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Abstract

This paper assumes a robust stochastic model where a set P of probability measures re-
places the single probability measure of dominated models. We introduce and study P-sensitive
functions defined on robust function spaces of random variables. We show that P-sensitive
functions are precisely those that admit a representation via so-called functional localization.
The theory is applied to solving robust optimization problems, to convex risk measures, and
to the study of no arbitrage in robust one-period financial models.
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1 Introduction

We consider a robust probabilistic model given by a measure space (€2, F) and a non-empty set
of probability measures P on (€2, F). The set P describes the degree of ambiguity, or Knightian
uncertainty, inherent in the model. This includes the case where P = {P}, where there is no
ambiguity, as well as the case in which there exists a probability measure P dominating each
element in P and ambiguity may be present. In both cases, the mathematical machinery used
to handle such models typically relies on the dominating probability measure P, which, among
other things, determines relevant model spaces of random variables and provides exhaustion and
approximation methods. If P is not dominated by a probability measure, then the aforementioned
approaches and techniques fail, and we are in a truly robust setting. It is this latter situation that
we have in mind throughout this study, even though we do not exclude the other cases. Some
prominent examples of robust stochastic models and robust model spaces considered in financial
mathematics are the volatility uncertainty models studied in, e.g., [3], [13], [26], [27], [29], |28],
and [30], as well as the models applied to study the Fundamental Theorem of Asset Pricing and
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the superhedging problem in [2], (8], 9], [10], |11], |12], and [20]. For further references, we refer
to the references in those articles.
Let (Q, F,P) be a robust probabilistic model and define the upper probability given by P as

c(A) :==sup P(4), AeF.
peP

The robust function space LY consists of equivalence classes of random variables, which are iden-
tified up to P-almost sure equality under each P € P (see Section . If P = { P}, then, of course,
LY =LY% := L%, F, P).

In this paper, we consider functions f mapping subsets X of LO to the extended real numbers.
Examples of such functions in financial mathematics include robust risk measures, the superhedging
functional in robust financial market models, and robust utilities. The primary question we address
is under which conditions such a function f: X — [—00, 0] can be represented as

f(X) = sup fQ(X), XeXx. (1)
QeQ

Here Q is a set of probability measures on (€2, F), and f@: X — [~00,0], @ € Q, are functions
that are consistent with the respective @ in the sense that, whenever X,Y € X look identical
under Q, that is, Q(x = y) = 1 for all representatives * € X and y € Y, we have f@(X) = f¢(Y).
Due to this consistency, each f@ may also be identified with a function on a subset of the reduced
model space Lg,.

The existence of a robust representation is very useful when handling robust models, since it
allows to break down the mathematical reasoning for f to the classical dominated level, that is, to
argue for f@ under each Q € Q, and then to aggregate over the probability measures Q € Q. We
show that the existence of a representation is equivalent to a property called P-sensitivity of
f. For sets of (equivalence classes of) random variables, this property has already been studied,
for instance, in [11], [22], and [25]. We extend the definition of P-sensitivity from sets to functions
and illustrate its usefulness.

A family of functions (f?)geg such that holds, is called a functional localization of f. This
localization of f is not unique, and there are several ways to construct a localizing family depending
on the properties of the given function f. In particular, we study two canonical types of localiza-
tions. One is based on a primal reduction of the function f given a probability measure @ via its
level sets, while the other takes a dual approach in the sense of the Fenchel-Moreau theorem. We
derive conditions under which both localizations coincide.

For illustration, the theory is applied to optimization problems, convex risk measures, and the
superhedging functional in a robust one-period financial market model. For P-sensitive functions
f with localization (f?)geo, we show how solving optimization problems for f may be reduced
to solving corresponding optimization problems for each f© in a dominated framework and then
aggregating the optimizers. As regards convex risk measures, we are interested in the interplay
of a given risk measure defined on the robust model space under P—which is understood as an
aggregate of risk opinions—with the elements of its two canonical localizations, which may be
interpreted as individual risk opinions under some probability measure Q). We show that there
may be inconsistencies, which we call localization bubbles, when breaking down the risk measure
to the local dominated level, and we provide conditions under which such localization bubbles do
not appear. In our study of robust one-period financial market models, suitable localizations of the
superhedging functional provide different robust versions of the Fundamental Theorem of Asset
Pricing.



Further Related Literature [14] investigate capacities and robust function spaces based on
sublinear expectations, in particular, G-expectation. [23] approach model uncertainty from a
reverse perspective, aiming to understand the conditions that a probabilistic model must satisfy to
obtain robust analogs of useful properties known in dominated frameworks. In [7], risk measures
under model uncertainty are studied with a focus on dual representations. Robust duality has
further been explored by [5], who examine general equilibrium theory under Knightian uncertainty.

Outline The paper is organized as follows. In Section [2] we introduce some notation and present
a first discussion of P-sensitivity for both sets and functions. Section [3|studies the relation between
P-sensitivity and functional localization. Moreover, we define and analyze the different canonical
localizations mentioned above. Lastly, in Section [} we consider applications to optimization
problems (see Section, convex risk measures (see Section, and the superhedging functional

(see Section [4.3)).

2 Preliminaries and Notation

2.1 Basics

Throughout this paper, (£2, F) is an arbitrary measurable space. We denote by ca the real vector
space of all countably additive finite variation set functions p: F — R, and by ca, its positive
elements (p € cay < VA € F u(A) > 0), that is, all finite measures on (2, F).

1l(A) = sup{u(B) — p(A\ B) | Be F,BC A}, A€ F, (2)

denotes the total variation of p € ca, which is a measure |u| € cay. Given non-empty subsets &
and J of cay, we say that J dominates & (& <« J) if for all N € F satisfying sup,c5 ¥(N) = 0,
we have sup,,ce #(IN) = 0. & and J are equivalent (& ~ J) if & < J and J < &. For the sake of
brevity, for p € cay we shall write & < p, p < J, and g ~ & instead of & < {u}, {u} < J, and
{p} ~ &, respectively.

PB(2) C cay denotes the set of probability measures on (2, F) and the letters P and Q are used
to denote non-empty subsets of P(€2). Fix such a set P. We then write ¢ for the induced upper
probability ¢: F — [0, 1] defined by

c(A):=sup P(A), AecF. (3)
PeP

An event A € F is called P-polar if ¢(A) = 0. A property holds P-quasi surely (q.s.) if it
holds outside a P-polar event. We set ca. = {p € ca | |pu| € P}, cacr = cay N cae, and
PB.(Q) :=P(Q) N cac.

Consider the R-vector space L0 := L£°(2, F) of all real-valued random variables z: 2 — R as well
as its subspace N := {z € L° | ¢(Jx] > 0) = 0}. The quotient space LY := L°/N consists of
equivalence classes X of random variables up to P-q.s. equality comprising representatives x € X.
The equivalence class induced by z € £° in L? is denoted by [z].. The space LY carries the so-called
P-quasi-sure order <p as a natural vector space order: X,Y € LY satisfy X <p Y if for x € X and
y €Y, x <y P-qs., that is, {x > y} is P-polar. In order to facilitate the notation, we suppress
the dependence of <p on P and simply write < if there is no risk of confusion.



For an event A € F, x4 denotes the indicator of the event (i.e., xa(w) =1 if and only if w € A,
and ya(w) = 0 otherwise), while 14 := [ya]. denotes the generated equivalence class in LY.
Throughout the paper, for convenience, we identify the constants m € R with the (equivalence
classes of) constant random variables they induce. In particular, m = [m]. = m - 1q.

A subspace of L2 which will turn out to be important for our studies is the space L° of equivalence
classes of P-q.s. bounded random variables, i.e.,

LE :={X L |3Im>0:|X|gm}
Lg° is a Banach lattice when endowed with the norm

1 X |e.00 :=inf{m >0]|X|<xm}, X elLl

LY . and LZ5 denote the positive cones of LY and L%, respectively. If P = {P} is given by a
singleton and thus ¢ = P, we write L%, L, and [z]p instead of LY, L2, and []., and similarly
for other expressions in which ¢ appears. Also, the P-q.s. order in this case coincides with the
P-almost-sure (a.s.) order, which we will denote by <p when working with both the P-q.s. order
< for some set P C P(N) and the P-a.s. order for some P € R.(2). In that respect, note that <p
is well defined on L? for any P € B.().

Often we will, as is common practice, identify equivalence classes of random variables with their
representatives. However, sometimes it will be helpful to distinguish between them to avoid con-
fusion. Let us clarify this further: For any X € LY, we have X = {x € £L° | z ~ y} for some y € L°
where we write z ~ y to indicate that {« # y} is P-polar. Any measure P € B.(f) is consistent
with the equivalence relation ~ in the sense that

Vo,ye L% r~y= Plx=y) =1

In that case we write, for instance, Ep[X] for the expectation of X under P, which actually means
Ep[z] for any @ € X provided the latter integral is well-defined. Also, we write expressions like
P(X =Y), where Y € LY, actually meaning P(z = y) for arbitrary # € X and y € Y.

2.2 P-sensitive Sets and Functions

Let P C B(€2) and denote by ¢ the corresponding upper probability (3). For any given Q € B.(),
the following map identifies any X,Y € LY which appear to coincide under @, that is, Q(z = y) = 1
forallz € X andy € Y:

jQ: Lg —)L%, [:C]CO—> [1‘]@
Note that jg is linear and monotone, in the sense that X <Y implies jo(X) <qg jo(Y), and that
jo(m) =m for all m € R.
In the sequel, let X C LY be non-empty.

Definition 2.1. A set C C X is called P-sensitive (in X) if either C = @) or if for all X € X
XeC & VQePA): jo(X) € jolC).

Clearly, the non-trivial implication in Definition is that VQ € P.(2): jo(X) € jo(C) implies
X € C. Indeed, a set C is P-sensitive if it is completely determined by its image under each model



Q € P.(R2). Thus, if X € X looks like a member of C under each @ € P.(N), i.e., jo(X) € jo(C)
for all Q € P.(Q), then in fact X € C. Trivially, if P = {P}, then every set C C L% is P-sensitive.
It has been noticed earlier in, e.g., [22] and |25] that P-sensitivity of a set C is an essential property
to handle sets in non-dominated robust models.

Before we extend the definition of P-sensitivity from sets to functions, let us collect some notions
and useful results for P-sensitive sets. Firstly, sometimes it is useful to work with a stronger
representation of C.

Definition 2.2. Let C C X. Q C P.(N) is called a reduction set for C if Q # @) and for all X € X
XeC & VYVQeQ: jo(X)ejq). (4)

Clearly, any P-sensitive set admits the reduction set B.(£2). The following lemma relates reduction
sets to each other and, in particular, shows that any set satisfying is indeed P-sensitive. Its
straightforward proof is provided in [22].

Lemma 2.3 ([22, Lemma 2.10]). Let C C X.

(i) Consider a reduction set Q1 for C and any other set of probability measures Qo C B.(Q)
such that Q1 C Qo. Then Qs is also a reduction set for C.

(i) C is P-sensitive if and only if there exists a reduction set for C.

The reason for considering other reduction sets than simply 9B.(Q2) will become evident throughout
the paper.

Lemma 2.4 (|22, Lemma 2.11)). Let I be a non-empty index set and let C, € X, o € I, be
P-sensitive. Then
C:=)Ca

acl

is also P-sensitive. If for each a € I, Qo C Pe(Q) is a reduction set for Co, then Q :=J,c; Qa
is a reduction set for C.

Lemma 2.5. Let Q C B.(2) be non-empty and consider subsets Eg C LOQ, Q € Q. Define
E = {X eXx ‘ V@ € Q: jQ(X) S EQ}.
Then E is P-sensitive with reduction set Q.

Proof. Suppose that X € X is such that jo(X) € jo(FE) for all Q € Q. As jo(E) C Eg for all
Q € Q, we conclude that X € FE. O

Note that in the following we write [—o0, 0] for the set R U {—00, 00} and (—oo, o0] for R U {co}.

Definition 2.6. A function f: X — [—00, 0] is called (lower) P-sensitive if each (lower) level set
E. ={X eX| f(X)<r},reR,is P-sensitive.
Similarly, f is upper P-sensitive if each upper level set {X € X' | f(X) > r}, r € R, is P-sensitive.

Note that f is upper P-sensitive if and only if —f is lower P-sensitive. For that reason, we will
mainly focus on lower P-sensitive functions in the following and simply refer to them as P-sensitive
if there is no risk of confusion.



Definition 2.7. Let f: X — [—00,00]. @ C PB.(Q) is called a reduction set for f if Q # @) and Q
is a joint reduction set for all lower level sets E,., 7 € R, of f.

Clearly, P.(Q) is a reduction set for every P-sensitive function f. In analogy to Lemmas
and we obtain the corresponding results for functions:

Lemma 2.8. Let f: X — [—00,00].

(i) Consider a reduction set Q1 for f and any other set Qs C PB.(Q) such that Q1 C Q. Then
Q5 is a reduction set for f too.

(i) f is P-sensitive if and only if there exists a reduction set for f.
Proof. Recall Lemma 2.3 O

Lemma 2.9. Suppose that the members of the family of functions fo : X — [—00,00] , a € I, for
some non-empty index set I are all P-sensitive. Then f : X — [—00,00], X — sup,e; fa(X), is
also P-sensitive.

Proof. Recall Lemma [2.4 O

Definition 2.10. Let Q C PB.(£2) be non-empty and @ € PB.(2). A function f: X — [—o0, 0] is
called Q-consistent (on X) if for any X,Y € X with jgo(X) = jo(Y), it holds that f(X) = f(Y).
A family of functions f@: X — [~o0,00], Q € Q, is called Q-consistent (on X) if f< is Q-consistent
for all Q € Q.

Remark 2.11. Let Q € PB.(2). Any function g: jo(X) — [—o00,00] defines a canonical Q-
consistent function f: X — [—o0,00] by f(X) := g(jo(X)), X € X. Conversely, any Q-consistent
function f: X — [—o0, 00] defines a function g: jo(X) — [—o00,00] by g(X) = f(Y) for arbitrary
Y € jél(X) N X. We will, with some abuse of notation, denote this function g by f o jél. o

Again, analogously to Lemma we obtain the following results for functions:

Lemma 2.12. Let Q C B.(2) be non-empty and let (f9)geg be a Q-consistent family of functions
on X. Then the function
F(X) = sup fO(X), XeX,
QeQ

18 P-sensitive with reduction set Q.

Proof. Fix r € R and let E, :={Y € X | f(Y) <r}. Consider X € X such that jo(X) € j
for all @ € Q. Then, for any @ € Q, there exists X% € E, such that jo(X) = jg(X?
(f9)geo is O-consistent, it follows that for any Q € Q

fOX) = X9 < (X9 <.

Consequently,
f(X) = sup f(X) <,
QeQ
that is, X € F,.. Hence, E, is P-sensitive with reduction set Q. O

Of course, a set is P-sensitive if and only if its indictor is P-sensitive as a function:



Lemma 2.13. A set C C X is P-sensitive if and only if its convex analytic indicator function

0, ifXecC,

; X ex,
oo, if X &C,

5(X | C) ;{

1s P-sensitive.

The following proposition shows that P-sensitivity is automatically satisfied for a large class of
lower semicontinuous quasi-convex functions under mild assumptions on the dual space.

Proposition 2.14. Let X C Lg and Y C ca. be subspaces such that (X,)) is a dual pair, and
Y satisfies p € Y = |u| € Y. Then each o(X,Y)-lower semicontinuous quasi-convex function
f: X = [—o0,00] is P-sensitive.

Proof. It f is quasi-convex and lower semicontinuous, then each level set E, is convex and o (X, Y)-
closed. According to [22, Theorem 5.13], E,. is P-sensitive. O

Regarding sufficient properties to ensure that a set is P-sensitive, we refer to [22]. In the case
of P-sensitive functions, sufficient conditions will be provided throughout the remainder of this
paper. The question we address next is whether there are robust models (2, F,P) such that all
sets C C X, and thus all functions f : X — [—o0, 0], are P-sensitive:

Theorem 2.15. Suppose that {14 | A € F} C X. All subsets of X are P-sensitive if and only if
P is dominated, that is, there is Q € P(Q) such that P < Q.

The condition {14 | A € F} C X is in particular satisfied if L3® C X. The proof of Theorem
needs some preparation. As already observed in [22], P-sensitivity is closely related to the problem
of aggregation of families of (equivalence classes of ) random variables as introduced in the following.

Definition 2.16. Let Q C B.(2) be non-empty.

1. A family (X@9)geo C X is called Q-coherent (in X) if there exists X € X such that jo(X @) =
jo(X) for all Q € Q. In that case, X is called a Q-aggregator (in X) of the family (X%)geo.

2. Aset C C X is Q-stable (in X) if C contains all Q-aggregators (in X) of all Q-coherent
families (X?)geo C C.

3. Let (X?)geo be O-coherent in X. A Q-aggregator X of (X%?)geo in A is called trivial if
there exists Q € Q such that X = X?. X is called non-trivial if X # X® for all Q € Q (i.e.,
for all @ € Q there exists P € P such that P(X # X@) > 0).

The following is easily verified, see [22, Proposition 5.8] for a proof in case X = L2.
Lemma 2.17. A set C C X is P-sensitive with reduction set Q if any only if C is Q-stable.
In particular, C is P-sensitive if and only if C is P.(2)-stable.

Lemma 2.18. Fvery set C C X is P-sensitive if and only if every P.()-aggregator (of any
B (Q)-coherent family) is trivial.



Proof. Suppose that every set C C X is P-sensitive, and let (X?)geo C LY be P.(2)-coherent.
By assumption, C := {X% | Q € B.(Q)} is P-sensitive and thus B.(Q)-stable. Hence, any B.(Q)-
aggregator X € X of (X?)geo must satisfy X € C.

Conversely, suppose that every 9B.(Q)-aggregator is trivial. Consider an arbitrary non-empty set
C C X and any B.(Q)-coherent family (X%)geo C C with B.(2)-aggregator X € X. Then X € C,
because X = X? € C for some Q € P.(12). Hence, C is P.(2)-stable and thus P-sensitive. O

Lemma .18 can be further refined:

Lemma 2.19. Suppose that {14 | A€ F} C X. All sets C C X are P-sensitive if and only if 1 is
a trivial P.(Q)-aggregator of every family of indicators (140)geg. (o) such that Q(A9) =1 for all
Q € Pe().

Proof. First note that any family of indicators (14)geyp, (o) such that Q(A9) = 1 for all Q €
PB(Q) is Pe(Q2)-coherent with P.(Q)-aggregator 1. Hence, if every set C C L2 is P-sensitive, then
this aggregator must be trivial by Lemma [2.18]

Conversely, consider a non-empty set C C X and any JB.(€2)-coherent family (X Q)Qespc(g) cc
with P.(Q)-aggregator X € X. Let 2 € X and 29 € X9, and set AY := {29 =z}, Q € P.(Q).
Then Q(A®) =1 for all Q € B.(). As 1 is a trivial P.(Q)-aggregator of (140)geq. (o), there
is Q@ € P.(Q) such that 1 = 1,4¢. This implies that for all P € P we have 1 = P(1 = 140) =
P(X® = X). Hence, X? = X, and thus X € C. Therefore, C is B.(2)-stable. O

Proof of Theorem[2.15, Suppose that P < Q. For all P € P, denote by dP/dQ € L' (2, F,Q) a
version of the Radon-Nikodym density of P with respect to Q). Let z be a version of

esssup {X{gg>o} ‘ Pe P} € L°(Q, F,Q).

Then A := {z > 0} € F, and one verifies that the conditional probability measure Q := Q(- | A)
satisfies Q ~ P. In particular, Q € P.(Q) and indeed L? = L°(Q, F, Q). Any set C C X C LV is
thus P-sensitive with reduction set {Q}.

Conversely, assume that all sets C C X are P-sensitive. Then, by Lemma there exists
R € P.(92) such that 14 =1 for all A € F with R(A) = 1. Indeed, otherwise for all R € P.(Q2)
there would exist A € F with E(A) = 1such that 14 # 1. Then 1 is a non-trivial 3.(Q)-aggregator,
contradicting Lemma We claim that P < R. To this end, suppose that N € F satisfies
R(N) =0. Then R(Q2\ N) = 1 and therefore 1\ y = 1, that is, 1 = P(1g\y = 1) = P(Q\ N) for
all P € P. Consequently, P(N) =0 for all P € P. O

Example 2.20. Let (2, F) = ([0,1],B([0,1])), where B([0,1]) denotes the Borel-o-algebra over
[0,1]. Further, let P := {4, | w € [0,1]} be the set of all Dirac measures. Note that in this case
< coincides with the pointwise order and that L2 = £°(Q, F) is simply the space of all random
variables. Moreover, ca. = ca and, in particular, B.(Q) = PB(Q). For any Q € P(N) denote
by A(Q) := {w € Q| Q({w}) > 0} the set of @-atoms, and recall that the set A(Q) is at most
countable. Therefore, O\ A(Q) # 0. Since any probability measure @ dominating P would have
to satisfy Q({w}) > 0 for all w € Q, that is, A(Q) = €, which is not possible, P is not dominated.
Moreover, for instance, by removing an arbitrary w € Q \ A(Q) from Q, it follows that, for any
Q € PB(Q), we may choose BY € F such that Q(BP) = 1 but B? # Q, and thus 1 # 1z¢. The



family (1pe)geyp(a) is P(€2)-coherent with non-trivial P (€2)-aggregator 1 in any X C LY such that
{14 | A€ F} CX. The set

C:={1pe [Q e P(Q)}

is not P-sensitive in any X C LY such that {14 | A € F} C X, because it is not J3(Q2)-stable. This
can also be directly verified without invoking aggregation and stability, since for all Q € P(Q2), we
have jg(1) = jo(1pe) € jo(C). However, 1 ¢ C, since 1 # 1gq for all Q € P(Q). o

Remark 2.21. Whether a set is P-sensitive not only depends on (£2, F, P) but also on the domain
X. Clearly, if C C X C X is P-sensitive in X then C is P-sensitive in X'. Indeed, in X there are
less PB.(2)-coherent families or P.(2)-aggregators. o

3 7P-Sensitivity and Functional Localization
As before, let X C LY be non-empty and let f: X — [—oc0,00].

Definition 3.1. Let f¢ : X — [~00,00], Q € Q, be a Q-consistent family of functions, where
Q C PB.(9) is non-empty. If
f(X)=sup f(X), Xex,
QeQ

then (f9)geg is called a (functional) Q-localization of f.

Note that the aggregator of the functions f@ in the definition of a Q-localization is the supre-
mum, which may be seen as a worst-case approach when the f© represent some type of local risk
assessment under the model @ € Q.

By Lemma 2.12] if f admits a Q-localization, then f is necessarily P-sensitive. We will show that
the converse is also true. To this end, we consider a particular family of local functions which will
turn out to be a localization of f whenever f is P-sensitive. For @ € P.(Q), let fg: X — R be
given by

FR(X) = inf{r e R | jo(X) € jo(E,)} (inff:=o0),

where, as before, E, := {X € X | f(X) < r}, r € R, denote the level sets of f. Moreover, for
non-empty Q C PB.(Q), we define

f2(X) = sup fE(X), Xe&i,
QeQ

and fp = ?“(Q).

Theorem 3.2. There exists a Q-localization of f if and only if [ is P-sensitive with reduction

set Q. In that case f = f2 = fg for every Q' satisfying @ C Q" C P.(NQ), i.e., (fg)QGQ/ is a
Q' -localization of f.

In particular, f = fg if and only if f is P-sensitive, because B.(f2) is a reduction set for every
P-sensitive function. The proof of Theorem [3.2] is postponed to after the following lemma, the
proof of which is straightforward and left to the reader.



Lemma 3.3. Let f : X — [—00,0] and denote by E,, r € R, the level sets of f. Moreover, let
Q € Be().

(i) 12 is Q-consistent.
(ii) f5 < f.
(iii) FR(X)=Mmt{f(Y)|Y € X: jo(X) =jo(Y)}, X € X.
(iv) If fQ : X — [—00,00] is Q-consistent such that f@ < f, then fQ < f.
(v) Let Q C Q' CP.(Q), then fS < f'. In particular, fS < fu < f.

Proof of Theorem[3.3 If f admits a Q-localization, then f is P-sensitive with reduction set Q by
Lemma

Conversely, let f be P-sensitive with reduction set Q. We show that f = f g In view of Lemma
this is equivalent to f < f% since always f > f EQ Consider X € X such that f g(X ) < oo and let
7 € R such that f2(X) < r. Then, for all Q € Q, fg(X) < f2(X) < r and thus jgo(X) € jo(E,).
As Q is a reduction set for E,., we obtain that X € E,. and thus, f(X) < r. It follows that

fR(X)=inf{r e R| fE(X) <r}>inf{r e R| f(X) <7} = f(X).
Finally, recall that if Q is a reduction set for f, then so is any Q' with @ C Q@ C B.(Q) (see

Lemma . O

Remark 3.4. Let Q@ C PB.(Q) be non-empty. Theorem implies that a function f: X —
[—00, 00] admits a representation

F(X) = inf fO(X), Xea, (5)

where (f9)geo is a Q-consistent family of functions, if and only if f is upper P-sensitive and Q
is a joint reduction set for every upper level set of f. Moreover, corresponds to a worst-case
approach when the f@ represent a local utility assessment under the model Q € Q. o

3.1 Properties of P-Sensitive Functions

In this section, we analyze the relationship between properties of f and its localizations. We now
assume that X is a linear space containing the constants. We will consider the following properties
known, e.g., from the study of risk measures:

(i) Monotonicity: For all X7, X5 € X such that X; < Xo, we have f(X;) < f(X3).
(ii) Cash-additivity: For all X € X and m € R, we have f(X +m) = f(X) +m.

(iii) Quasi-convexity: For all X;,Xo € X and A € [0,1], we have f(AX; + (1 — M) X3) <
max{ f(X1), f(X2)}.

(iv) Convexity: For all X1,Xs € X and A € [0,1], we have f(AX1 + (1 — M) X2) < Af(X1) +
(1 = Nf(X).
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(v) Positive homogeneity: For all X € X and A > 0, we have f(AX) = Af(X).
(vi) Subadditivity: For all X1, Xs € X, we have f(X; + X3) < f(X1) + f(X2).
Lemma 3.5. Consider a Q-localization (f@)geg of f.
(i) f is monotone whenever each f9, Q € Q, is monotone.
(ii) f is cash-additive whenever each 9, Q € Q, is cash-additive.
(i4i) f is (quasi-)conver whenever each f9, Q € Q, is (quasi-)convex.
(iv) f is positively homogeneous whenever each 9, Q € Q, is positively homogeneous.
(v) f is subadditive whenever each 9, Q € Q, is subadditive.
Proof. Recall that f(X) = supgego f(X). Then the assertions follow. O
Lemma 3.6. Let Q) € P.(12).
(i) If f is monotone, then fg is monotone. Moreover, jo(X1) <qg jo(X2) implies fg(Xl) <
f5(X2).
(ii) If f is cash-additive, then fg is cash-additive.
(i) If [ is (quasi-)convex, then fg is (quasi-)conver.
(iv) If f is positively homogeneous, then fg satisfies fg()\X) = )\fg(X) for all X € X and
A > 0. Moreover, either fg(O) = —00 or fg is positively homogeneous.
(v) If f is subadditive, then fg is subadditive.

Proof. (i) Let X3, Xs € X such that Xy < Xo. Then jo(X1) <¢g jo(X2). Hence, it suffices to
show the second assertion. To this end, Suppose that jo(X1) <@ Jjo(Xo). If fE (X2) = o0, there
is nothing to show. Let 7 € R such that fE (X3) < r. There is Xy € X such that f(X,) <r and

jo(Xa) = jo(Xs). Set A:={w e Q| g1(w) < ga(w)} where g1 € X; and g, € X5. Then Q(A) =
and

14X + 1ACX2 < Xo.
Since f is monotone, f(14X; + lALXQ) < f(Xg) r. As jo(Xh) = jQ(lAXl + ]_ALXQ)
conclude by Lemma that fE (X1) < f(1aX1 + 1ACX2) < r. Since r > fE (X3) was arbltrary,
it follows that fE (Xl) < fE (X2).
(ii), (iii), and (v) follow from Lemma (iii) and linearity of jg.
(iv) In case A > 0 and X € X, Lemma (iii) yields the assertion. Since f(0) = 0, we have that
fg (0) < 0. Suppose that fg (0) < 0. Then there must be X # 0 and r < 0 such that f(X) < r and
Jjo(X) = 0. But then also jo(AX) =0 for all A > 0. Thus, fg(O) <fAX)=2f(X)=—c0. O
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3.2 Robust Dual Representation and P-Sensitivity

In this section, we will show that a function f : X — [—00, 00] admits a dual representation over
ca. only if it is P-sensitive. Moreover, in that case we obtain another functional localization of f
via a dual approach. In contrast, the localization defined by the functions fg, which are based on
the level sets, can be viewed as a primal approach to represent f.

Throughout this section, we assume that X C LY is a linear space containing the constants. Let

ca.(X) = {u € ca, /Xdu is well-defined and finite for all X € X}.

Note that always 0 € ca.(X). A function f: X — [—00,00] is said to admit a dual representation
over ca.(X) if
f(X)= sup /Xdu ffu), Xex, (6)
pEcac(X)
where f*: ca.(X) — [—o00,00]. Note that f*(u) = oo, means that p is effectively not considered
in @ Also, f* in @ is not necessarily unique, meaning that f may admit a representation of the
form @ for different f*. In order to deal with the latter issue, we consider, as usual, the minimal
f* for which f admits a representation (6]). This so-called dual function f : ca.(X) — [~o0,00] is
given by
;= sup /Xdy f(X), p€ca(X).
Xex
Note that f is indeed defined for every function f : X — [—00, o], including those that do not
admit a dual representation. If f takes the value —oo, then f = co. The dual reqularization fp of
f is given by
fo(X):= sup /Xdu flw), XeAx.
pEcac(X)
Clearly, fp is convex and fp < f. It is well-known that a function f admits a dual representation
of the form @ if and only if f = fp. Indeed, suppose that f admits a dual representation @,
then by definition of f, we have f* > f. Thus,

fX) = sup / Xdp— f*(u) < sup / Xy — Flu) = fo(X) < F(X).

pECac(X) u6cac(X)

Remark 3.7. Recall that the Fenchel-Moreau Theorem (see, e.g., |15, Part One, Proposition 3.1])
provides necessary and sufficient conditions on f guaranteeing that f admits a dual representation.
Indeed, suppose X carries a locally convex topology 7 such that the dual space (X, 7)* may be
identified with a subset of ca.(X) via the usual representation of continuous linear functionals as
integrals over elements of ca.(X). Then, according to the Fenchel-Moreau Theorem, f = fp is
equivalent to f being convex, lower semicontinuous with respect to 7, and satisfying that f takes
the value —oo if and only if f = —oo. o

For Q € P.(), the Q-dual regularization of f is given by

f(X) = sup /Xdu ), Xex,
pecag(X)
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where cag(X) := cag Nca.(X) and

= sup/Xdu fE ), € cag(X).
Xex

fg corresponds to a Q-local dual view on f. For non-empty Q C B.(2), we set f[Q, = SUPgeo fg.
Clearly, fp = fgjcm).

Lemma 3.8. Let Q € P.(0).
(i) f2 is Q-consistent.
(ii) 15 < f2.
(iii) Consider any Q-consistent function f@: X — [—00,00] which satisfies f@ < f and admits a

dual representation over cag(X), that is,

0= sw /Xdu (F9 (), X e, (7)

pecag (X
where (f9)*: cag(X) — [—o0,00]. Then ?Q < (f9)* and fQ < f2.
(iv) fQ(,u) = f(u) for all p € cag(X) and hence,

fR(X) = sup /Xdu Fu), XeX.

pecag(X)

(W) I8 <fp<f.
(vi) fQ = fg if and only if fg admits a dual representation over cag(X).

Proof. (i) and (ii) are obvious.
(iii) By Lemma fe< fg Hence, for each p € cag(X), we obtain

72w = sup / Xdp—f2(X) < swp / Xdyi — fO(X)

Xex

= o [Xdp— s ( / de—(fQ)*(V)) < (Y.

Xex vecag(X)
Therefore,
[ xau= 9y < [ Xau-70) < 1300,

Taking the supremum over all 4 € cag(X’) on the left side proves the assertion.
(iv) Let g(Y) := supMECaQ(X)dep — f(p), Y € X. By definition, g < fp < f. Therefore,
?Q(,u) < f(p) for all p € cag(X) by (iii). Moreover, for p € cag(X), we have

= sup [ Xau— F200) = sup [ Xau— ) = Fw)

Xex
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since fg < f by Lemma

(v) follows from (iv).

(vi) follows from (ii) and (iii). O
Provided that X admits a locally convex topology and the corresponding dual space is consistent

with ca., Lemma (iv) implies that fg is the convex, lower semicontinuous regularization of f
(or fg) under @ (see |15, Part One, Definition 3.2]).

Proposition 3.9. Suppose that f: X — [—00,00] admits a dual representation over ca.(X). Let
Q C PB.(02) be non-empty with

{w€ calX) | T(w) € R} € | cag().
QeQ
Then Q is a reduction set for f and f = fS = fDQ.
Proof. By assumption, f = fp. Let M := {1 € ca.(X) | f(i) < oo}. Suppose that M = (). Then
= —o0, and thus fQ = —oo for all Q € P.(). From now on assume that M # ). If there exists
= —o00, then f = co. In that case f = —o0, and thus fg = oo for all

p € ca.(X) such that f In
Q € P.(Q) by Lemma Hence, assume that f(p) > —oo for all p € ca.(X). Recalling that
(iv), for all X € X,

fg < f and Lemma

£00) = swp [ Xd~T) = swp [ Xdu-Tw)

HneM PEMNUgeg caq

=sup sup / Xdp—f(p) < sup sup / Xdp — f(p)
QEQ pEMNcag QEQ pecag(X)

= sup fR(X) < f(X).
QeQ

Thus, f=f 59 and @ is a reduction set for f according to Lemma Finally, recall that always
f>212=f m
Theorem 3.10. Let f: X — [—o00,00]. The following are equivalent:

(i) [ admits a dual representation over ca.(X).

(ii) f= fp.

(iii) There is a non-empty set @ C P.(Q) such that f = f2.

(iv) f is P-sensitive and, for a reduction set Q C B.(Q) of f, there exists a Q-localization
(f9)qeg of f such that each f@ admits a representation .

In particular, let @ C P.(2) be non-empty and suppose that, for all Q € Q, jo(X) admits a
topology T4 such that (jQ(X),TQ) is a locally convex space with dual space Y9 C caq. If there
is a Q-localization (f?)geo of f such that each f© OJél (recall Remark s convez, lower
semicontinuous (with respect to 79), and takes the value —oo only if f@ = —oco, then f admits a
dual representation over ca.(X).
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Proof. (i) < (ii): Shown above.
(i) = (iii): Suppose that the dual representation of f is given as in (6). Consider the set

={ e ca
Q= {|N(Q)| ‘“E c(X)\{O}}U{P} C PB(Q),

where P € P.(Q) is arbitrary. For each p € ca.(X) there is Q € Q such that ¢ < Q. Now apply
Proposition 3.9

(iii) = (iv): This follows from Theorem [3.2

(iv) = (ii): By Lemma we have f@ < fg for all @ € Q and therefore,

f=sup fe<sup f2<fn<f
Qe Qe

Finally, if (jo(X),7?) is a locally convex space with dual space Y? C cag, then Y9 C cag(X),
and the Fenchel-Moreau theorem (see, e.g., |15, Part One, Proposition 3.1]) implies that, under
the stated conditions, f€ o jél admits a dual representation (on (jg(&),7%)), which implies that

f© admits a dual representation (7). Hence, we have (iv), and therefore (i). O

If one of the conditions of Theorem is satisfied, then f = fp = fg (see Theorem [3.2). In
Section we show that chg < fg is possible even if f = fp, and we discuss sufficient conditions
for fg = fg tailored to robust monetary risk measures.

4 Applications

4.1 Robust Optimization

Let X C L% be non-empty. Further, let f : X — [—00,00], and consider the minimization
(maximization) problem
f(X) — min (max) subject to X € C, (8)

where C C X is a non-empty set.

Proposition 4.1. Suppose that f and C are P-sensitive, and that there exists a joint reduction
set Q for f and C. Let (f9)geg be a Q-localization of f (see Theorem . Moreover, suppose
that, for each Q € Q, X, € X is a solution to the optimization problem

f9(X) — min (max) subject to X € C. (9)
Then any Q-aggregator X* of the family (Xé)@eg (if it exists) is a solution to .
Recalling Remark note that solving (9) is indeed equivalent to solving
19 ojél(Y) — min (max) subject to Y € jg(C) (10)

in the sense that if X¢, solves @D, then jQ(Xé) solves , and for any solution Y™* of , any

element in jg, 1(Y) NC is a solution to @ is an optimization problem on a subset of L% under
the dominating probability measure (). Here, a classical machinery for solving such problems is
available, in particular if each f¢ is convex and admits a dual representation (7).
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Proof of Proposition[{.1} Since C is Q-stable by Lemma we conclude that X* € C. Suppose
that ¥ € C satisfies f(Y) < f(X*) (f(Y) > f(X*)). Then, as f = supgeo f, there is Q € Q
such that

FOY) < fOX") = fAUXG)  (FRY) > FRX7) = fAXY))

where the last equality holds due to the Q-consistency of f@. This contradicts the assumed
optimality of X7. O

Corollary 4.2. Suppose that f is upper P-sensitive and C is P-sensitive, and that there ezists a
joint reduction set Q for C and all upper level sets of f. Let (f@)geg be a Q-consistent family of
functions such that holds. Moreover, suppose that for each Q € Q, X5 € X 1is a solution to
(9). Then any Q-aggregator X* of the family (X&)qeo (if it exists) is a solution to ().

Proof. Apply Proposition 1] to — f. O

In view of Proposition in Lemma [£.4] we give a condition which guarantees that there always
exists a Q-aggregator X* of the family (X¢))geo if (X)qeo is sufficiently bounded. To this end,
we will need to distinguish between so-called supported and unsupported probability measures:

Definition 4.3. A probability measure Q € B.(Q) is called supported if there is an event S(Q) € F
such that

(i) Q(S(Q)°) =0,
(ii) whenever N € F satisfies Q(IN) = 0, then N N S(Q) is P-polar.
The set S(Q) is called the (order) support of Q.

Supported measures play a key role in handling robustness. Standard robust models, such as
volatility uncertainty models, are based on supported probability measures, see [23] for a detailed
review. Note that if two sets 5,5’ € F satisfy conditions (i) and (ii) in Definition then
Xs = xs» P-q.s. (1g = 1g/), i.e., the symmetric difference S A S’ is P-polar. The order support
S(@Q) is thus usually not unique as an event, but only unique up to P-polar events. In the following,
S(Q) therefore denotes an arbitrary version of the order support.

We recall that X is said to be Dedekind complete if every bounded set D C X admits a least upper
bound in X. For a detailed discussion of Dedekind completeness of robust model spaces, we again
refer to [23]. Versions of Lemma [4.4] and Corollary are found in the literature (see, e.g., [24]).
We state their short proofs for the sake of completeness.

Lemma 4.4. Suppose that X is Dedekind complete and let Q C P.(Q) be non-empty. Moreover,
suppose that each QQ € Q is supported. Consider any family (XQ)QEQ C X which is pairwise
Q-coherent, that is, for all Q,Q" € Q, we have

Xs@)ns@) = X9 Ls@ns@):

and bounded in the sense that there exists some Y € X such that | X9|1go) < Y. Then (X9)geo
is Q-coherent (and thus admits a Q-aggregator).
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Proof. As the family Y := Xle(Q) —Y1g(g), Q@ € Q, is bounded by Y, there exists a least
upper bound X of (Y?)geo. We will show that jg(X) = jo(X?) for all Q € Q. To this end, let
Q' € Q. By X being an upper bound, we know that jQr(XQI) = jor (Ye) <g jo(X). Suppose
that Q’(XQ/ < X)>0. Let Z := XQlls(Q/) + X1g5(@ye- Then Z < X and Z # X. Clearly, by
definition of X, we have that

1S(Q/)CYQ < ]-S(Q’)CX = 13(@/)02
for all Q € Q. To see that Yle(Q/) < Z1g(qr) holds for all @ € Q, we first note that —Y < Z
and thus
Y9s@nns@r = ~Y1s@)ns@r < Z1s@)ns@)--
On S(Q") N S(Q), by pairwise Q-coherence of (X?)gcg, we have

Y®1l50nns@) = X1s@)ns@ = X9 Ls@)ns@ = Z1s@)ns(Q)-
Overall, it then follows that for all Q € O,

Y9 = 1501ns@)Y ? + Ls@ns@-Y @ + Lsgne Y ?
< Lsnns@Z + 1s@nns@)e 4 + 1s)4 = Z

Hence, Z is an upper bound of (YQ)QGQ with Z < X and Z # X, contradicting the fact that X
is the least upper bound. Therefore, we must have Q'(X Q<X ) = 0 which shows that indeed
Jo (X) = jo (X9). O

Note that, when Q is uncountable (which is the interesting case), the assertion of Lemma that
pairwise Q-coherence implies Q-coherence, is not as obvious as it may seem on a first glance.

Definition 4.5. Supported probability measures @, Q" € P.(£2) are called disjoint if S(Q)NS(Q’)
is a P-polar set (for any choice of S(Q) and S(Q')) or, equivalently, 1) A 1s(q) = 0.

In fact, many robust models assume disjoint supported reference measures, see [23].

Corollary 4.6. Suppose that X is Dedekind complete and let @ C P.(Q) be non-empty. Moreover,
suppose that each QQ € Q is supported and the elements of Q are mutually disjoint. Consider any
family (X@)geo C X which is bounded in the sense that there is Y € X with |[X®9|1gg) < Y.
Then (XQ)QQQ is Q-coherent (and thus admits a Q-aggregator).

Proof. Since 1g(q)ns(q) = 0 for all Q,Q’ € Q, every family (X%)geo C X is pairwise Q-coherent.
By Lemma [£.4] the result follows. O

Example 4.7 (Bliss point consumption). Suppose that X is Dedekind complete and each P € P is
supported. Let A, B € X such that A < BandsetC:={X € X | A< X < B}. We interpret each
X € C as an admissible consumption plan and A, B € X as global lower and upper constraints.
Note that C is P-sensitive with reduction set P. Indeed, let X € X satisfy jp(X) € jp(C), that is
A <p X <p B, for all P € P, then, by definition of the P-q.s. order, A X X < B, so X € C.
Locally, that is, under each reference measure P € P, Y € X denotes a target consumption level.
We suppose that the family (Y?)pep is pairwise P-coherent. The task is to find a consumption
plan X* € C that minimizes

f(X)=sup Ep[(Y" — X)?] subject to X €C. (11)
pPeP
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For each P € P, define f¥: X — [—o0, 00] by
fP(X) =Ep[(Y" - X)?].

Clearly, f is P-sensitive with reduction set P (see Lemma [2.12)) and (f¥)pep is a P-localization
of f. Further, we obtain the local optimizers

X}k) = Al{yP<A} + YP1{A<YP<B’A#YP} + Bl{B<yP’yP7gB} eC.
Fix P, P’ € P. Then, since (Y')pep is pairwise P-coherent, we have

Xplspynspy = (Alyyrgay + Y agyr<n azvey + Blipgyr yrzpy) Ls(p)nsp)
= (Alpy ey + Y7 Lacyvr cpapyry + Blipayr yerap) sense)

= Xplsp)ns(p)-

Hence, (Xp)pep is pairwise P-coherent and |Xp|lgpy < [Xp| < |A] V [B] for all P € P. By
Lemma there exists a P-aggregator X* of the family (X})pep. Consequently, X* solves
according to Proposition 4.1 o

4.2 Monetary Risk Measures and Localization Bubbles
In this section, X = Lg° and thus ca.(X) = ca..

Definition 4.8. A mapping p: L2° — R is called a monetary risk measure if it is monotone and
cash-additive (see Section [3.1). A, := {X € L | p(X) < 0} denotes the acceptance set of p. If
p is, in addition, convex, p is called a convez risk measure. A convex risk measure which is also
positively homogeneous is called a coherent risk measure.

p(X) is a capital requirement which may also be seen as the indifference price of the loss X. In
fact, charging p(X) reduces the loss to X — p(X), which is acceptable since p(X — p(X)) = 0 by
cash-additivity. Let @ € B.(2). We may interpret p% as the minimal price from a @Q-perspective
charged by the market with aggregate risk measure p for taking a loss X. Indeed, from a Q-
perspective, all losses Y such that jo(Y) = jo(X) are the same. Thus, when we hand the loss X
to the market, we buy a contract ¥ such that jo(Y) = jo(X)—which therefore secures X from
the @ perspective—at minimal price. In other words, the price is inf{p(Y") | jo(Y) = jo(X)}
(or arbitrarily close when this infimum is not attained), which is exactly pg(X ) according to
Lemma By Lemma and Lemma below, pg is a monetary risk measure provided that

pg(O) € R. Otherwise, we are in a degenerate situation.

Definition 4.9. Let p: LS — R be a monetary risk measure and @ € B.(2). We call ,0% relevant
if p(0
pi(0) ER.

Lemma 4.10. Let p: L — R be a monetary risk measure and Q € B.(QL). Then the following
are equivalent:

(i) pg is a monetary risk measure.

(i) pg is relevant.
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(iii) sup{m € R|m € jo(A,)} < .
Proof. (i) obviously implies (ii). In order to prove that (ii) implies (i), recall that according to

Lemma , pQ is monotone and cash-additive, and thus a monetary risk measure on L°, provided
that pg is real-valued. If p% is relevant, then by cash-additivity, p% (m) = pg(O) +m € R for all
m € R. Moreover, since

P~ 11 Xleso) < PE(X) < PE(IX )
for all X € LS° by monotonicity, it follows that pg is indeed real-valued.
(ii) « (iii) follows from E, ={X € L° | p(X) <r} = A, +r and

p2(0) = inf{m € R | 0 € jo(A, +m)}
=inf{m e R| —m € jo(A,)}
=—sup{m e R |m € jo(A,)}

and pg(O) < p(0) (see Lemma . O

Note that if sup{m € R | m € jo(A,)} = oo, that is, p%(O) = —o0, then, by cash-additivity and
monotonicity, it follows that jg(A,) = L and p% = —o0.

Remark 4.11. Lemma not only shows that pg is a monetary risk measure on Lg° provided
it is relevant, but also, thanks to the monotonicity established in Lemma (i), that pg o jél
(recall Remark [2.11)) is indeed a monetary risk measure on Lgy which is convex or even coherent
whenever p is. o

Lemma 4.12. Let p: L — R be a monetary risk measure. Then {u € ca. | p(n) < 0o} CPB(Q)
and therefore,
pp(X)= sup EqlX]-7(@Q). XeL¥,

QEP(?)
where
p(Q) = sup EQlX], Q€ Pc().
XeA,
Consequently,

PR(Y) = sup Eg[Y]-p(R), Y €Ly.
RKQ

Proof. {p € ca. | p(p) < 0o} C P.(N2) follows from a straightforward adaptation of (parts of) the
proof of |16, Theorem 4.16]. O

Lemma 4.13. Let p: LS — R be a monetary risk measure and let Q € B.(Q) be supported (recall
Definition . Then for any X € LY,

pp(X) = lim p(X1sq) —mlsq):)-
If p = pp, then p% is relevant only if inf5(py<oo R(S(Q)°) = 0. Moreover, if p is coherent and

p = pp, then p% is relevant if and only if inf5 ry<oo R(S(Q)¢) = 0.

19



Proof. Let Xy, := X1g(g) —mlgg)e, m € N. Then jo(X) = jo(Xm). For any Y € Lg° such that
Jo(Y) = jo(X), choosing m > ||Y||c,c0, We obtain X,,, < Y. Therefore, by monotonicity, it follows
that

PR(X) = inf{p(Y) | jo(Y) = jo(X)} = inf p(Xm) = Tim_ p(Xp).
In particular, assuming that p = pp and recalling Lemma we have

p(0) = lim p(—mlsq):)
= lim sup -mR(S(Q)°) —p(R)

<p(0)+ lim sup —mR(S(Q)C)

— p(0) + i —( inf  R(S )
p(0) + lim —(m_inf R(S(Q))
where we used the estimate p(R) > ERr[0] — p(0) = —p(0). Therefore, pg is relevant only if
inf5(r)<oo R(S(Q)°) = 0. In case p is coherent, the inequality above is an equality which yields
the claimed sufficiency. O

Lemma 4.14. Let p: LY — R be a monetary risk measure, and let
P i=1Q € Bo(Q) | p% is relevant}.

p

If A, is P-sensitive, then QF , is a reduction set for A,, and p = pg”l. If, in addition, p = pp,
QF Qr

then p = pErel — pDrel‘

Proof. Let A, be P-sensitive. Suppose that for all Q € PB.(Q2), the risk measures pg are not
relevant, and thus jq(A,) = L for all @ € PB.(2). Let m € R. Then, trivially, m € jq(A,) for
all Q € P.(2). Consequently, P-sensitivity implies that m € A,. Thus, —p(0) =sup{m e R | m €
A,} = 0o, which is a contradiction since p(0) € R. Hence, we must have that Q° , # (). Moreover,
by definition of P-sensitivity, we have

Xed, o VQePA): jolX) € jolA,).

Those @ such that jg(A,) = L¢ do not pose any constraint on the right-hand side. Therefore,
if jo(X) € jo(A,) for all @ € Q7,,, then indeed jo(X) € jo(A,) for all Q € PB.(2), and thus

X € A,. Hence, Q°  is a reduction set for A,. Theorem and Remark below imply that
QP

p — pETCZ.

Suppose that p = pp. Let Q € P.(2) such that 5(Q) € R. Then p%(O) > pg(O) > —p(Q) (see

Lemma [4.12). Since also p%(()) < p(0), we obtain pg(O) € R, and therefore Q € Qf ;. Thus,

rel*

p= pgf‘el = pgiel follows from Proposition O

Remark 4.15. The level sets E,, r € R, of any monetary risk measure p satisfy E, = A, + r.
Therefore, p is P-sensitive if and only if A, is P-sensitive, and any reduction set for A, is a
reduction set for p, and vice versa. o
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Regarding an interpretation of p%, note that measures R € B.(2) such that p(R) < oo correspond
to acceptability constraints, since X € A, if and only if Er[X] < p(R) for all such R. They
may also be interpreted as penalized pricing functionals. Measures R such that also R < @
correspond to constraints which are understood from the @Q-perspective. Hence, the convex risk
measure p% (X) is the capital requirement or indifference price of the loss X based on acceptability
constraints from the @Q-perspective.

Assume that the monetary risk measure p satisfies p = pp, i.e., it displays a reasonable degree
of regularity from a dual perspective, a property that is commonly assumed. Models Q ¢ Q7
are irrelevant, whereas Q € QF , are the models that in aggregate yield p both from a primal and
a dual perspective, since p = pQ'e’ =pp e according to Lemma In our discussion we will
focus on Q € Q o even if the results derived below do not requlre this condition. Recall that
always pD < pE Examples and - show that pD(X) < pE(X) is possible. In that case,
p%(X ) — p% (X) may be seen as a market inconsistency which we call a localization bubble, where
the actual price under @ exceeds what the risk assessment based on acceptability constraints under
Q@ would imply. In Example the size of this bubble is infinite, whereas in Example [£:27] it is
finite. In the following, we will show how such a bubble is related to purely finitely additive set
functions, so-called charges, appearing in the dual representation of pg. Note that there is a line
of literature that identifies bubbles as a consequence of pricing under charges (see, e.g., [6], [18],
[19], [21], and references therein).

If p is convex and Q € Q° . so that p% is relevant, then pg o jél is a convex risk measure on L¢y

rel?
(recall Remark . Hence, it is well-known that we obtain a dual representation of pg over the
finitely additive measures

balQ ={p €bag | n(2) =1 and p(A) >0 for all A € F},

where ba is the real vector space of all finitely additive finite variation set functions pu: F — R,
and

bag = {p € ba | |u| < Q}.

The total variation of finitely additive measures is defined in the same way as for measures in .
In fact (see, e.g., [16, Theorem 4.16]),

pE = max /Xd,u o), X €Ly, (12)
uEba

where the dual function pg, is given by

po(p) = sup{/Ydu ‘ YelLr: pg(Y) < 0}7 e baé.

Note that in we used the @Q-consistency of pg to rewrite the dual representation of pg o jél
on Lg as a representation of p% on LY. Consider any R € Bq(£2). Then,

p(R) = sup EplY]= sup ER[Y] = pg(R),
YeA, YeLe: pQ(Y)<0

where for the second equality, we used that Y € 4, implies p% (Y) <0, and, conversely,

PR(Y) = inf{p(Z) | jo(2) = jo(Y)} <0
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implies that there is a non-increasing sequence (my,)neny € Ry such that lim, o m, < 0, and a
sequence (Yy)nen C Lg° with jo (V) = jo(Y) and Y, — m,, € A, for all n € N. Note that, as
R < Q, Eg[Y,] = Eg[Y]. Hence, if pg(Y) > p%(Y), then there must exist v € bag, \ Pq () such
that

P20 = [ Yav - i) > BB (1) (13)

This establishes the aforementioned relation of localization bubbles to charges.

Before stating Examples and we give a number of sufficient conditions ensuring that
localization bubbles do not appear. An obvious sufficient condition is that @ be finitely atomic,
that is, there are pairwise disjoint events Ay, ..., A, € F such that Q(A;) >0foralli=1,... n,
Ui, Ai = Q, and, for any B € F and any i € {1,...,n}, B C A; implies Q(B) = 0 or Q(B) =
Q(A;). In that case baé =P, (). Hence, cannot hold.

Lemma 4.16. Let p: L — R be a convex risk measure and suppose that Q € P.(Q) is finitely

atomic. Then pg = p%.

The next sufficient condition for p% = p% is a version of the Lebesgue property discussed, e.g., in
[16, Corollary 4.35].

Proposition 4.17. Let p: LS — R be a coherent risk measure. Suppose that p(14,,) | 0 whenever
the sequence of events (Ay)nen C F satisfies A, L 0. Then pg = pg for all Q € P.(Q).

Proof. If Q ¢ QF ,, then p% = —oo and thus also pg = —oo (recall pg < pg) Let Q € Q7 . Let
v € bag \ Pe(Q). Then there exists (An)nen S F such that A, | 0 and & > 0 such that v(4,) > ¢
for all n € N (see |1, Lemma 10.9]). Note that by positive homogeneity, py,(v) € {0,00} (see |16}

Corollary 4.19]). If p§(v) = 0, then

p(la,) = pp(la,) = v(A) = pp(v) 2 e, neN,

while p(14,) J 0, which is absurd. Hence, p)(v) = oo for all v € bag, \ Be(2). Consequently, (13)
is not possible, and therefore p% = pg. O
Proposition 4.18. Let p: L — R be a convex risk measure and let Q € P.(Q). Then pg = pg
whenever jq(A,) is o(Lg,caq)-closed. In particular, if p = pp, Q € QP . is supported, and
X € A, implies X15q) € Ay, then jq(A,) is o(Lg, caq)-closed.

Proof. We may assume that Q € Q7 , since otherwise p% = pg = —oo. If jo(A,) is o(Ly, caq)-
closed, one verifies that p% °Jjg Lig O'(ngo, cagq)-lower semicontinuous. Therefore, according to |16,
Theorem 4.33], pg admits a dual representation over cag and p% = pg by Lemma

Now suppose that p = pp, Q € QF,, is supported, and for all X € A, we have X1g(q) € A,.
Since p admits a dual representation over ca., A, is o(L°, ca.)-closed. We show that jgo(A,) is
o(Lg,caq)-closed. To this end, let (X@)aer C jo(A,) converge to X9 € Lgy with respect to
o(Ly,caq). Take X, € A, and X € LY such that jo(Xa) = X@, a €1, and jo(X) = X9.
Then X,1g(q) € A, jQ(Xals(Q)) = Xg, and jQ(XlS(Q)) = X©@. For any j € cac, let ug € cag
be given by u(A) = u(S(Q) N A), A€ F. Then, as X& converges to X© in o(Lg,caq),

/Xals(Q)d,u: /ng,uQ — /XQd,uQ :/XlS(Q)du.
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Since p € ca. was arbitrary, we find that X,1g(q), o € I, converges to X1g(q) with respect to
o(L°, cac). Hence, as A, is 0(L, cac)-closed, we have X1g(g) € A, and thus X% € jo(A).
Consequently, jq(4,) is o(Lg, cag)-closed. O

Corollary 4.19. Let p: LY — R be a surplus-invariant conver risk measure, that is, p(X) =
p(X ™), and suppose that p = pp. If Q € P.(Q) is supported, then pg = pg.
We refer to |17] for a comprehensive discussion of surplus invariant risk measures.

Proof. As before we may assume that Q € QF ,, because otherwise p% = p% = —oo. Note that

X e A, if and only if X € A,. As XT1g) < X1, it follows that

P(X1s(q)) = p(XT15(g) < p(XT) = p(X),
and therefore X1gg) € A, whenever X € A,. Now apply Proposition [£.1§ O

Lemma 4.20. Let p: L — R be a coherent risk measure which admits a representation over
finitely many B.()-constraints, that is,

X) = Er|X XelL®
P() %1253[]7 € L.,

where @ C P.(Q) is finite. Then pg = p% for all supported @Q € P.().

Proof. Let Q € @, be supported. One verifies that p(R) < co if and only if R lies in the convex

rel

hull of Q. According to Lemma [£.13]

Linf _R(S(Q)) = min R(S(Q)7) =0.

Hence, there is R’ € Q such that R’ < Q. Suppose there is R € Q such that R(S(Q)¢) > 0. For
any X € Lg° and Xy, := X1gQ) — mlg@)e, m € N, we have

Er[Xyn] = Er[X15(q)] —mR(S(Q)°) < Er/[X]

whenever
ER[XIS(Q)] — Er/[X]
- R(S(Q)°)

Consequently, as Q is finite and as Fr[X,,] = Eg[X] for all R < @Q, for m large enough we obtain

m

X)) = FErl| X, = Er|X],
P(Xm) = max Eg[Xn] = | max_ EglX]

and thus, by another application of Lemma [£.13]

9X)= lim p(X,,) = Er[X] = p2(X).
pE(X) = lim p(Xm) = max  Er[X]=pp(X)

O
Examples and show that p% (Y)- pg (Y) > 0 may happen even in a dominated framework.
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Example 4.21. Let (Q, F) = ((0,1), 8(0,1)) and P = {A}, where X denotes the Lebesgue measure
n (2, F). Set A, := (0, n+1) and B := [% 1), and define probability measures P, on (2, F) by
n—1 1

Pa(-) = ==X | A) + =A(-| B), neN.

Consider the coherent risk measure

p(X) :=sup Ep, [X], X € L.
neN

Note that Lemma does not apply, since p is given by infinitely many constraints. As p admits
a dual representation over cay by definition, it follows from Theorem that

P =PD = PE-

However, as we will see in the following, there exists @ € B, (2) such that pg #* p%.

Set Y := [y]x, where
-1, fweB,
y(w) = { .

2w, otherwise.
Then Y € L and
1
-1 1 T 1 2
Ep [Y] = w/ o dw — = -~ <o
" n 0 n (n+1)n

Hence, p(Y) =0 and Y € A,. Consider any probability measure R € P, (£2) such that R(B) =
As R(Y > 0) = 1, it follows that Er[Y] > 0. Consequently, recalling that tY" € A, for all ¢ > 0 by
positive homogeneity, we have

p(R) = sup ERr[X]>sup Eg[tY] =
XeA, t>0

Consider the supported probability measure @ = A(- | (0, 3)). Indeed S(Q) = (0,3) = B®. Any

)-
R < @ has to satisfy R(B) = R(S(Q)¢) = 0 and therefore p(R) = co. It follows that pD = —00.
As regards p%, we have

1
inf ?)=_inf R(B)< inf Pu(B) = inf - =0.
5(}%1@01%(5(62)) g R(B) < inf P(B) = inf = =0

Hence, by Lemma pg is a coherent risk measure. Consequently, pg(X ) > p%(X ) for all
X € L2° and the size of the localization bubble is infinite. o

Example 4.22. Recall Example This time define
R(X) = p(X) V Eg[X], X € L§

which is another coherent risk measure. Suppose that R < @ but R # Q. Pick a version ¢ of the
density % such that ¢x(1 1) = 0. As R # @, we must have Q(p > 1) > 0 and Q(p < 1) > 0.
Moreover, A,, | § and thus

Tim Q({p >1}NA4,) =0 and lim Q{p < 1}N4,) =
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Choose m large enough such that

QU{er>1}NAn) <Q{e>1}) and Q({y <1}NAn) <Q{y <1}).
Then there is
DC{p>1}\ A, and D'C({p<1}\A4,)N(0,3)

such that Q(D) = Q(D’) > 0. Note that A(D | 4,,) = A(D’ | A,) = 0 for all n > m. Consider
Z = [z]x, where
Z:=XD — XD" — MXB-

Then, Eg[Z] =0 and Ep,[Z] = = <0 for n > m. For n < m, we have
EPMSW/““ - onzlom g
n 0 n n

Therefore, Z € A,. However,
ER[Z] = EqlpZ] > Q(D) - Q(D') =0

which implies that ®(R) > sup,. EFr[tZ] = co. Clearly, ®(Q) = 0, and therefore k() = Eq[-].
Regarding <%, as in Example 4.21] we conclude that infz(p)<oo R(S(Q)¢) = 0, which implies
that ﬁg is a coherent risk measure (see Lemma . Hence, both ng and Iig are coherent risk

measures. Consider W := [—y], where y was given in Example Then k(W) = Eq[W] < 0.
For any m € N|

(n—1) m
Bp Wy =mlpl = =06y =5 <0

and thus, as Eq[W1( 1) —mlp] = Eq[W] <0,
(n—1) m)
W11y —mlp) = -———— ] =0.
K(Wi,1) —milp) :21%( ey s

By applying Lemma we therefore have that

K%(W) = lim k(W1 1y —mlp)=0.

m—o0

Hence, there is a finite localization bubble £&(W) — k% (W) > 0. ©

4.3 Arbitrage and Superhedging in One Period

Again, we let X = L with ca.(X) = ca.. A one-period market model of dimension d € N is
given by a (discounted) stock price process S = (Sp,S1) € S, where Sy € R? and S is a bounded
d-dimensional random vector. All coordinates S¢, i = 1,...,d, of Sy, t = 0,1, are assumed to be
non-negative and (Sg, Si) will be called the i-th asset of S, i = 1,...,d. The space of all such
market models is denoted by

S := {5 =(S0,51) | S is a one-period market model of dimension d, d € N}.
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Let d(S) denote the dimension of S € S, and we write S <1.5” to indicate that S € S is a submarket
of §” € 8, that is, for all i € {1,...,d(S)} thereis j € {1,...,d(S")} such that (S, Si) = (S, S7).
Moreover, for S = (Sp, S1) € S, let

AS = (AS', ... ASUS)) = §) — 55 = (St — S3,..., 505 — 555y

and recall that a probability measure @ € () is called a martingale measure for the market
model S if, for each i = 1,...,d(S), S} is Q-integrable and

EglAS] := (Eg[ASY], ..., Eg[ASY®)]) = 0.

The space of (investment) strategies for a given d-dimensional market S € S is given by H(S) := R
In the following, for @ € P.(Q), we write Q <« P if there exists P € P such that Q < P. We will
consider the following set-valued maps:

o MNM: S — P.(Q) defined by
M(S) :={Q € P.(Q) | Qis a martingale measure for S},

MA: S — P.(2) defined by
NA(S) :={R € P(?) | FIQ € M(S): R~ Q},
e Mo: S — Po(Q) defined by
M (S) :=={Q € P(V) | @ € M(S) and Q <K P},

o My: S — P.(Q) defined by
M~ (S) :=={Q € P.(Q) | Q € M(S) and IP € P: Q ~ P},

e ML: S — P.(), where Q € B (Q), defined by
ME(S) == {R e P.() | R € M(S) and R ~ Q}.

Clearly, M~ (S) C M (S) C MWM(S) C NA(S) for any S € S. Following the standard approach to
no-arbitrage in robust models (see, e.g., [9, Definition 1.1]), we say that the no-arbitrage condition
NA(P, S) holds for the market S € S if, for all H € H(S5),

HAS >0 P-q.s. implies HAS =0 P-q.s.

Note that HAS is the usual (w-wise) Eulidean scalar product of the vectors H and AS. Similarly,
for any @ € P.(Q), S € S satisfies NA(Q, S) if, for all H € H(S),

HAS >0 Q-a.s. implies HAS =0 Q-a.s.
For any given S € S, we define the P-superhedging functional 7(-|S): L — R U {—o0} by

(X | S):=inf{r e R|3IH € H(S): X g r+ [HAS].}. (14)
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Considering the strategy H = 0, we see that w(- | S) indeed takes values in R U {—oo} since
(X | S) < || X|le,00 for all X € L2°. Finally, for @ € B.(Q),

(X | S):=inf{r € R|3H € H(S): X <qr+[HAS].}, X €L,

is the Q-superhedging functional for a given S € S. Note that both 7(- | S) and 7%(- | S) are
coherent risk measures on LS°, provided they are R-valued, which is equivalent to 7(0 | S) = 0 and
7Q(0 | S) = 0, respectively (by the same reasoning as in the proof of Lemma [4.10)).

Lemma 4.23. Let S € S. Then
{ReP() [T(R]S) <oo}={Re PV |7(R]|S) =0} =M(I).

Proof. We may assume that 7(0 | S) = 0, so that w(- | S) is a coherent risk measure on L2,
because otherwise, (- | S) = —oo and thus 7(- | S) = co. The first equality is a well-known
consequence of coherence of m(- | S) (see [16, Corollary 4.19]). Let R € M(S). Then, by (14),
Eg[X] <7(X | S) for all X € L. Lemma [4.12] implies M(S) C {R € P.(Q) | 7(R | S) = 0}.

Conversely, let R € PB.(Q) satisfy 7(R | S) = 0, that is, Eg[X] < 0 for all X € L2° such that
m(X | S) < 0 (see Lemma [£.12). Since both 7([AS%]. | S) < 0 and 7(—[AS?]. | ) < 0 for all
i=1,...,d(S), we conclude that R € M(S). O

Proposition 4.24. Let S € S and Q € P.(Q). Then
T3(-18) <7 | 8) <wP(-| 9 <n(-|S).

If NA(Q, S) holds, then Wg(' | S) =7Q(-|8S). If Q is supported, we have n9(-|S) = ﬂ'g( | S).

Proof. If X < 7+ [HAS],, then X <g r + [HAS].. Therefore, 7?(X | S) < (X | S). Thus,
as m2(- | ) is Q-consistent, 79(- | §) < ﬁg( | S) < m(-|9) follows from Lemma |3.3] Recall
Lemma Let R <« @ such that 7(R | S) = 0. Then, for each X € L%, H € H(S),
and 7 € R such that X <g r + [HAS]., we have Eg[X] < r, because R € 9M(S). Therefore,
(-] 8) > mp(- | 9).

For any @ € B.(N2) such that NA(Q, S) holds, the superhedging duality for dominated models (see
[16, Theorem 1.32]) and Lemmaimply that 7@(- | S) < 72(- | S), because 72(- | S) admits a
dual representation over caq.

Suppose that @ is supported and let X <¢g r + [HAS].. Define

Y = X]_S(Q) +(r+ [HAS}C)]_S(Q)C.
Then jo(Y) = jo(X) and YV < r + [HAS].. Therefore, wg(X | S) < 7w(Y | S) <r, and hence
79X |8) <nQ(X | S). O

In view of the discussion in Section [4.2] a natural question is whether the superhedging functionals
admit localization bubbles. The answer is no, at least if @) is supported and NA(Q, S) is satisfied,
because then Proposition shows that Wg(' | S) =79(-|S) = WEQ( | S).

The following lemma is a key observation for the results that follow.

Lemma 4.25. For any market model S € S such that NA(P, S) is satisfied, there exists P € co(P),
where co(P) is the convexr hull of P, such that NA(P,S) holds.
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For the sake of completeness, we provide the proof below, even though the result follows from, e.g.,
|4, Lemma 2.7]:

Proof. Fix S € § with dimension d := d(S) such that NA(P) holds. Let
N(P):={H e R? | [HAS], =0} and N(P)* ={H eR?|VH € N(P): H-H =0},

where, for the sake of better readability, the Euclidean scalar product between the vectors H and
H is denoted by H - H.

First suppose that N(P)+ = {0}. Then, for all H € RY, HAS = 0 P-q.s. and thus HAS = 0
P-a.s. for any P € PB.(2). In particular, NA(P, S) holds for any P € P. From now on assume that
N(P)+ # {0}. Then

H:={H € N(P)" | |H| =1} #0,

where || - || denotes the Euclidean norm. For any H € H, by NA(P,S), there exists Py € P such
that Py (HAS < 0) > 0. Moreover, there exists ez > 0 such that for each H' € B(H,ep) := {H |

|H — H|| < ex}, we have
PH(H/AS < 0) > 0.

Indeed, there exists 6 > 0 such that Py(HAS < —d) > 0, and, by boundedness of S, there is
M > 0 such that ||[AS|| < M. Let e := §/M. For any H' € B(H,ep),

H'AS — HAS < |H'AS — HAS| < |H' — H|| - ||AS|| < e - M = 6.

Thus, Py(H'AS < 0) > Pg(HAS < —0). Note that H C |Jycy B(H,en). As H is compact,
there exists a finite subcover of H given by Hy,...,H, € H, ie., H C U?:l B(H;,epm,). Let
P = 15" Py, Then P € co(P) and P(HAS < 0) > 0 for all H € H. We now verify that
NA(P,S) holds. To this end, let H € R? and decompose H = H® + HY, where H* € N(P)
and H+ € N(P)t. Since H'AS = 0 P-q.s., it follows that HAS = 0 P-a.s. If H+ = 0, then

HAS = HYAS = 0 P-a.s. Otherwise, if H+ # 0, then HL/||H*| € H, and therefore

1
P(HAS < 0) = P(H+*AS <0) = P(HZL”AS < 0) > 0.

Thus, NA(P, S) is satisfied. O

As we will see below, the following class of set-valued maps Q: S — P.(Q) is closely related to
the P-sensitivity of the superhedging functional.

Definition 4.26. A set-valued map 9Q: S — B.(Q) is called
(i) <-monotone if Q(S") C Q(S) for any S, S’ € S such that S <1 57,

(ii) weakly NA-preserving if for any S € S that satisfies NA(P,.S), there exists @ € Q(S) such
that NA(Q, S) holds,

(iii) strongly NA-preserving if for any S € S that satisfies NA(P, S), Q(S) # 0 and NA(Q, S)
holds for all @ € Q(9).
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Lemma 4.27. The maps Q(S) = P for S € S, M, NA, M, and My are all <-monotone.
Moreover, M and NA are strongly NA-preserving. If P is convex, then Q(S) = P, S € S, is
weakly NA-preserving, while M and M~ are strongly NA-preserving.

Proof. <-monotonicity follows directly from the respective definitions of the maps. Let S € S
satisfy NA(P,S). Then, by Lemma there exists P € co(P) such that NA(P,S). Thus, by
the Fundamental Theorem of Asset Pricing (see, e.g., [16, Theorem 1.7]), there is a martingale
measure ) ~ P. In particular, M(S) # 0§ and NA(R, S) is satisfied for any R € MA(S). Recalling
that M(S) € NA(S), we conclude that M and NA are strongly NA-preserving. If P = co(P),
then the previous arguments also prove the remaining assertions. O

Theorem 4.28. Let Q: S — P.(Q) be <-monotone and weakly NA-preserving. Suppose that S €
S satisfies NA(P,S). Then w(- | S) is P-sensitive with reduction set Q(S) and (79(- | S))gea(s)
is a Q(S)-localization of w(- | S). In particular,

(X |S)= sup 72(X|S)= sup 79X |S)=a2(Xx|89). (15)
QeN(S) QeN(S)

Proof. Suppose that S € S satisfies NA(P, S). By Proposition 4.24] we have
(| 8) = 7g(-|8) = 7| 5) (16)

for all @ € Q(S). Let X € L. If n(X | §) = —o0, then follows. Assume that 7(X) > —o0
and let

7Y |S):=sup{z e R|3IH € H(S): Y =a+ [HAS].}, Y eL¥,
be the subhedging price for the market model S. One verifies that NA(P,.S) implies 7(- | S) <

w(-]8). Um(X |S) <na(X|9),letze (®m(X|S),n(X |S)) and consider the extended market
Sx = ((So, ), (S1,X)). Let H € RY h € R satisfy

[HAS];+h(X — ) = 0.
If h =0, NA(P,S) implies that [HAS], = 0. If h # 0 then either

(=

Hence, either © > 7(X | S) or # < 7(X | S), which is absurd. Thus, NA(P, Sx) is satisfied.
As 9 is weakly NA-preserving, there exists Q € Q(Sx) such that NA(Q, Sx) holds. Hence, by
the Fundamental Theorem of Asset Pricing for dominated models (see [16, Theorem 1.7]), there
is a martingale measure R € B.(Q2) for S which is equivalent to @) and satisfies Er[X]| = z. The
superhedging duality for dominated models (see [16, Theorem 1.32]) implies 79 (X | S) > Er[X] =
x. By <-monotonicity, we have @ € Q(S). Therefore, as z € (7(X | S),n(X | S)) was arbitrary,
it follows that

+2z=X or [leS] +r=<X.

c (&

2E(X 8= sup 79X |S)>n(X]S9),
QeN(S)

which, in conjunction with , implies .
Finally, suppose that 7(X | S) = n(X | S). For every € > 0 there are H, H € R¢ such that

(X |S)+e+ [HAS], = X =7(X | S) —e+ [HAS]. =7(X | §) —e + [HAS]..  (17)
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As Q is weakly NA-preserving, there exists Q € Q(5) such that NA(Q, S) holds. Consider any
martingale measure R € B.(Q2) which is equivalent to Q. Taking expectations under R in
yields

(X | S)+e> EnlX] > n(X | §) —=.

Since the latter is true for any € > 0, we conclude that Er[X] = (X | S). Again, the superhedging
duality in dominated models implies 79 (X | S) > Er[X] = n(X | S), and thus

(X [ 8) = sup 79X |8)>n(X|8),

QReN(S)
which, in conjunction with , implies . O

Corollary 4.29. Suppose that S € S satisfies NA(P,S). Then n(-|S)=ng(-|5)=7p(-]95).

Proof. Letting Q = MU and recalling Lemma we have 7(- | §) = #™*E)(. | §) by Theo-
rem The superhedging duality for dominated models (see |16, Theorem 1.32]) implies that
7(+ | S) admits a dual representation over ca,., since each 7%(- | S) does so for every Q € MNA(S).
Hence, 7(- | S) = 7p(- | S) =ap(- | S) according to Theorem [3.10} O

Corollary 4.30. Let Q: S — PB.(Q) be <-monotone and strongly NA-preserving. Then, for every
S € S such that NA(P, S) is satisfied, we have

(X |S)= sup sup Eg[X].
QEQ(S) ReMmZ(9)

Proof. Theorem [£.2§ and the superhedging duality for dominated models. O

Lemma and Corollary below can also be found in [9, Theorems 2.2 and 2.3]. For the sake
of completeness, we provide the proofs for the one-period case with deterministic trading strategies
based on the proof of [16, Theorem 1.32].

Lemma 4.31. Suppose that S € S satisfies NA(P,S). Then
C(S):={X € L¥|3H e R*: X 5 [HAS].}.

is closed under P-q.s. convergence.

Proof. X € C(S) if and only if X = [HAS]. — Y for some H € R? and Y € LY, . Let (X, )nen C
C(S) be a sequence which converges P-q.s. to a random variable X € L°. Then, for any n € N,
X, = [H,AS]. —Y,, where H,, € R and Y,, € L2+, and we will show that there exists H € R¢
and Y € LY, such that X = [HAS]. — Y. To this end, we may assume that the market S is
non-redundant in the sense that [HAS]. = 0 implies H = 0. Otherwise, there is a component
i€ {1,...,d} and constants o’ € R, j € {1,...,d} \ {i}, such that S —S§ = 3=, a’(S{ — 7).
Thus, letting S be the market model obtained by removing the ¢-th asset from S, it follows that
NA(P, S) is satisfied and

JH e R?: X < [HAS], < 3H eR*': X < [HAS].,
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so that C(S) = C(§) Hence, from now on, consider a non-redundant market S. Suppose that
liminf, o ||Hp| < co. Then there is a subsequence (Hy, )ken of (Hp)nen which converges to a
vector H € R%. In that case,

Yo, = Yo, + [Hy, AS]. — [Hp, AS]. = [Hp, AS]e — X, € LY,

converges P-q.s. to Y := [HAS], — X € LY, and X = [HAS]. — Y, so X € C(S). Now suppose
that liminf,, || Hy|| = co. Let

Hy
Gy :

=——" _ peN.
1+ || Hyll

As ||G,|| €1, n € N, there is a subsequence (G, )reny Which converges to a vector G € R¢, and
IG]| = 1. Moreover, we have X,,, /(1 + ||Hp,||) = 0 and hence P-q.s.

. Y, . [Hn AS]C X,
lim ——— = lim —%—°" — lim ——%— = [GAS]. + 0 = [GAS]..
O T ]~ % T [H | e T ity (A5 GAS]

AsY,, /(14| Hy,||) € L2, for all k € N, it follows that [GAS]. € L2, . However, by NA(P) we must
have [GAS], = 0 and thus G = 0, which contradicts ||G|| = 1. Therefore, lim inf,,_, o || Hy|| = oo is
not possible. O

Lemma [I.3T] implies the existence of optimal superhedging strategies.

Corollary 4.32. Suppose that S € S satisfies NA(P,S), and let X € L. Then, 7(X | S) > —o0
and there exists H € R? such that X < n(X | S) + [HAS)]..

Proof. Suppose that 7(X | S) = —oo. Then, for all n € N, there exists H, € R? such that
X < —n+ [H,AS]. and thus,

(X+n)AlxX+n=<[H,AS].

That is, X, := (X +n) A1l € C(S) for all n € N. Letting n — oo, Proposition implies
that 1 € C(S), which clearly contradicts NA(P,S). If #(X | S) is finite, then X,, := X — w(X |
S)—1/n € C(S) for all n € N, and thus X — 7(X | S) € C(S) by Proposition which implies
the existence of H € R? such that X < 7(X | S) + [HAS].. O

Corollary 4.33. Let Q: S — P.(Q) be <-monotone and strongly NA-preserving. Moreover,
assume that Ugeqs) ML(S) C Q(S), ie., Q € Q(S), R € M(S), and R ~ Q imply that R €
Q(S). Then, for every S such that NA(P, S) is satisfied, P =~ Q(S) and

(X |S)= sup Egl[X].
QeN(S5)

Proof. Corollary .30 and the additional requirement imply

m(X |S)= sup sup Eg[X]= sup FEgr[X].
QeN(S) ReMZ(S) ReN(S)

Let A€ F. If ¢(A) > 0, then Corollary and NA(P, S) imply 7(14 | S) > 0, so there must be
Q € Q(S) such that Q(A) = Eg[14] > 0. Conversely, if Q(A) > 0, then w(14 | S) > 0. Therefore,
14 # 0, that is ¢(A) > 0, because otherwise 14 < 0+ [0AS]. implies that 7(14 | S) < 0. O
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According to Lemma [£:27], 9, M, and, if P is convex, also M and M satisfy the requirements
of Corollary We thus obtain the following version of the robust Superhedging Theorem.

Corollary 4.34. Consider a market model S € S for which NA(P,S) holds. Then

n(X|S)= sup Eg[X]= sup Eg[X].

QeMA(S) QeM(S)
If P is convex, then also
(X |S)= sup Eg[X]= sup Eg[X]. (18)
QEM«(S) QEM~(S)

Note that the first equality in corresponds to the robust Superhedging Theorem given in [9,
Theorem 3.4].

Theorem 4.35. Suppose that each P € P is supported. Moreover, suppose that Q: S — B.() is
<-momnotone, strongly NA-preserving, and satisfies the following conditions:

e 9(5) is countably convex for all S € S, in the sense that if (n)nen S a sequence of non-
negative real numbers summing up to 1 and Q, € Q(S) for alln € N, then ) yanQ, €
9Q(S5).

e Ugeas) ML(S) € Q(S) € M(S).
Then, for any S € S, the following are equivalent:
(i) NA(P,S) holds.
(i1) For all P € P there exists Q € Q(S) such that P < Q.

Proof. (i) = (ii): Suppose that NA(P, S) holds for S and let P € P. For all @ € Q(S), consider
the Lebesgue decomposition @ = Qp + @ such that Qp < P. Let

d
u = sup P(QP>O>.
Qea(s) \ dP

Choose Q1,Q?,--- € Q(9) such that P(% > 0) — u as n — oo and set

Q=) Q'

i€N

where o; > 0 for all i € N, and )7, ya; = 1. Then, Q € 9Q(S) by countable convexity, and

~ . ~ . ) d d0i
Qprp =) ieniQp and Q1 =),y @;Q" . In particular, % =D N ai% and thus

dQp B dQ}: . Q% B
P<dP >o> P<nLéJN{ dPP >0}> anin;OP< dPP >0) =u.
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Hence, P(% > 0) = u. Suppose that u < 1. Then A := {% = 0} N S(P) satisfies P(A) > 0.
According to Corollary there exists Q € Q(S) such that Q(A4) > 0. Note that @p(A) > 0,
because one verifies that @ (S(P)) = 0. Therefore,

dQp
P({9r 2o} na) 50

Let R:= 1(Q + Q) € Q(S). Then

dRp 1/dQp | dQp dQp dQp
i i — o =E 2= > = =
P(dP >0> P(Q(dP+dP >0)>P 1P >0,NA|+P 1P >0 >u,
which is a contradiction. Hence, P(% >0)=1and P < Q.

(ii) = (i): Let H € R? such that HAS > 0 P-q.s. Suppose there exists P € P such that
P(HAS > 0) > 0. By assumption, there exists @ € Q(S) such that P < @. Consequently,
Q(HAS > 0) > 0, while HAS > 0 P-q.s. implies HAS > 0 Q-a.s. But Q € 9M(S) and thus
Eq[HAS] = 0, which is absurd. Therefore, P(HAS > 0) = 0 for all P € P, which implies
[HAS]. = 0. O

Note that 9 satisfies the requirements of Theorem [£:35] and, if P is itself countably convex, so do
M and M. Consequently, we obtain Corollaries [£.36] [£.37] and [£.38

Corollary 4.36. Suppose that each P € P is supported. For any S € S, the following are
equivalent:

(i) NA(P,S) holds.
(ii) For all P € P there exists Q € M(S) such that P <K Q.
The following corollary is a version of |9, Theorem 3.1].

Corollary 4.37. Suppose that each P € P is supported and that P is countably convexr. For any
S €S, the following are equivalent:

(i) NA(P,S) holds.
(ii) For all P € P there exists Q € M (S) such that P < Q.

We further obtain the following stronger version of the Fundamental Theorem of Asset Pricing,
where we only consider equivalent martingale measures. A result in that vain can also be found in
[8, Corollary 3.10].

Corollary 4.38. Suppose that each P € P is supported and that P is countably convex. For any
S €8, the following are equivalent:

(i) NA(P,S) holds.
(i) For all P € P there exists Q € M~ (S) such that P < Q.
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Example shows that the assumption that each P € P is supported in Theorem [4.35| cannot
be dropped.

Example 4.39. Consider the unit interval Q = [0, 1] equipped with the Borel-o-algebra F = B(f2).
Let P = {0, | w € Q} U{A}, where A is the Lebesgue measure on (£, F). One verifies that X is
not supported. Define Q: § — B.(Q2) by

{ > aid,

€N

Q(9S) :

VieN:w, €Q, o >0 A Zai: 1 and ZaiAS(wi) :0}.
ieN ieN

Note that Q(S) C (S). Clearly, Q is <-monotone. Next, we check that Q is also strongly
NA-preserving. Let S € S such that NA(P,S) holds. In this case also NA(P’,S) is satisfied,
where P’ = {d,, | w € Q}. By Lemma[.25] there exists P € co(P’) such that NA(P, S) is satisfied.
Since P € co(P’), there are n € N, w; € Q, oy > 0, i = 1,...,n, such that > ; a; = 1 and
P =" ad,. NA(P,S) implies that there exists @ € ML (S). In particular, Q = > i, Bib.,
for some 3; > 0,7 =1,...,n, with > | 8; = 1. Clearly, NA(Q, S) holds and Q € Q(S). Moreover,
as 9Q(5) € M(S), Q(S) is strongly NA-preserving. Furthermore, Q(S) is countably convex and
Ugeas) MEL(S) C Q(S) C M(S). However, there is clearly no Q € Q(S) such that A < Q, and
Theorem .35 does not hold. o
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