TAVES(0) = γ̃ + qR

1 + r

∫ v

b

[
θI − SL(ℓ)

]
dℓ+ γ̃ + qR

λ(1 + r) (θI − λ)
∫ d

v
SL(ℓ) dℓ,

where θI := γ̃/(γ̃ + qR) as in (32) and γ̃(1−λ)
λ

− qR = γ̃+qR

λ
(θI − λ). From (58),

DOES(Cb,d) = DOES(0) − 1
1 + r

∫ αES(d)

αES(v)
SL(ℓ) dℓ.
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Hence, grouping body and tail terms,

AVES(Cb,d) = AVES(0) + AB(b) + AT (d), (66)

where

AB(b) := γ̃ + qR

1 + r

∫ v

b

[
θI − SL(ℓ)

]
dℓ,

AT (d) := γ̃ + qR

λ(1 + r) (θI − λ)
∫ d

v
SL(ℓ) dℓ− 1

1 + r

∫ αES(d)

αES(v)
SL(ℓ) dℓ.

Hence,

∂dTAVES(Cb,d) = γ̃ + qR

λ(1 + r) (θI − λ)SL(d). (67)

Evaluating at d = v, where SL(v) = λ, and using (62),

∂dAVES(Cb,d)
∣∣∣
d=v

= γ̃ + qR

1 + r
(θI − λ), (68)

positive if and only if θI > λ.

D Proofs of Results in Section 4

The following lemma is also needed in the proof of Proposition 6.1.

Lemma D.1. For any contract C ∈ C, set

m0(C) := QR(C) −QI

and

m0(C) := sup{m0 : DO(m0, C) > 0}.

Then

m0(C) < m0(C),

unless C is full insurance, in which case, m0(C) = m0(C). Moreover, m0(C) = ∞ if and

only if RC(L) is unbounded. We also have:

(i) The function m0 7→ DO(m0, C) is strictly decreasing on (−∞,m0(C)) and constant

and equal to 0 on [m0(C),∞).
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(ii) If γ > 0, then m0 7→ TAV(m0, C) is strictly decreasing on [m0(C),∞) and constant

and equal to QI −QR(C) on (−∞,m0(C)].

(iii) If γ = 0, then m0 7→ TAV(m0, C) is constant and equal to QI −QR(C) on R.

Proof. By definition, A1(m0(C), C) = E[RC(L)] and A1(m0, C) is strictly increasing

in m0, with A1(m0, C) → ∞ as m0 → ∞. Hence DO(m0(C), C) > 0 if and only if

P(RC(L) > E[RC(L)]) > 0, i.e. if and only if C is not full insurance. This establishes the

threshold comparison. The unboundedness claim follows because DO(m0, C) can stay

positive for all finite m0 only when RC(L) has no finite upper bound. Statement (i)

holds since x 7→ E[(RC(L) − x)+] is strictly decreasing whenever P(RC(L) > x) > 0.

Statements (ii) and (iii) are immediate from (4).

Proof of Proposition 4.1

Part (i). If γ > 0, then m0 7→ TAV(m0, C) is decreasing on R and strictly decreasing

on [m0(C),∞) and m0 7→ DO(m0, C) is decreasing on R and strictly decreasing on

(−∞,m0(C)]. Hence, since m0(C) ≤ m0(C), m0 7→ AV(m0, C) is strictly decreasing on

R.

Part (ii). If γ = 0, then TAV(m0, C) = QI − QR(C) for every m0 ∈ R. But m0 7→

DO(m0, C) is 0 on [m0(C),∞) and strictly decreasing on (−∞,m0(C)). Hence, m0 7→

AV(m0, C) is strictly decreasing on (−∞,m0(C)) and equal toQI−QR(C) on [m0(C),∞).

E Proofs of Results in Section 6

Proof of Proposition 6.1

Assume first that γ > 0 or that γ = 0 and DO(m∗
0, C

∗) > 0. Suppose that the con-

straint is slack, that is A1(m∗
0, C

∗) > ρ(−RC∗(L)). Then we can reduce m∗
0 slightly

while maintaining feasibility. By Proposition 4.1, this strictly increases the added value,

contradicting optimality.

We are done if we can show that γ = 0 implies DO(m∗
0, C

∗) > 0. So let γ = 0 and
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suppose DO(m∗
0, C

∗) = 0. The pair (mρ
0(0), 0) is feasible and, since QR(0) = 0,

AV(mρ
0(0), 0) = QI + DO(mρ

0(0), 0) ≥ QI −QR(C∗) = AV(m∗
0, C

∗).

Optimality of (m∗
0, C

∗) and non-negativity of the default option value and QR forces

DO(mρ
0(0), 0) = −QR(C∗) = 0. Recall that A1(mρ

0(0), 0) = ρ(−L), and thus

DO(mρ
0(0), 0) = E[(L− ρ(−L))+]

1 + r
= 0.

Hence, (L− ρ(−L))+ = 0 a.s., which is not possible since under assumption (L) we have

ρ(−L) < ess supL for every ρ ∈ {−E,V@Rλ,EV@Rλ,ESλ}. Thus DO(m∗
0, C

∗) > 0.

Proof of Theorem 6.2

Let C ∈ C be such that C(L) does not vanish a.s. Since NTVE(C) = 0, we have

TAVE(C) = QI −QR(C) ≤ TAVE(0), so it suffices to show DOE(C) < DOE(0).

If C(L) = L a.s. (full cession), then RC(L) = 0 and DOE(C) = 0 < DOE(0), since L

is non-degenerate. We may therefore assume that C(L) is a.s. not L. Note that

DOE(C) = 1
1 + r

E
[
(RC(L) − E[RC(L)])+

]
= 1

2(1 + r)E
[
|RC(L) − E[RC(L)]|

]
. (69)

For a random variable X set X̃ := X − E[X], so that L̃ = R̃C(L) + C̃(L). Using

sign(x)x = |x| and E[C̃(L)] = 0,

E
[
sign(R̃C(L)) L̃

]
= E

[
sign(R̃C(L)) (R̃C(L) + C̃(L))

]
= E

[
|R̃C(L)|

]
+ E

[
sign(R̃C(L)) C̃(L)

]
= E

[
|R̃C(L)|

]
+ cov

(
sign(R̃C(L)), C̃(L)

)
.

(70)

The maps sign(R̃C(L)) and C̃(L) are non-decreasing functions of L, hence comonotonic,

so cov(sign(R̃C(L)), C̃(L)) ≥ 0. Since FL is strictly increasing and C(L) is a.s. neither

0 nor L, both C̃(L) and R̃C(L) are non-degenerate. Being centered, R̃C(L) takes both

signs, so sign(R̃C(L)) is non-constant. For a comonotonic pair of non-degenerate variables
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the covariance is strictly positive, so by (70)

E
[
sign(R̃C(L)) L̃

]
> E

[
|R̃C(L)|

]
. (71)

Since sign(R̃C(L)) L̃ ≤ |L̃| pointwise, combining (69), (70) and (71),

DOE(C) = 1
2(1 + r)E

[
|R̃C(L)|

]
<

1
2(1 + r)E

[
sign(R̃C(L)) L̃

]
≤ 1

2(1 + r)E
[
|L̃|
]

= DOE(0).

Combining with TAVE(C) ≤ TAVE(0) yields AVE(C) < AVE(0).

Proof of Proposition 6.3

By (13) and (14), TAVρ(C) and DOρ(C) depend on the regime ρ only through the required

asset level ρ(−RC(L)), and both are non-increasing in it.

If V@Rλ(−RC(L)) ≥ E[RC(L)], then EV@Rλ(−RC(L)) = V@Rλ(−RC(L)), so

by (13) TAVEV@R(C) = TAVV@R(C) ≤ TAVE(C), while (14) gives DOEV@R(C) =

DOV@R(C) ≤ DOE(C). Hence AVEV@R(C) = AVV@R(C) ≤ AVE(C).

If V@Rλ(−RC(L)) < E[RC(L)], then EV@Rλ(−RC(L)) = E[RC(L)]. Both

required-asset levels now lie at or below E[RC(L)], so the carry-cost terms vanish and

TAVEV@R(C) = TAVE(C) = TAVV@R(C), while (14) gives DOEV@R(C) = DOE(C) ≤

DOV@R(C). Hence AVEV@R(C) = AVE(C) ≤ AVV@R(C).

In either case AVEV@R(C) = min{AVV@R(C),AVE(C)}, proving (i).

For (ii), suppose no reinsurance is optimal under V@R, i.e. AVV@R(C) ≤ AVV@R(0)

for all C ∈ C. By Theorem 6.2 we also have AVE(C) ≤ AVE(0) for all C ∈ C. If

AVEV@R(0) = AVE(0), then (i) yields AVEV@R(C) ≤ AVE(C) ≤ AVE(0) = AVEV@R(0).

If instead AVEV@R(0) = AVV@R(0), then AVEV@R(C) ≤ AVV@R(C) ≤ AVV@R(0) =

AVEV@R(0). In either case no reinsurance is optimal under EV@R.

For (iii), let C∗ be any V@R-optimal contract. Since NTVV@R(C∗) ≥ 0, the first case

in the proof of (i) applies and AVEV@R(C∗) = AVV@R(C∗). For any C ∈ C, (i) gives

AVEV@R(C) ≤ AVV@R(C) ≤ AVV@R(C∗) = AVEV@R(C∗), so C∗ is EV@R-optimal and

the maximal added value coincides under both regimes. Conversely, if C̃ is any other

EV@R-optimal contract, then AVV@R(C̃) ≥ AVEV@R(C̃) = AVEV@R(C∗) = AVV@R(C∗),

58



so C̃ is V@R-optimal.

F Proofs of Results in Section 7

We begin with a general lemma, also used in the layer-reduction arguments of Sections 9,

10, and 11. For the stop-loss order see Appendix B. Throughout, v := V@Rλ(−L).

Lemma F.1 (Default option improvement). Let ρ ∈ {V@Rλ,ESλ} and let C1, C2 ∈ C

with (a) ρ(−RC1(L)) = ρ(−RC2(L)) and (b) RC1(L) ≤sl RC2(L). Then DOρ(C1) ≤

DOρ(C2).

Proof. Set a := ρ(−RC1(L)) = ρ(−RC2(L)). The map x 7→ (x − a)+ is increasing and

convex, so (b) yields E[(RC1(L) − a)+] ≤ E[(RC2(L) − a)+]. Dividing by 1 + r proves the

claim.

Proof of Theorem 7.1

Inequality. Let ρ ∈ {V@Rλ,ESλ}. For C ∈ C the ρ-preserving construction (Propo-

sition B.1 for V@Rλ, Proposition B.3 for ESλ) yields a layer Cb,d with ρ(−RC(L)) =

ρ(−RCb,d(L)) and RC(L) ≤sl RCb,d(L). Lemma F.1 gives DOρ(C) ≤ DOρ(Cb,d), and

Lemma C.1 applied to Cb,d and Cv,v gives DOρ(Cb,d) ≤ DOρ(Cv,v) = DOρ(0).

Equality characterization. Write c := C(v) ≤ v and k := ρ(−L) ≥ v, and note that

{L ≥ v} has probability λ.

If C ≡ c on [v, ess supL), then C(L) = c on {L ≥ v} and C(L) ≤ c elsewhere, so the

upper λ-tail of the ceded loss is the constant c and V@Rλ(−C(L)) = ESλ(−C(L)) = c.

Comonotonic splitting (Lemma A.2) gives ρ(−RC(L)) = k − c. On {L > k} ⊆ {L ≥ v}

we have RC(L) = L−c, hence RC(L)−ρ(−RC(L)) = L−k, while RC(L) ≤ RC(k) = k−c

for L ≤ k. Therefore DOρ(C) = 1
1+r

E[(L− k)+] = DOρ(0).

If C is not constant on [v, ess supL), then we find z ∈ (v, ess supL) such that C(ℓ) > c

for ℓ ≥ z. Under V@Rλ we have k = v and still V@Rλ(−C(L)) = C(v) = c (Lemma A.1),

so V@Rλ(−RC(L)) = v − c. Note that, as RC is non-decreasing and 1-Lipschitz,

(
RC(L) − (v − c)

)
+

=
(
RC(L) −RC(v)

)
+

≤ (L− v)+. (72)
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Since (
RC(L) − (v − c)

)
+

=
(
(L− v) − (C(L) − c)

)
+
,

we infer that the inequality in (72) is strict for L ≥ z, the latter event having strictly

positive probability. Hence DOV@R(C) < DOV@R(0). Under ESλ, let Cb,d be given by

Proposition B.3, so that DOES(C) ≤ DOES(Cb,d) by Lemma F.1. Recalling the proof

of Proposition B.3, we have b = V@Rλ(−RC(L)) while the detachment point d ≥ v is

uniquely given by ESλ(−Cb,d(L)) = ESλ(−C(L)). Moreover, h : d 7→ ESλ(−Cb,d(L))

is increasing with value h(v) = V@Rλ(−C(L)). If C is not constant beyond v, then

ESλ(−C(L)) > V@Rλ(−C(L)) and hence d > v. The strict case of Lemma C.1 then

gives DOES(Cb,d) < DOES(Cv,v) = DOES(0), which completes the proof.

G Proofs of Results in Section 9

Proof of Lemma 9.1

Throughout v := V@Rλ(−L), γ̃R < γ̃ and NTVV@R(0) > 0. By (20),

TAVV@R(C) = QI − γ̃RNTVV@R(0) − (γ̃ − γ̃R) NTV+
V@R(C)

− γ̃R

[
NTV+

V@R(C) + NTV+
V@R,R(C) − NTVV@R(0)

]
.

Recall that γ̃ > γ̃R, and by (18) NTV+
V@R(C) + NTV+

V@R,R(C) ≥ NTVV@R(C) +

NTVV@R,R(C) = NTVV@R(0). Hence, TAVV@R(C) ≤ QI − γ̃RNTVV@R(0), which is (21),

with equality if and only if both NTV+
V@R(C) = 0 and γ̃R

[
NTV+

V@R(C)+NTV+
V@R,R(C)−

NTVV@R(0)
]

= 0.

If γ̃R = 0, the second condition is vacuous, so TAVV@R(C) is maximal if and only if

NTV+
V@R(C) = 0, in which case TAVV@R(C) = QI = QI − γ̃RNTVV@R(0).

Assume now that γ̃R > 0. NTV+
V@R(C) = 0 if and only if NTVV@R(C) ≤ 0.

In that case, NTVV@R,R(C) = NTVV@R(0) − NTVV@R(C) ≥ NTVV@R(0) > 0, so

NTV+
V@R,R(C) = NTVV@R(0) − NTVV@R(C). Thus

[
NTV+

V@R(C) + NTV+
V@R,R(C) −

NTVV@R(0)
]

equals the negative part of NTVV@R(C). Consequently, TAVV@R(C) is max-

imal if and only if NTVV@R(C) = 0, and then TAVV@R(C) = QI − γ̃RNTVV@R(0).
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Proof of Corollary 9.5

If γ̃R > 0, every V@R-optimal contract satisfies NTVV@R(C∗) = 0 (Theorem 9.3(i)) and

the margin coincides under the two regimes (Remark 8.1), so Proposition 6.3(iii) yields

that the EV@R-optimal set is OV@R with the same maximal added value (24), and the

two optimal sets coincide.

Let now γ̃R = 0, so QR ≡ 0 by (16). By Proposition 6.3(i) and Theorem 9.3(ii),

AVEV@R(C) ≤ AVV@R(C) ≤ QI + DOV@R(0) for every C ∈ C,

and for C ∈ OV@R both bounds are attained, since NTVV@R(C) = 0 means

V@Rλ(−RC(L)) = E[RC(L)], so that the required asset levels coincide and

AVEV@R(C) = AVV@R(C). Thus the maximal EV@R added value is QI + DOV@R(0),

attained on OV@R. Conversely, let C be EV@R-optimal. The chain above forces

AVV@R(C) = QI + DOV@R(0), so C ∈ O 0
V@R by Theorem 9.3(ii) and, since QR ≡ 0 and

NTV+
EV@R(C) = NTV+

V@R(C) = 0, also DOV@R(C) = DOV@R(0). If NTVV@R(C) < 0,

the reserving requirement forces mE
0 (C) > mV@R

0 (C), so AVEV@R(C) = QI + DOE(C) by

the second case in the proof of Proposition 6.3(i), and DOE(C) < DOV@R(C) = DOV@R(0)

by Lemma D.1(i), as DOV@R(0) > 0. This contradicts optimality, so the EV@R-optimal

set is OV@R also at γ̃R = 0, while the V@R-optimal set O 0
V@R is strictly larger. Hence

the EV@R-optimal set is contained in the V@R-optimal set, strictly if and only if

γ̃R = 0.

H Proofs of Results in Section 10

Throughout, v := V@Rλ(−L).

Proof of Lemma 10.1

Apply the ES-preserving construction of Proposition B.3 to obtain a layer Cb,d with

0 ≤ b ≤ v ≤ d satisfying

ESλ(−RCb,d(L)) = ESλ(−RC(L)), RC(L) ≤sl RCb,d(L), E[RC(L)] ≤ E[RCb,d(L)].
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By (20) and conservation (18)

TAVES(Cb,d) − TAVES(C) = (γ̃ − γ̃R)
(
NTVES(C) − NTVES(Cb,d)

)
= (γ̃ − γ̃R)(E[RCb,d(L)] − E[RC(L)]) ≥ 0.

Further RC(L) ≤sl RCb,d(L) with Lemma F.1 gives DOES(Cb,d) − DOES(C) ≥ 0. Adding

proves that AVES(Cb,d) ≥ AVES(C).

Suppose that AVES(Cb,d) = AVES(C). Then E[RC(L)] = E[RCb,d(L)]—this is (54)—

and DOES(C) = DOES(Cb,d), i.e. E[(RC(L) − sC)+] = E[(RCb,d(L) − sC)+] with sC :=

ESλ(−RC(L)) = ESλ(−RCb,d(L))—this is (55). Lemma B.5 then implies C = Cb,d on

supp(L).

Proof of Theorem 10.4

d∗ > v was already shown. For the remaining part, recall αES(d) = d+ 1
λ

∫ ess sup L
d SL(ℓ) dℓ

with derivative α′
ES(d) = 1 − SL(d)/λ by (57). In particular α′

ES(v) = 0 since SL(v) = λ,

and αES(d) > d for d < ess supL. Set ∆ := (γ̃ − γ̃R)(1 − λ)/λ and g(d) := AVES(C0,d)

for d ∈ [v, ess supL]. By (59) and (64),

M(d) := g′(d) = 1
1 + r

[
∆SL(d) − α′

ES(d)SL(αES(d))
]
, v ≤ d < ess supL.

For d ∈ [v, ess supL), SL(d) ∈ (0, λ] gives α′
ES(d) ∈ [0, 1) while SL(αES(d)) ≤ SL(d), so

α′
ES(d)SL(αES(d)) < SL(d).

(i) If ∆ ≥ 1, then ∆SL(d) ≥ SL(d) > α′
ES(d)SL(αES(d)), so M(d) > 0 on [v, ess supL):

g is strictly increasing and d∗ = ess supL is the unique maximizer.

(ii) Let ∆ < 1. We show that full cession is strictly suboptimal and that a maximizer

of g exists. Combined with d∗ > v (established at the outset), every optimal detachment

then lies in (v, ess supL).

For d ∈ [v, ess supL), by (63) and (58), the gap in added value between C0,d and full

insurance is

g(d) − g(ess supL) = 1
1 + r

[∫ ess sup L

αES(d)
SL(ℓ) dℓ︸ ︷︷ ︸

default option retained

− ∆
∫ ess sup L

d
SL(ℓ) dℓ︸ ︷︷ ︸

carry cost of the retained tail

]
. (73)
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We derive a lower bound for this gap. Since SL is decreasing and αES(d) − d =
1
λ

∫ ess sup L
d SL(ℓ) dℓ, we have

∫ αES(d)

d
SL(ℓ) dℓ ≤ SL(d)

(
αES(d) − d

)
= SL(d)

λ

∫ ess sup L

d
SL(ℓ) dℓ,

and therefore obtain

∫ ess sup L

αES(d)
SL(ℓ) dℓ ≥

(
1 − SL(d)

λ

) ∫ ess sup L

d
SL(ℓ) dℓ.

Substituting into (73) we get

g(d) − g(ess supL) ≥ 1
1 + r

[
1 − SL(d)

λ
− ∆

] ∫ ess sup L

d
SL(ℓ) dℓ, v ≤ d < ess supL.

(74)

The bracket is strictly positive if and only if SL(d) < λ(1−∆), and the integral is strictly

positive for d < ess supL. Since ∆ < 1 we have λ(1−∆) > 0, and by (L), SL is continuous

and strictly decreasing on [v, ess supL) with SL(d) → 0 as d → ess supL. Hence, there

exists d0 ∈ (v, ess supL) with SL(d0) < λ(1 − ∆). For this d0 both factors in (74) are

strictly positive, so

g(d0) > g(ess supL).

The map g is continuous on [v, ess supL) and g(d) → g(ess supL) as d → ess supL.

Since g(ess supL) < g(d0), there exists d̃ ∈ (d0, ess supL) with g < g(d0) on (d̃, ess supL].

Consequently,

sup
[v,ess sup L]

g = max
[v,d̃ ]

g,

which is attained at some d∗ ≤ d̃ < ess supL by compactness and continuity. Together

with d∗ > v, every optimal detachment lies in (v, ess supL).

Proof of Proposition 10.7

Write h := fL/SL and retain g, M , ∆ and αES from the proof of Theorem 10.4. Since

∆ < 1, Theorem 10.4(ii) guarantees that an optimum exists and that every optimal

contract is of the form C0,d∗ with d∗ ∈ (v, ess supL). Being interior, d∗ is a critical point

of g. It therefore suffices that M have at most one zero on (v, ess supL). From the proof

63



of Theorem 10.4,

M(d) = SL(d)
1 + r

[
∆ − ψ(d)

]
, ψ(d) := SL(αES(d))α′

ES(d)
SL(d) > 0,

so signM = sign(∆ − ψ) and it suffices to show that ψ is strictly increasing on

(v, ess supL). Differentiating logψ = logSL(αES) + logα′
ES − logSL, using S ′

L/SL = −h,

α′
ES = 1 − SL/λ and α′′

ES = hSL/λ,

ψ′(d)
ψ(d) = −h(αES(d))α′

ES(d) + α′′
ES(d)
α′

ES(d) + h(d)

= λh(d)
λ− SL(d) − (λ− SL(d))h(αES(d))

λ
.

Since αES(d) > d and h is non-increasing, h(αES(d)) ≤ h(d), whence

ψ′(d)
ψ(d) ≥ h(d)

[
λ

λ− SL(d) − λ− SL(d)
λ

]

= h(d)
SL(d)

(
2λ− SL(d)

)
λ
(
λ− SL(d)

) > 0,

where h(d) > 0 because h(d) = 0 would force SL constant on [d, ess supL), contradict-

ing (L). Hence ψ is strictly increasing, M has at most one zero, and d∗ is unique.

I Proofs of Results in Section 11

Throughout, v := V@Rλ(−L), θI := γ̃/(γ̃ + qR) and θR := γ̃R/(γ̃R + qR).

Proof of Lemma 11.1

Fix C ∈ C and apply the ρ-preserving construction (Proposition B.1 if ρ = V@Rλ,

Proposition B.3 if ρ = ESλ) to obtain a layer Cb,d with 0 ≤ b ≤ v ≤ d (and d = v under

V@R) satisfying

ρ(−RCb,d(L)) = ρ(−RC(L)), RC(L) ≤sl RCb,d(L), E[RC(L)] ≤ E[RCb,d(L)].

64



Hence, QR(Cb,d) ≤ QR(C) and, using (13), we have:

TAVρ(C) = QI −QR(C) − γ̃ ·

(
ρ(−RC(L)) − E[RC(L)]

)
+

1 + r

≤ QI −QR(Cb,d) − γ̃ ·

(
ρ(−RCb,d(L)) − E[RCb,d(L)]

)
+

1 + r
= TAVρ(Cb,d)

(75)

Lemma F.1 gives DOρ(C) ≤ DOρ(Cb,d). It follows that AVρ(C) ≤ AVρ(Cb,d).

For strictness, suppose C(L) is not a.s. equal to Cb,d(L). Under ρ = V@Rλ the

construction delivers E[Cb,v(L)] < E[C(L)] and hence QR(Cb,v) < QR(C). It follows that

TAVV@R(C) < TAVV@R(Cb,d) so that AVV@R(C) < AVV@R(Cb,v).

Under ρ = ESλ the construction yields only stop-loss dominance, so the margin may

tie. However, AVES(C) = AVES(Cb,d) would force TAVρ(C) = TAVρ(Cb,d) and DOρ(C) =

DOρ(Cb,d). Now the same argument as in the proof of Lemma 10.1 applies and yields

C(L) = Cb,d(L) a.s.

Proof of Lemma 11.4

The existence of a unique b0 ∈ (0, v) with NTVV@R(Cb0,v) = 0 and the sign pat-

tern NTVV@R(Cb,v) ≶ 0 for b ≶ b0 are Lemma C.2. For the floor: if b < b0 then

NTVV@R(Cb,v) < 0, so NTV+
V@R(Cb,v) = 0 and TAVV@R(Cb,v) = QI − QR(Cb,v). Since

QR(Cb,v) = qR

1+r

∫ v
b SL(ℓ)dℓ is strictly decreasing in b and DOV@R(Cb,v) = DOV@R(0) is

constant, AVV@R(Cb,v) is strictly increasing in b on [0, b0]. No layer with b < b0 is optimal,

so b ∈ [b0, v].

Proof of Theorem 11.13

The proof of Lemma 11.1 uses the margin only through QR(Cb,d) ≤ QR(C), i.e. that

the layer carries no larger a margin than the original contract. For any ≤sl-monotone

margin this holds because the construction gives Cb,d(L) ≤sl C(L) (Propositions B.1(iii)

and B.3(iii)). The remaining steps are margin-independent, so AVρ(Cb,d) ≥ AVρ(C),

giving the stated reductions.
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