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On the basis of independent and identically distributed bivariate random vectors, where the
components are categorial and continuous variables, respectively, the related concomitants, also
called induced order statistic, are considered. The main theoretical result is a functional cen-
tral limit theorem for the empirical process of the concomitants in a triangular array setting.
A natural application is hypothesis testing. An independence test and a two-sample test are
investigated in detail. The fairly general setting enables limit results under local alternatives
and bootstrap samples. For the comparison with existing tests from the literature simulation
studies are conducted. The empirical results obtained confirm the theoretical findings.
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Revision

1. Introduction

Given that n € N is the sample size, let (X1,Y7),...,(Xn,Yn) be independent and iden-
tically distributed bivariate random vectors. We suppose that the random variable X; is
categorial with values in a set ¥ of cardinality m € N. For convenience, let ¥ = {1,...,m}
with the note that the categories are not necessarily ordinal but can be chosen arbitrary.
It is supposed that the probability that X; takes the value 1,...,m is different from
zero, respectively. In addition, we assume that the random variable Y; takes values in R
with continuous distribution function F. Let the joint distribution of (X7,Y7) as well
as the marginal distributions of X; and Y; be unknown. We assume that Y7,...,Y,, are
pair-wise distinct without loss of generality. Let Ry.y, ..., R,., be the ranks of Y7,...,Y},,

R]n221(yl<}6), j=1....n,
=1

and denote by Ry.L,..., R} the inverse ranks of Y7,...,Y, such that

YR—I < e < YRZ}n,'

1:n
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2 D.Gaigall, J.Gerstenberg and H.Trinh

Then, the random variables

X

j:n]:XR;iLa J=1...,n,

are called the concomitants, also called induced order statistic, of X1, ..., X,, with respect
toYi,...,Y,. In what follows, we speak shortly about the concomitants X[i.,1, . .., X[nin]-

Concomitants appear when we sort the values of X-attributes according to real-valued Y-
attributes. There is a large number of works dealing with concomitants. We refer to David
and Nagaraja [6] or Kamps [14] for an overview. Applications are given in change-point
analysis of time series, see Robins, Lund, Gallagher and Lu [18]. The authors consider a
dataset (HURDAT) which contains historic records on n = 1410 Atlantic basin cyclones.
The cyclone is described by one of m = 5 categories, which yields the X-attributes. The
Y -attributes are given by the related points in time of the cyclones. The question whether
or not there is a change-point in the cyclone category with respect to the time is treated
on the basis of the time-ordered observed cyclone categories, i.e., the concomitants. A
cumulative sum type test statistic (CUSUM) is used and the asymptotic of the test
statistic is obtained. In fact, the CUSUM test detects change-points by application to
the HURDAT dataset. Further examples for the application of concomitants are outlined
in David and Nagaraja [5], where in the first example the top k € {1,...,n — 1} out of
n = 2 rams, as judged by their genetic make-up according to the Y-attributes, are
selected for breeding, where the X-attributes represent the quality of the wool of one
of their female offspring. These examples show the relevance of categorial attributes in
the study of concomitants. They are also topic in more theoretical works, such as in the
study of size-biased permutations, see Pitman and Tran [16], we refer to section 5.2. in
that work for short historical notes on induced order statistics. Another example is in
exchangeability theory, see Gerstenberg [12].

The unknown joint distribution of (X1,Y7) is determined by the probabilities P(X; =
i, Y1 <), (4,y) € ¥ x R. Similar, the unknown joint distribution of X; and F(Y}) is
determined by

p(i,t) = P(X; =4, F(Y1) <t), (i,t) € X x [0,1]. (1)

The joint distribution of (X7, Y1) decomposes uniquely into the pair (F, p) according to
P(X; =4,Y1 <y) = p(i,F(y)), (i,y) € ¥ x R, where F corresponds to the marginal
distribution of Y7 and p determines the marginal distribution of X; and the dependency
structure between X; and Y;. In what follows we focus on inference of p. Later it will be
seen that interesting testing problems can be reduced to inference of p. For a moment,

suppose that (X1,Y1),...,(X,,Y,) are our observations. For inference of p it would
be natural to deal with the independent and identically distributed bivariate random
vectors (X, F(Y})), j = 1,...,n. Unfortunately, these random vectors are not available

as observations since F' is unknown. Estimating F' with the empirical distribution function
OfY17~-~7Yn7

Fu(y) = = Y 1(Y; <y), yeR,

Jj=1

S|
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yields the bivariate random vectors (X, ﬁ’n(Yj)),] =1,...,n as observations. From

Fo(Y;) = Rjn/n, j=1,....n,

rearranging according to the inverse ranks of Yi,..., Y, yields (X[;.n),4/n), 7 = 1,...,n,
as observations. These deliberations show that the concomitants contain the same infor-
mation as the bivariate random vectors (X, F;,(Y;)),j = 1,...,n. For that reason, it is

reasonable to deal with the concomitants as data for inference of p in what follows.
Setting

l
Na(il) = D U Xjg =0), i€3, I=1,...,n,
j=1

the unknown values p(i,t) can be consistently estimated on the basis of the concomitants
by

,_
3
S

il

1o, 1
NG lnt) = — 331Xy =)
j=1
=1i1(x[,. —i 1<t)
n 4 i) 'n
j=1
R ~
= DIUX; =i, Fo(Y;) <), (4,1) € T x [0,1].
j=1

This estimator is strong uniformly consistent in ¢ € ¥, ¢ € [0, 1] meaning that

N, (i, [nt])

— p(i,t)‘ — 0 almost surely as n — oo. (2)
n

sup ‘
1€3,te[0,1]

We define .
Gnlist) = \/E(M _ p(i,t)), (i,t) € T x [0,1],

and introduce the empirical process of the concomitants G, = (Gn(i,1)) @, )esx[0,1] aS
the subject of our investigation. A functional Central Limit Theorem (CLT) for the
concomitants is under consideration in Theorem 24.3.1 in Davydov and Egorov [7], but
in a very general setting. In particular, the concrete structure of the related limit processes
are not transparent there. In contrast, we present in Section 2 a functional central limit
theorem for the empirical process of the concomitants G,, where the argumentation
in our proof is rather straightforward and use classical empirical process theory as in
Ziegler [22] and knowledge about the well-known Bahadur-Kiefer process, see Bahadur
[1]. Furthermore, we obtain the concrete distribution of the limit process in a closed form.
Thereby, we deal with a fairly general setting of triangular arrays of random variables
and by that extend the result of Davydov and Egorov [7].
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A natural application of the empirical process of the concomitants is hypothesis testing.
Consistent tests can be constructed with the help of functionals of the empirical process
of the concomitants. For that reason, limit results for those tests can be deduced from
our functional Central Limit Theorem. In Section 3, we consider the testing problem of
independence

H - V(, )EEXR P(Xl—lyl

<t t),
K:3@,)eSxR:P(X; =iV, <t) #P(X; =i)P(Y; <t

3)

as the first example for the application of our main result. Tests of independence for
partly continuous and partly categorial data are also under consideration in Genest and
Remillard [10], Genest et al. [11], Heller et al. [13], Székely, Rizzo and Bakirov [21],
Robins, Lund, Gallagher and Lu [18], and Chatterjee [4]. Noticing that

P(Xl = 7’) = p(ivl)a i€ X,
it is clear that the testing problem is equivalent to
H: VYV (i,t) e X x[0,1] : p(i,¢t) = tp(i, 1), K: T (i,t) € ¥ x [0,1] : p(i,t) # tp(i, 1).

In particular, the testing problem can be reduced to p. As it is explained above, this shows
that it is reasonable to consider an independence test based on the concomitants. Similar
as above, we can estimate p(i,1), ¢ € 3, consistently on the basis of the concomitants
X[l:n]7 cee 7X[n:n] by

i X[Jn]—z i€ .

Jj=1

N, (i,n)

S|
3\?—‘

It is easily seen that

N, (i, [nfj) — tNu(i,n
N, (i,n)

sup ‘ ‘ — 0 almost surely as n — o0

€X,te[0,1]
holds under the null hypothesis H as well. These deliberations motivate to use the test
statistic

T, = ji Z\A]n(i,n)<ﬁ"(i’ [’”]‘éj)(;;?”(i’”)>2dt. (1)
0 i=1 n\%

Large values of T,, should be significant. We establish a simple expression for the test
statistic 7,,. Under the null hypothesis, it is seen that the test statistic T,, converges
in distribution while the limit is distribution free. Using the quantiles of the limit dis-
tribution as critical values, we obtain a test which reaches the significance level and
is consistent in the limit. The focus is the application of our main result for the limit
distribution of the test statistic 7, under local alternatives. Behavior of a test statistic
under local alternatives is of interest, e.g., for efficiency deliberations, in particular for
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the Pitman-efficiency, see Serfling [20] and Puri and Sen [17], or the Volume-efficiency, see
Baringhaus and Gaigall [2]. In the finite sample case, simulations compare this test with
tests in Chatterjee [4] and Genest et al. [11] in terms of size and power. The simulation
results indicate that the test based on T, is a serious competitor to concurring tests from
the literature.

As another example for the application of our main result, we consider a two-sample
problem in Section 4. Consider two independent samples of sizes n1,ns € N consisting of
bivariate random vectors

(X1,17Y1,1)7"-7(X1,n17Y1,n1) and (X2,17}/2,1)7-"7(X2,n27}/2,n2)7

such that for each k = 1,2 the pairs (X ;,Y% ;),7 = 1,...,ni are independent and iden-
tically distributed and (Xp 1, Y%,1) satisfies the properties stated above for (X1,Y7) with
continuous distribution functions Fy(t) = P(Yy1 < t). Within each group we consider
the concomitants of the X-with respect to the Y-attributes,

X17[1:711]7 e 7X1,[n1:n1] and X2,[1:n2]7 e 7X2,[n2:n2]'

Introducing the set 7 of all monotonic transformations from R to R, we are interested
in the two-sample testing problem

HZHTGTV(i,t)EZXRZP(XLl Zi,YLl
K:YTeT3(i,t)eSxR: P(X14 =1i,Y,

t) = P(X21 =14, T(Y2,1)
t) # P(Xo1 =14, T(Y2,1)

)

<
<

Setting for k = 1,2
pr(i,t) = P(Xik1 =1, Fr(Yi1) <t), (4,t) e X x[0,1],
it will be shown that the two-sample testing problem is equivalent to
H:V (i,t) e 2 x[0,1] : p1(s,t) = p2(i,t), K: 3 (i,t) € 2 x[0,1] : p1(i,t) # pa(i,t), (6)

i.e., the testing problem can be reduced to p. As it is explained above, this motivates to
consider a two-sample test based on the two concomitant sequences Xy, 1,1, - - - » Xk, [ngins]s
k=1,2. With

]/\\fk,nk(ial) = Z 1(Xk7[jnk] = Z)’ 1€ Ea I = 17' <oy N, k= 1;27

Jj=1

it is easily seen that

‘Mm (i, [mat])  Now, (i, [nat])
ny no

sup — 0 as n — oo almost surely as

€X,te[0,1]
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under the null hypothesis H. For that reason, it is reasonable to use the test statistic

- :¢nmzsw ‘ﬁmﬁmMD_Mm@MM) o
e N1+ N2 (5,1)exx[0,1] ni n2 .

Clearly, large values of T}, ,, should indicate that the alternative K is true. It is seen
that the test statistic T},, , converges in distribution. Because the test statistic is not
distribution free, neither under the null hypothesis, nor asymptotically, an approximation
of the unknown quantiles of the distribution of 7}, 5, is demanded. For this purpose, we
suggest a bootstrap procedure. We apply our main result and a general result of Biicher
and Kojadinovic [3] to show that the resulting bootstrap test reaches the significance
level and is consistent in the limit. Simulations investigate size and power of the test in
the finite sample case. The empirical results confirm the theoretical findings. We note
that it is possible to apply our functional Central Limit Theorem for the concomitants in
the context of other testing problems as well, for example a one-sample goodness-of-fit
problem analogously to the two-sample case.

2. Convergence of the empirical process of the
concomitants

In this section we provide a functional CLT for the empirical process of the concomitants

in the situation of triangular arrays. To be more precise, we assume that (X j(n), Yj(")), j=

1,...,n, are independent and identically distributed and (Xl(n), Yl(”)) has properties as

stated above. We denote by X[(;ZL], 7 = 1,...,n, the concomitants. Let F®™) be the

continuous distribution function of the real-valued random variable Yl(n). Now we have
(n)(; _ (n) _; p(n) (n) :
P\ (i, t) = P(X; i, FY (YY) <t), (4,t) e ¥ x [0,1],

and

~

No (i, [nt])

Guli ) = v (

where N, (i,1) = 22:1

- p(")(i,t)>, (i,t) € = x [0, 1],

1(X[(;le] =14), Il =0,...,n. For each i € ¥ we introduce the i-th
component process Gy (i,+) = (Gn(4,1))ic[0,1] Which takes values in D([0,1]), that is the
Skorohod space of right-continuous real-valued functions with existing left-hand limits
defined on the unit interval [0, 1]. We identify G,, with (G,(1,-),...,Gn(m,-)) such that
Gy, takes values in D([0, 1])™. We equip D([0, 1])™ with the m-fold product topology such
that we deal with a polish space. Let C([0,1]) < D([0,1]) be the subset of continuous
functions. We say that a D(]0,1])"™-valued random variable has continuous paths if it
takes values in C([0, 1])™, i.e., if all component processes have continuous paths. We call
a stochastic process G = (G(%,1))(i,1)emx[0,1] Gaussian process if for all h € N and all
(i1,t1),- .-, (%, tn) € 2 x [0, 1] the h-dimensional random vector (G (i1,%1),...,G(in, th))
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has a h-dimensional multivariate normal distribution. Suitable structural assumptions on
the sequence p(™, n € N, ensure that G,, converges in distribution to a centered Gaussian
process with continuous paths. If not otherwise specified, all convergences are meant as
n — oo. These are usual assumptions to ensure distributional convergence of test statistics
under local alternatives, see, e.g., Section 6 and Assumption 3 in Gaigall [8], for instance.
Local alternatives are a theoretical tool, e.g., for efficiency deliberations, in particular for
the Pitman-efficiency, see Puri and Sen [17], or the Volume-efficiency, see Baringhaus
and Gaigall [2]. In Section 3, we will verify these assumptions to obtain asymptotic
properties of the test statistic of independence under local alternatives. Moreover, in
Section 4 it is also seen that the assumptions are satisfied in the context of the bootstrap
procedure considered there. Note that the assumptions include the common case of a
fixed distribution independent of n. The assumptions are given as follows.

Assumption 1. For each n € N we have a map ™ : ¥ x [0,1] = R such that

P (i, 1)

p(n) (i) = p(i,t) + NG

, (i,t) € ¥ x [0,1], (8)

and that

a) p(i,t) = P(X =4,U < t) for some bivariate random variable (X,U) with P(X €
Y) =1 and U real-valued with P(U < t) =t for each t € [0,1],

b) t — p(i,t) te[0,1], is continuously differentiable for each i € X with derivative
p'(it),

c) there is a continuous limit function 1 : X x [0,1] — R such that sup, , | (i, ) —
P(i,t)] = 0.

Under Assumption 1 the sequence of bivariate random vectors (Xl(n),F (n) (Yl("))) con-
verges in distribution to the random vector (X,U) and p(i,t) = P(X = i,U < t). Note
that under Assumption 1 the point-wise convergence of p(™ to p holds also uniformly
over ¥ x [0, 1] since this space is compact and we assume all functions being continuous.
The following is the main result of this section. We denote almost sure convergence by

3, convergence in probability by L and distributional convergence by 4.

Theorem 2.1. Under Assumption 1 it holds that G, 4, G, where G is a centered
Gausstan process with continuous paths and covariance function

COV(g(i,t),g(h, 5)) =1(i = h)p(i, s A t) — p(i,t)p(h, s) + pl(i7t)pl(h7 s) [S ANt = ts]
=o' (i,8)[p(h, s A t) —tp(h, s)] = p'(h, s)[p(is s A t) = sp(ist)],

where (i,t),(h,s) € ¥ x [0,1].

A proof of Theorem 2.1 can be found in Appendix A.1.
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3. Application: Independence test

We consider the testing problem of independence (3), treated on the basis of the test
statistic (4). In fact, by splitting the integration in parts of length 1/n we obtain the
following simple expression of the test statistic

11 n & & Na(iyg)?
Tnz——f—7+zzif(’_]), 9)
bn 2 3 i=1j=1 nNy,(i,n)
useful for calculation purposes in practice. A simple consequence of our results in this
section is that under the null hypothesis of independence H it holds the following con-
vergence in distribution
Wi
k2m2’

o8}
T,-5T=) (10)

k=1
where Wy, k € N, is a sequence of independent y2-distributed random variables with
m — 1 degrees of freedom. In particular, T is distribution free. For that reason, the
related asymptotic test at significance level « € (0, 1), that is the test which rejects the
null hypothesis #H if and only if T}, > ¢, where ¢ is the (1 — «)-quantile of T, is suitable
for the treatment of the testing problem of independence. Critical values for selected m
and significance levels a, obtained by Monte-Carlo simulation with 2 - 10° replications,
where the infinite sum in (10) is truncated after 800 terms, are displayed in Table 1.

m * 0.1 0.05 0.01 0.005 0.001
2 0.3477 0.4621 0.7456 0.8718 1.1654
3 0.6065 0.7473 1.073 1.2148 1.5355
4 0.8407 0.9997 1.3591 1.513 1.8565
5 1.0632 1.2378 1.6202 1.7766 2.1444
10 2.0947 2.3237 2.811 3.0081 3.4342
15 3.0731 3.3431 3.9025 4.1243 4.6125
20 4.0281 4.3308 4.9506 5.1965 5.7387

Table 1. Critical values for the implementation of the independence test.

Remark 1. Based on the full observations (X1,Y1),...,(Xn,Yy,) it is possible to trans-
late our testing problem of independence to the multi-sample testing problem of homo-
geneity in Kiefer [15] by grouping the Y -observations with respect to the X -observations.
Among others, Kiefer [15] treat a Cramér-von Mises type test statistic. This approach
leads to an asymptotic test equivalent to the independence test. For that reason, it is pos-
sible to obtain (10) from the results in Kiefer [15]. Nevertheless, it is not obvious at first
sight that the Cramér-von Mises type test statistic introduced by Kiefer [15] is measurable
with respect to the concomitants. We emphasize that our aim in this section is to use our
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main result Theorem 2.1 not only to prove (10) but also to obtain the distributional limit
of Ty, under local alternatives, hence our results can be seen as an extension of the result
of Kiefer [15] to the case of local alternatives around the hypotheses of homogeneity.

In what follows, we aim to prove distributional convergence under local alternatives for
the test statistic T,.
3.1. Local alternatives

Now we consider a sequence of local alternatives p{™, n € N, which satisfies the following
structural assumption.

Assumption 2. For each n € N we have a map ™ : ¥ x [0,1] —» R as well as

D1y Pm € (0,1) with Y/~ p; = 1 such that

Y™ (i, t)
Jn

and that sup;es; 1ef0,1] | (i, 1) — (i, t)] — 0 with a continuous limit function ¥ : ¥ x
[0,1] - R.

PGt =t pi + , (i,t) € © x [0,1], (11)

Note that, under Assumption 2, the independence of Xl(n) and Yl(n) is equivalent to
Y™, t) = t- ™ (i,1) for all (i,t) € ¥ x [0,1]. for that reason, we say that p(™
approaches independence locally iff the limiting function ¢ fulfills ¢ (4, ) = ty (4, 1) for all
(i,t) € ¥ x [0,1].

Our aim is to prove the distributional convergence of T, under Assumption 2 using
Theorem 2.1. Note that Assumption 2 is stronger than Assumption 1, where the function
p(i,t) = pit, (i,t) € ¥ x [0,1], is differentiable with constant derivative p'(i,t) = p;,
(i,t) € ¥ x [0,1]. Hence we deduce directly from Theorem 2.1 the following result.

Corollary 3.1. Under Assumption 2 it is G, 4, G, where G is a centered Gaussian
process with covariance function

Cov(g(Lt),g(h,s)) = [1(2 = h)p; —piph] “(tAs), (iyt),(h,s)e X x[0,1].
Defining the stochastic process U, = (Uy(t))te0,1] Y

moS ~ 2
Z/[n(t) — Z (N’ﬂ(Z? lnjg)(;;‘z;fn(zﬂn)) , te [07 1]’

the test statistic can be rewritten as

1
T, = J U, (t)dt.
0
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We first prove a result about the distributional convergence for U,,. Then, we use the
Karhuen-Loéve expansion to prove the distributional convergence of T,,. Thereby, As-
sumption 2 is supposed.

Note that the limiting random vector (G(1,1),...,G(m, 1)), that is the stochastic process
G evaluated at time ¢ = 1, which appears in Corollary 3.1 is similar to the limit in the
classical CLT for multinomial distributions. Let

E=(£(4,h)ih=1,..m

be the telated covariance matrix, i.e. Z(i,h) = 1(i = h)p; — pipn, i,h = 1,...,m, and

define A = diag(p;l/Z7 .. ,pfnl/Z) -2 diag(pflm, . 7p;@l/z), that is

A= ()‘(iah))i,hil,...,ma )\(Z’h) = 1(2 = h’) — A/PiPh, ia h = 17 cee, M.

Note that A is the covariance matrix of (G(1,1)/s/P1,--.,G(m,1)/\/Dm), which is sym-
metric and positive semi-definite with rank m — 1. The eigenvalues of A are 0,1,1,...,1,
hence there is a orthogonal matrix A = (a(i, h)); p=1,....m such that

AAAT = diag(0,1,1,...,1).

Foreachi=1,...,m let

a; = (a(i,1),...,a(i,m))T
be the i-th column of A”. The m vectors ay,...,a,, form an orthonormal basis of R™
and it is Aa; = 0 and Aa; = a; for each i = 2,...,m. Note that for the first eigenvector

ar = (\/p1, - A/om) "

holds. For vectors a,b € R™ we write {a, by = >,/* | a;b; for the euclidean scalar product.
Further we write

1) = (UL D)., o(m, 1), te0,1],

where 1 is the limiting function from Assumption 2, and
— o\ _ (Y1) Y(m, t)
w(t) - ( \/p—l A \/ﬁ

As a application of Theorem 2.1 we obtain the following result. Proofs of the following
statements can be found in Appendix A.2.

)T,te[Q1}

Theorem 3.1. Under Assumption 2 it holds that

m

d — — 2
U, -4 (; [Bi(t) + Cai, %(t) — t5(1))] )te[o,l]’ (12)
where Bs, ..., Bm are m — 1 independent Brownian bridges. In the case where pi™ ap-

proaches independence locally the limiting distribution of U, is that of the sum of m — 1
independent squared Brownian bridges. In the latter case, the limiting distribution of U,
does not depend on the concrete values of p1,...,Dm.
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Using Theorem 3.1 yields the following statement.

Theorem 3.2. Under Assumption 2 we have

T, 5T= ) ) |2 e
h=li=2 = T
where Zy;, k € N, i = 2,...,m, are independent standard normal distributed random

variables and
1
Chi = f lag, P(t))N2sin(knt)dt + (—1)kk—2<ai,$(1)>, keN, i=2,...,m.
0 ™

In the case that the map t — (t), t € [0,1], is differentiable for each i = 2,...,m with
(the vector of) derivatives @/(t), te[0,1], it is

with )
di; = J <ai7$(t)>\/§cos(k7rt)dt, keN, i=2...,m.
0

In the case that p™ approaches independence locally we have

o
d Wy
I, —T= Z L2752’
k=1
where Wy, k € N, are independent random variables, each with the same x?-distribution
with m — 1 degrees of freedom.

Let us summarize the consequences of Theorem 3.2 for the independence test.

Corollary 3.2. The following properties of the independence test are valid.

(i) Under local alternatives of the form of Assumption 2 it is P(T, > ¢) — B with
B € [a,1], i.e., the test is asymptotically unbiased.

(i) In addition to (i) it is B = a if and only if ™ approaches independence locally.
This holds in particular in the case Y™ = 0, i.e., under the null hypothesis H. In
other words, the test reaches the significance level exactly in the limit.

(i) Under any fized alternative K it is P(T,, > ¢) — 1, i.e., the test is consistent.
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3.2. Simulations

We investigate size and power of our asymptotic independence test T,, with simulations
under the null hypothesis of independence and under alternatives. The performance of
T,, is compared with the recently proposed tests in Chatterjee [4] and Genest et al. [11].
The test in Chatterjee [4], denoted by C,, in what follows, shares several features to
our test. For that reason this test is chosen as competitor. In detail, the test statistic
is also distribution free in the limit under the null hypothesis of independence and use
the asymptotic quantiles as critical values, C), only depends on the concomitants as well,
and the test is also consistent. Beyond that, the test is asymptotically standard normal
distributed under the null hypothesis of independence. For the test in Genest et al. [11],
denoted by S, in what follows, it is seen in Genest et al. [11] that the test has much
power, hence we included it in our simulation studies. The test is also consistent, but the
test statistic is not distribution-free, even asymptotically or under the null hypothesis of
independence. For that reason, a wild Bootstrap procedure is suggested to obtain critical
values. In addition, the complexity of .S, is high which limits the applicability of the test
for large sample sizes. We point out that the tests in Chatterjee [4] and Genest et al. [11]
are applicable for random vectors (X7, Y1), where the components take values in the real
line. To enable the application of the tests in our situation, we consider the special case
that ¥ = {1,...,m} and note that our test T;, is applicable also for general categories .

The simulations are based on a Monte-Carlo simulation with 10.000 replications. For
the implementation of our test T}, critical values are obtained from from Table 1. For
the implementation of the test C),, quantiles of the standard normal distribution are
used as critical values. For the determination of critical values for the test S,,, we use a
wild Bootstrap with 1.000 replications. Due to the complexity of this test we restrict the
simulations for S,, to sample sizes less than 200. Table 2 shows our simulation results.
The presented values are average rejection rates. We consider the case that the joint
distribution of (Xi,Y7) follows a mixed-normal model, i.e., the conditional distribution
Y1|X1 = ¢ is a normal distribution with mean p; and standard deviation o; > 0, and
PXy =49 =p;>0,0=1,....m. Weset p=(p1,.--,0m), it = (p1,---,m), and
o = (01,...,0m). Note that in this model X; and Y; are independent if and only if
1 =+ = ly and o1 = --- = g,,. For that reason, the alternative K is valid if p or o
has entries which are not all the same.

For all tests T;,, C},, and S,,, it is seen that the empirical size values tend to the significance
level and that the empirical power values tend to one as the sample size increases. In
this regard, the empirical results confirm our theoretical findings for the test T,,. For
m = 2 and m = 5, all tests T},, C,, and S, keep the significance level quite well. For
m = 20, the test T}, does not keep the significance level quite well for small sample sizes
in contrast to the tests C,, and S,,. For m = 2, all tests T}, C,,, and S,, have much
power, where the power of T,, is comparable with the power of .S,, and much higher than
the power of C,,. For m = 5, the tests T,, and S,, have power, where the power of T,
is clearly higher than the power of S, and C,, has little power. For m = 20, all tests
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Tn, C,, and S, have power, where for small sample sizes the power of T,, is little and
the power of C), is higher than the power of S, for moderate sample sizes the power
of S,, is higher than the power of C,,, and for large sample sizes the test T;, gains more
power. The simulation results indicate that the sample size should be sufficiently large
compared with the number of categories to ensure a suitable quality of the test T, in
terms of size and power. Taking the latter into account, the simulation results indicate
that the test 1), is a serious competitor to concurring tests from the literature.

4. Application: Two-Sample test

In this section we consider the two-sample testing problem (5). Proofs can be found in
Appendix A.3. Throughout this section we assume that both maps ¢t — p;(i, ), t € [0, 1],
and t — pa(i,t), t € [0,1], are continuously differentiable for all ¢ € 3. At first, we
show that the two-sample testing problem is equivalent to the testing problem (6), which
motivates the usage of the test statistic (7). For this purpose, we need the following
general preparatory result.

Lemma 4.1. Let h,g: R — R be two non-decreasing functions and let Y a real-valued
random variable with h(Y) g g(Y). Then it is l(Y) = g(Y') almost surely.

Finally the equivalence of the testing problems (5) and (6) follows from the following
general result.

Lemma 4.2. Let (X1,Y1), (X2, Ys) be two bivariate random vectors where Xy, takes val-
ues in an arbitrary measurable space and Yy is real valued with a continuous distribution
function Fy for each k = 1,2. In this case the following two statements are equivalent.

(i) There exists a non-decreasing function g : R —> R such that (X1,Y7) 2 (X2,9(Y3)).
(ii) (X1, Fy(Y1) £ (X2, Fo(Y2))-

For each k = 1,2 we define the process G n,, = (Gk,n, (4:)) (5,t)exx[0,1] DY

[\}kmk (i7 lnktJ)
ng

G (i:1) = /i ( —pu(i,). (irt) € £ x [0,1]. (13)

Defining the stochastic process Fr, n, = (Fnyn,(4,1))@,0esx[0,1], DY

(g (N, Gilnat])  Na, (i [nat])y .
I Y P G ) () eDx (0.1, (14)

and the map ¥ : D[0,1]™ — R by

U(g(i,t)i,pemxf0a]) = sup  |g(i,t)],
€X,te[0,1]
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H | K
m m =2
P (p1,p2) = (0.5,0.5)
B (11, p2) = (0,0) \ (11, p2) = (0,1)
o (o1,02) = (1,1)
Level a=0.1 a = 0.05 a=0.1 a = 0.05
Test T Cn Sn T Chr Sn T Cn Sn T Cr Sn
n =25 120 109 130 .058 .055 .073| .748 .397 .761 627  .245  .660
n = 50 109 097 115 .055 .052 .061 951 527 953 906 430 913
n =75 103 .090 .107| .051 .0563  .055 993 .65 .993 983 515 984
n = 100 .099 .097 .101 .051 .045 .053 .998 754 998 997 635 997
n = 200 111 094 .11 .055 .052 .057 1 913 1 1 .856 1
n = 500 104 101 - .053 .049 - 1 998 - 1 995 -
n = 1000 098 .096 - .050 .048 - 1 1 - 1 1 -
m m =25
P (p1,...,p5) = (0.05,0.1,0.1,0.25, 0.5)
P wi=0i=1,...,5 \ (1, -, p5) = (1,0.5,—0.5,0,0)
o o;=11i=1,...,5
Level a=0.1 a = 0.05 a=0.1 a = 0.05
Test Tn Cn Sn Tn Chn Sn Tn Cn Sn Tn Chn Sn
n =25 .060 .091 123 .023 .044 .065 165 118 .159 .074 .061 .088
n = 50 .084 .095 111 .033 .046 .059| .38 .127 .191 242 .065 .107
n =75 .101 .094  .106 .045 .045 .054 .561 132 227 416 .071 135
n = 100 .095 .100 .105 .044 .050 .052 702 141 279 B77T 076 169
n = 200 .094  .096 .106 .045 .046  .053 .948 157 474 .905 .086  .319
n = 500 102 091 - .050 .046 — 999 199 - 999 117 -
n = 1000 101 097 - .050 .048 - 1 235 — 1 135 —
m m = 20
p p; =0.05,2=1,...,20
I u; =0,2=1,...,20
0i=05i=1,...,5
o op=1i=1,...,20 o;=1,i=6,...,15
oi = 1.5,i = 16,...,20
Level a=0.1 a = 0.05 a=0.1 a = 0.05
Test T Chn Sn Tn Cr Sn T Cn Sn Ty Cr Sn
n =25 .0 090 .119 .0 .045 .064| .0 227 204 .0 133 104
n = 50 023  .099 111 .004 .049 .059| .046 .337 .330 013 225 172
n =75 061 .095 .102 .022 .044 .052 127 427 518 .055  .297  .296
n = 100 .078 .101 .106 .029 .051 .055 191 504 .681 .093 .375 443
n = 200 100 099  .105 .046 .052  .052 390 712 969 .248 584  .899
n = 500 .090 .096 — .042  .048 - 931 948 - .841 900 -
n = 1000 .101 099 - .050 048 — 1 997 — .999 993 —

Table 2. Average rejection rates for our independence test T}, the independence test C), in Chatterjee

[4], and the independence test Sy, in Genest and Remillard [10].
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the test statistic can be rewritten as

Tn17”2 = \I/(]:nlﬂu) = sup |]:7L1,7l2 (th)| (15)
i€X,te[0,1]
If G = (G(i,t))(i,exx[o,1] s a centered Gaussian process with continuous paths and

covariance structure as given in Theorem 2.1 we write
G ~ GP(p) (16)

and G, % GP(p) if convergence in distribution towards a GP(p)-distributed Gaussian
process holds. Application of Theorem 2.1 yields the following result.

Corollary 4.1. Under the null hypothesis H (i.e., p1 = pa = p) and if n1,ny — ©
such that ni/(n1 +mng) = v € (0,1) it is Fuyon, N GP(p).

In order to treat the two-sample testing problem with the test statistic 75,, »,, suitable
critical values are needed. As a consequence of Corollary 4.1 combined with the con-
tinuous mapping theorem, the test statistics T, n, converges in distribution towards
a random variable 7' with distribution GP(p)” under the null hypothesis # (i.e., if
p1 = p2 = p). In general, GP(p)\P depends on the unknown distribution p = p1 = po
and hence is not distribution free. To resolve this problem and to obtain suitable critical
values, a Bootstrap approach is suggested.

4.1. Bootstrap procedure
Let us define the pooled set of concomitants by

an,nz = (Xl,[1:n1]7 s aXl,[n1:n1]7X2,[1:n2]a <o aXZ,[ngznz])a

that is X,,, », takes values in ¥"*"2. We now explain the procedure for generating a
suitable Bootstrap sample of X,

1,2

1. Independently from X, ,, generate independent random variables By, j, Uy j, 7 =
1,...,ng, k = 1,2, such that each Uy ; is uniformly distributed on [0, 1] and each
By, ; satisfies

P(By;=1)=—2— and P(By,; =2) = —2

ny + N ny + N

2. Fork=1,2and j=1,...,ng set Iy ; = [n1-Uyg ;]| and Ji ; = [na- Uk ;] and define

)?k’yj — {X17[1k1j2n1]7 if Bk,j =1

XQ,[Jk,j:"Q]? lf Bk},j = 2'
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jne]s J = 1., of the Xy 5, j =
1,...,ng, with respect to Uy ;, j = 1,...,n, and set

3. For k£ = 1,2, define the concomitants )’(\'H

an,nz = (Xl,[l:n1]7 s 7X1,[n1:n1]7 X2,[1:n2]a s 7X2,[n2:n2])'
Let J?n1,n2 be the stochastic process obtained by replacement of X, ,, with thm
in (14) and let T,,, n, = ¥(Fp, n,) be the associated statistic. Denote by K, ,, the

(random) distribution function of fmﬂm given X, n,, that is
Ky (@) = P(Toy ny < #|Xnyn,), z€R, (17)

and let K !,  be the inverse quantile function of K, n,. Given that o € (0,1) is the
significance level, we suggest to use the two-sample test which rejects the null hypothesis
H if and only if T, , > K, 1, (1—). In general, K, !, (1—a) is not available in a closed

mn1,Nn2 ni,n2
form. For that reason, K, ,jl{nz (1 — ) has to be approximated by Monte-Carlo simulation.
For this purpose, we generate B € N, where B is sufficiently large, independent Bootstrap
samples Xflbl),m, b=1,...,B, the associated statistics T,(Lli),nz, b=1,...,B, and estimate

Kn17n2 by
1B
% (b
KB nyms (@) = 5 MY, <z), zeR.
b=1
We state the main result of this section in advance.
Theorem 4.1. Ifny,no — o0 such that

1— —
" e (0,1) and LTz ma

- eR, 18
ny + no /N1 +ng = ( )

it follows that

(i) P(Tm,n2 > K>t o(1— a)) — « under the null hypothesis H,

ni,n2

(i) P<Tn1,n2 > K, (1 - oz)) —> 1 under alternatives K.
For the proof of this result, some effort is needed. We present all the necessary interim
statements and the final proof step here, the missing proof can be found in Appendix
A.3. For the rest of the section we regard the sample sizes n; and ny as two functions
ni,ng : N — N with lim,_,,, n1(n) = 00, lim,_,», ns(n) = oo and

lim nl(n) =7€ (07 1) and lim (1 — W)nl(n) — 7”2(’[1)

2 () + () iy S IR — ek (19)

All limits considered in the following are as n — oo. If we write n; we always mean
ng(n) for some n. Sometimes we refer to (n,n1,ns) in the sense that we understand ny
as ng(n).
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Lemma 4.3. Suppose that the null hypothesis H is true, where the underlying joint
distribution is defined by

P\ (1) = p(i,t) + M (i,t) € & x [0,1], (20)

VT
with a map v™ : ¥ x [0,1] = R and that
a) p(i,t) = P(X =i,U <t) where P(X € X) =1 and P(U < t) =t for each t € [0, 1],
b) t — p(i,t) te[0,1], is continuously differentiable for each i € ¥ with derivative
P 1),
¢) there is a continuous limit function ¢ : £x[0,1] — R such that sup;es, 10,1 () (i, 1) —

¥(i,t)] — 0.
Then, it holds that Fp, n, —> GP(p).

In what follows we work in a particular probability space for Xy, n, = Xu,(n)na(n)s
n € N. For this purpose, we specify this special construction and prove its existence next.

Lemma 4.4. There exists a probability space (2, A, P) with random variables X, n,,
n € N, such that the following properties hold.

(i) limy, supses te0,17 | Nk (8 [kt ]) /ne — pi(i, )] = 0 almost surely for k =1,2.
(i) There exist independent centered Gaussian processes with continuous paths G' ~
GP(p1) and G" ~ GP(p2) such that Gi n, — G’ and Ga n, — G” almost surely.
(iii) There exists a random wvariable U, uniformly distributed on [0,1], such that U,
Xnime, €N, G, G" are independent.

Using (30) we obtain the following result.

Corollary 4.2. On the probability space constructed in Lemma 4.4 and under H, i.e.,
in the case of p1 = p2 = p, the process Fy, n, converges almost surely towards the centered
Gaussian process with continuous paths G = \/1 —~G" — \/7G" ~ GP(p).

On the probability in Lemma 4.4 we can use the independent randomization variable U to
construct countable many Bootstrap samples of X,,, ,,, which are conditional independent

given X, n,. We write )A(nl,nz for a Bootstrap sample of X, ,, and .7?”1,”2 for the

stochastic process (14) on the basis of )?nhm, instead of X, ,,,. We denote by )?T(ﬁ)m, be
N, a (conditional independent given X,,, ,,) sequence of Bootstrap samples, and we define

by fy(fi),m, b € N, the related stochastic process (14).
The key proposition used in the proof of Theorem 4.1 is the following.

Proposition 4.1. On the probability space in Lemma 4.4 it holds that

ﬁnhn? N GP(vp1 + (1-v)p2) given Xy, n, almost surely.
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If in addition H holds, i.e., if py = p2 = p, then ﬁnl,nz 4, GP(p) given Xy, n, almost
surely.

Because the map W is continuous and almost sure weak convergence of random probabil-
ity measures always implies weak convergence of expectations, we obtain the following
corollary from the previous proposition.

Corollary 4.3. On the probability space in Lemma 4.4 it holds that

Zf’nhn? 4, GP(yp1 + (1-7)p2)" given X1 n, almost surely.

On any probability space it is
Fims =5 GP(ypr + (1-9)p2)  and Ty = GP(yp1 + (1-7)p2)" . (21)
In order to prove Theorem 4.1 we proceed with the following lemma.
Lemma 4.5. Under H, i.e., if p1 = p2 = p, it holds that
(Frsinss FSU o, F2Y —4 GP(p) @ GP(p) @ GP(p) .

ni,m2?Y ni,n

Applying the map ¥ in the sense that (g, 91,92) — (¥(g), ¥(g1), ¥(g2)) yields a contin-
uous map. Hence as a direct consequence of the previous lemma we obtain the following
result.

Corollary 4.4. Under H, i.e., if p1 = p2 = p, it holds that
(Tayas T, T2,0,) =5 GP(0) @ GP(p)Y @ GP(p)”

n1,n2? T N1,n2
The following lemma is needed.

Lemma 4.6. Let T' = U(G) = supjey sefo,1] 194, t)| with G ~ GP(p). Then the map
x> P(T <x), zeR, is continuous and strictly increasing on (0, 00).

Finally we prove the main result in this section .

Proof of Theorem J.1. For (i) we apply Lemma 4.2 in Biicher and Kojadinovic [3].
For this purpose, it is sufficient to show that

(T, T 7(2) )—d>(T,T(1),T(2))

ni,m2y fni,ng’ Tny,ne
such that

(a) T,T (1, 7 are independent and identically distributed under #,
(b) T has a continuous distribution function under H.

For ii) we show that

~

(¢) Th, n, converges in distribution under K.

Well, (a) is Corollary 4.4, (b) is Lemma 4.6, and (c) follows from Corollary 4.3. O
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4.2. Simulations

In what folows, size and power of the two-sample test is investigated via simulations.
The simulations are based on a Monte-Carlo simulation with 3.000 replications, where
the Monte-Carlo approximation of the Bootstrap critical values based on 500 replications
in each case. In the simulations, the joint distribution of (X} 1,Y%,1) follow a mixed-
normal model in the simulations, i.e., the conditional distribution Y} 1|X%1 = ¢ is a
normal distribution with mean iy ; and standard deviation o ; > 0, and P(Xy1 =) =
Pei > 0,1 =1,....m, k =1,2. We set pp = (D15 Pkm), Bk = (k155 fik,m)s
and o = (0 1,...,0k,m). Empirical size and power values of the he two-sample test are
displayed in Table 3 and Table 4, respectively. It is seen that the empirical size values
of the test tent to the significance level and that and that the empirical power values
of the test tend to one as the sample size increases. The empirical results confirm the
theoretical findings.

m m =2 m =3 m=>5
p1 = D2 p1 = p2 = (0.5,0.5) p1 = p2 = (0.5,0.25,0.25) | p1 = p2 = (0.4,0.2,0.2,0.1,0.1)
Bl = pi2 p = p2 = (0,0) pm = p2 =(0,-1,1) m = p2 = (0,0,0,0,0)
01 =09 o1 =02 =(1,1) o1 =02 =(1,1,1) o1 =02 =(1,2,3,4,5)
ni no a=0.1 a = 0.05 a=0.1 a = 0.05 a=0.1 a = 0.05
25 25 0.086 0.050 0.074 0.044 0.069 0.041
50 25 0.091 0.040 0.101 0.049 0.097 0.044
50 50 0.090 0.041 0.088 0.038 0.071 0.033
100 50 0.094 0.044 0.086 0.043 0.083 0.037
100 100 0.081 0.036 0.093 0.046 0.072 0.037
500 100 0.096 0.052 0.102 0.054 0.093 0.049
1000 200 0.105 0.057 0.089 0.049 0.101 0.052
1000 1000 | 0.090 0.051 0.093 0.045 0.103 0.056

Table 3. Empirical size values for the two-sample test.
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m m=2 m=3 m=>5
1 p1 = (0.5,0.5) p1 = (0.5,0.25,0.25) p1 = (0.4,0.2,0.2,0.1,0.1)
1 #1 = (0,0) m = (0,—1,1) 1 = (0,0,0,0,0)
o1 o1 =(1,1) o1 =(1,1,1) o1 =(1,2,3,4,5)
P2 p2 = (0.3,0.7) p2 = (0.5,0.25,0.25) p2 = (0.4,0.2,0.2,0.1,0.1)
iz iz — (0,0) 2 = (0,0,0) 1z — (0,0,0,0,0)
o2 o2 =(1,1) o2 =(1,1,1) o2 =(1,1,1,1,1)
ni ng a=0.1 a = 0.05 a=0.1 a = 0.05 a=0.1 a = 0.05
25 25 0.359 0.263 0.114 0.062 0.066 0.040
50 25 0.483 0.341 0.140 0.065 0.115 0.052
50 50 0.613 0.490 0.167 0.080 0.108 0.056
100 50 0.728 0.621 0.215 0.115 0.132 0.074
100 100 0.863 0.777 0.316 0.175 0.167 0.092
500 100 0.970 0.952 0.572 0.368 0.249 0.140
1000 200 1.000 0.999 0.940 0.826 0.493 0.300
1000 1000 1.000 1.000 1.000 1.000 0.998 0.987

Table 4. Empirical power values for the two-sample test.

Appendix: Proofs

A.1. Proofs for Section 2

Proof of Theorem 2.1. Suppose without loss of generality that Yl(n) has the uniform
distribution on [0, 1], i.e., FM(t) =tforallte [0,1]. In particular, ™ (i, t) = P(Xl(") =
i, Yl(n) < t) for all (i,t) € ¥ x [0,1]. A natural and consistent estimator for p(™ based on

the full observations (XJ(»n), Y(n)) j=1,...,n,is given by

— E X = Y <t t)e X x [0,1].
pn n P= =1, ) (Z, ) € X [ s ]

Consider the empirical process based on the full observations
En = (gn(ivt))(i,t)er[O,l] with gn(iat) = \/E(A;n)(zvt) - p(n) (ivt))a (ivt) €Y x [Oa 1]
Classic empirical process theory for triangular arrays yields that

En -5 €,

where £ = (£(4,1))(i,t)ezx[0,1] 15 @ centered Gaussian process with continuous paths and
covariance function

Cov(E(i,t),E(h,s)) = 1(i = h)p(i,s A t) — p(i,t)p(h,s), (i,t),(h,s) e X x [0,1],
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see Ziegler [22]. Like before we write &,(i,-),E(4,-) for coordinate processes. Let F, be

the empirical distribution function of Yj(")

(i 5”(i’t))te[ - (VB 1)) LB,

01 te[0,1]

s i=1,...,n. It is

where B = (B(t))te[o,1] is a Brownian bridge. It follows from the continuous mapping
theorem that the limiting sum process " | £(i,-) is a Brownian bridge.

Let Y[(lni] << Y[Slnzl be the order statistic of Yl(n), .. 7Y,5"). For each t € [0,1] we
define the empirical t-quantile of Y7,...,Y,, as

_ vin)
Qn(t) - w}/[Lntj:n]’

where we set Y[gnz] = 0. In the triangular situation, both the empirical distribution

function ﬁn and the process of empirical quantiles @n converge uniformly to the identity
in probability. As noted above, \/ﬁ(ﬁn(t) — t)se[0,1] KA B, where B is a Brownian bridge.
The so-called Bahadur-Kiefer process, that is the sum process (\/ﬁ(ﬁn (t)—t) —h/ﬁ(@n (t)—

t)) tefo,1]° COnverges uniformly to zero in probability, i.e.,

supsepo] [V (Ea(t) — 1) + Vn(Qn(t) —t)] >0, (22)

see Bahadur [1] and chapter 15 and chapter 18 Shorack and Wellner [19]. As a consequence
of (22) we obtain the joint distributional convergence

- A d
(VB = Dietons VA@nlt) = et )~ (B,=B),
where B is a Brownian Bridge.
The proof of Theorem 2.1 is now based on the following representation of G,, involving the

empirical process based on the full observations &, and the process of empirical quantiles
Q@n- First note that for each t € [0,1], and j = 1,...,n, it holds the equivalence

This implies
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and hence

Gn(i,1) = €a (6, Qu (1)) + Vo™ (1, Qu(1)) = p™ (0, 1)], (1,0) €T x [0,1]. (23)
Using Assumption 1 yields for each i € X,¢ € [0, 1]

Gu(i,t) = Ea (i, Qn (1)) + V[ p(i, Qu(t)) — p(i, )] + [0 (@, Qu(t) — ™ (4, 1)].  (24)

We first consider the third summand on the right hand side of (24). By assumption is is
SUD(; )esix [0.1] [ (i, t) — (i, t)] — 0 and ) is continuous. Because SUPtefo1] [@n(t) —

t| £, 0 we have

e A n) /- P
Sup(; e x o1 [ (6 Qu(t) — ™ (i,1)| = 0. (25)

We now investigate the first summand on the right hand side of (24) and show that

SUP (i pyesxfo.1] [€n (i Qn (1)) — En(i, )] > 0. (26)

We show (26) using the Skorokhod’s representation theorem. First note that @n is a
D([0,1])-valued random variable witch converges in distribution to the constant iden-

tity function id. Since this limit is constant, &, 4, ¢ implies the joint convergence

(En, Qn) 4, (€,id). Now using Skorokhod’s representation theorem we assume that the
joint convergence is almost surely. Note that convergence takes place in the topological
product space D([0,1])™ x D([0,1]) and that the limit (€,id) is concentrated on the
subspace of continuous functions C([0,1])™ x C([0,1]). It is a well known fact that a
sequence of functions e, € D([0,1]) converges to some continuous function e € C([0, 1])
if and only if supefo 17 len(t) — e(t)| — 0. This fact can be extended for the product
spaces C([0,1])™ and D([0, 1])™ and hence sup; ;yexx[o,1] [€n (i, 1) — E(i, 1) 22 0 holds.
Triangle inequality yields

sup  |En (i, Qu(t)) — Eni, )]
(i,t)ex x[0,1]

< sup |gn(ia Qn(t)) - E(Z’ Qn(t))| + sup |8(Z7 Q?L(t)) - 8(27 t)|

(i,)exx[0,1] (i,)exx[0,1]

The first summand in the upper bound is bounded by sup; y)exx[0,1] |En (i, 1) —E(i, )| and
hence converges to zero almost surely. The second summand in the upper bound converges

to zero almost surely as well since £ has continuous paths and sup;e(g 1 1Qn(t) —t] &35 0.
Hence (26) holds.

Now we investigate the second summand on the right hand side of (24). By Assumption 1

the map ¢t — p(i,t), t € [0,1], is continuously differentiable with derivative p/(i,t) for
each 7 € ¥. We use a first order Taylor expansion and obtain

p(i,s) = p(i,t) + p'(i,t) (s — t) + r(i,t,8)(s — t), i€ 2, t,s€[0,1]



Empirical process of concomitants for partly categorial data 23

with

p(i,S) B p(i,t) o

r(i,t,s) = ; p'it), ieX, t,se0,1],
5 _

where we set r(i,t,t) = 0. With s = @n(t), t € [0, 1], we obtain

\/ﬁ(p(i, @ﬂ(t)) - p(i,t)) = [pl(ivt) + T(i,t @n(t))] ) [\/ﬁ(@n(t) - t)]v te [07 1] (27)

Since t — p/(i,t), t € [0,1] is continuous for each i € ¥ by assumption, (¢, s) — r(i,t, s),
t,s € [0,1], is continuous for each i € X and hence sup,cpg 1 |@n(t) — 1 £, 0 implies

SUP(; esxfo.1] 1706t Qn ()] = 0 because 7(i,¢,t) = 0 for each (i,t) € T x [0,1]. We
obtain

P pessgo. ] | V(PG Qu() = (i) = /i NR(Qu(t) =) | 0.

Using (22) and /n(F,(t) —t) = 30", £4(i, 1), t € [0,1], we can replace v/n(Qn(t) —t)
with — > | £,(i,t) in the previous equation for each ¢ € [0, 1] and obtain

A~

sub(esx (o] | V(PG Qu(0) = p(i D) — [=4/(0) Y Ealht)] | Do0. (28)

h=1

Combining (24), (25), (26), and (28) yields

SUP(;,t)ex x[0,1]

Gulist) = [Ealis1) = 9 (i,1) Y Enlh,B)]| > 0. (29)

h=1

Because t — p'(i,t), t € [0,1], is continuous for all ¢ € ¥ by assumption, the map
® : D([0,1])™ — D([0,1])™, defined by.

m
(I)(eh s 7em) = (917 s 7gm) where gz(t) = el(t) - pl(lzt) Z eh(t)7 te [07 1]a
h=1
is continuous and hence &, <> £ implies ®(E) S ®(&). Combining this with (29) yields

G -5 G =) = (g(i,t) —J(it) i &(h, t))

= (i,t)ex x[0,1]

It is obvious that G has continuous paths. Moreover, the finite dimensional distributions
of G are linear transformations of the finite dimensional distributions of £ which are
centered Gaussian, hence G is a centered Gaussian process. Simple calculation shows
that the covariance function of G is as claimed in the theorem. O
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A.2. Proofs for Section 3

Proof of Theorem 3.1. From Assumption 2 it follows that for each i € Xt € [0, 1]

A~

Noi,nt]) N, (i,n)

\/5( ) _ (gn(i,t) + (i,t)) _— (gn(i, 1) + 4™, 1))~

Combining the distributional convergence G, %, G from Theorem 2.1, the uniformly

convergence 1™ — 1 and the almost sure convergence n/J’\\fn(z,n) - 1/\/pi, @ =
1,...,m, yields

Nn .a t _t[\\[’n .a bat /. .71 /.
(Rnlhdmt) = £ Nl )y s (298 45,0 (01 1550, 1) .
5o (i,t)exx[0,1] N/ N/ (i,t)exx[0,1]
Ny (i,n)
Let Ws, ..., W,, be independent Brownian Motions. Basic calculations show that
1.. .
(g( ,)7.._’g(m,)) 4 (O,W27,Wm)A
N/2) \/Pm

Because Y/" 4™ (i,t) = 0 for all t € [0, 1] it is }};" ¥(d,t) = 0 for all ¢ € [0, 1] and hence
with 7;(t) = {a;, ¥ (t)) for i =2,...,m and ¢ € [0,1] it follows that

Ly (m,)
W):(m““’ m)

The orthogonality of A yields

= (07772(t)7"~777m(t)) A te [07 1]

U - (i [Nn(i, |nt])

—t-Nyp(i,n)q2
~ \/m ] )te[O,l]

m

d — — 2
(2 D0t = omh + i ~WF)
The result follows since B;(t) = W;(t) — tW;(1), t € [0,1], is a Brownian bridge. O

Proof of Theorem 3.2. Theorem 3.1 together with continuous mapping theorem yields
T, A7 , where

T = ZJO [B;(t) + {a;, ¥(t) — t@(1)>]2dt

with independent Brownian bridges Bo, ..., B,,. Te distribution of T' can be expressed
using the Karhuen-Loéve expansion. For this purpose, consider the Hilbert space L? =
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L?([0,1]) with inner product {f,g)rz = SS f(t)g(t)dt, f,g € L2. An orthonormal basis is

given by ey (t) = \/2sin(knt), t € [0,1], k € N. The well-known Karhuen-Loeve expansion
for Brownian bridges yields

o
B'L' i %ekv
k=1
where Zy;, k € N, ¢ = 1,...,m, are independent standard normal distributed random
variables. The map t + (i, t), t € [0,1], is continuous for each i = 1,...,m by assump-
tion, hence an element of L2. The same is true for f;(t) = {a;,¥(t) — t(1)), t € [0,1],
and hence f; = ;" | ckier, i = 1,...,m, where

1
ki = {fi,enyr2 = Jo lag, P(t) — (D)W 2sin(knt)dt, ke N, i=2,...,m,

it is .
e
Bi+fi< Z [ﬁ+ck7i]ek, i=2,...,m,
k=1
and d m xL 9
r= Z [ k.kﬂ + Ckﬂ]
i=2 k=1

Partial integration and cos(kw) = (—1)* yields Sétsin(kﬂt)dt = (-1)*s=, k € N. The
first convergence stated follows using the linearity. If ¢ is differentiable we apply partial
integration to Sé(ai,i(t»\/i sin(kmt)dt and use ¥(0) = 0 to obtain the second conver-
gence stated. In the case that p("™ approaches independence locally it holds () = ti)(1),
t € [0,1], and hence @/(t) = 1(1), t € [0, 1]. Analogously to above we obtain

1 1
di; = f <ai,$(t)>\/§cos(k7rt)dt = <ai,E(1)>\/§f cos(kmt)dt =0, ke N, i =2,...,m.
0 0

It follows that 7' < Zkle ﬁ > Zk, and from the fact that the sum of independent
squared standard normal distributed random variables is x-squared distributed the last
convergence stated follows. O

Proof of Corollary 3.2. First we consider the case where (™ approaches indepen-

dence locally. Theorem 3.2 yields that T, - T, where T = > Wi/(k*m?) with inde-
pendent random variables Wy, k € N, each with the same y-squared distribution with
m — 1 degrees of freedom. The distribution function of the a.s. positive random variable
T is continuous and strictly increasing on (0,00). For that reason, the (1 — a)-quantile
¢ is uniquely determined and P(T,, > ¢) — « follows. Now we consider local alter-
natives, where (™ does not approach independence locally. The first convergence in

Theorem 3.2 yields that T;, N , say, where T" is the sum of independent random vari-
ables, each with a continuous distribution and support (0, 00). This yields the convergence
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of P(T,, > ¢) to some S € [0,1]. Note that the ¢ ; appearing in the representation of 7"
are zero for all ke N, i = 2,...,m, if and only if /(" approaches independence locally;
hence at least one ¢y ; is different from zero resulting in that 7” is stochastically strictly
larger then T" which yields § > « in this case. These arguments prove (i) and (ii). The
consistency of the test in (iii) for fixed alternatives follows with standard arguments. [

A.3. Proofs for Section 4

Proof of Lemma 4.1. By symmetry it is sufficient to show that P(h(Y) < g(Y)) = 0.
It is {R(Y) < ¢(Y)} valid if and only if there exists y € Q such that A(Y) < y and
g(Y) > y. Union bound yields

P(h(Y) < g(Y)) < D P(h(Y) <y,g(Y) > y).
yeQ
For that reason, it is sufficient to show that
P(h(Y) <y,9(Y) >y) =0 for each y € R.

Let y € R be fixed and let A = {h(Y) < y} and B = {g(Y) < y} such that P(h(Y) <
y,9(Y) > y) = P(A n B°) holds. Because h, g are assumed to be non-decreasing it is
AC Bor BC A. If AC B it follows that A n B¢ = & and hence

P(h(Y) <y,9(Y)>y) = P(J) =0.
If B € A it follows that
P(h(Y) <y,9(Y)>y) = P(A) — P(B).

Since h(Y) and ¢(Y) are assumed to have the same distribution it is P(A) = P(B),
hence
P((Y) <y,9(Y) >y) = 0.

O
Proof of Lemma 4.2. For k = 1,2 let F, *(y) = inf{x € R : F(z) > y},y € (0,1) be
the inverse quantile function of Fj which is non-decreasing. Since F}, is continuous and

Y. has distribution Fj, F(Y}) follows the uniform distribution on [0, 1]. First, we show
that (ii) implies (i). Applying F;* to the second components of both vectors yields

(X1, Fy {(F (1)) £ (Xo, Fy H(F2(Y2)))

Since Fy(Y7) follows the uniform distribution on [0,1] the random variable F;™* (Fy(Y7))
has the same distribution as Y7. The function h = Fl_1 o F} is non-decreasing and hence
Ffl(Fl (Y1)) = Y7 almost surely by Lemma 4.1. This yields

(X1,Y1) £ (Xo, FH (Fa(Y2)))
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and hence (i) follows by application of the non-decreasing function g = Fy~ Lo Fy. To show

that (i) implies (ii), let g be a non-decreasing function such that (Xi,Y7) 4 (X2,9(Y3)).
Applying F to the second components on both sides yields

(X1, B (Y1) £ (X, Fy(9(Ya)))-

Since F1(Y1) follows the uniform distribution on [0,1], Fi(g(Y2)) follows the uniform
distribution on [0, 1] as well. But F5(Y3) is also uniformly distributed on [0, 1], hence
Fi(g(Y2)) and F5(Y3) have the same distribution. Since both Fj o g and F» are non-
decreasing Lemma 4.1 applies and we obtain Fj(g(Y2)) = Fz(Y2) almost surely and
hence (ii). O

Proof of Corollary 4.1. Since p' = p?> = p we add a zero 0 = p — p and obtain

N2 ny
1,n —
! niy + no

Fring = G2.n,- (30)

ny + no

Theorem 2.1 yields G n, 9, GP(p) for k = 1,2. The independence of Gi n,,G2.n,

yields Fp; n, 4 g=yi= G — \G" where G, G" ~ GP(p) are independent. Basic
calculations yield G = /T =G’ —/7G" ~ GP(p). O

Proof of Lemma 4.3. Since we can adopt the argumentation in the proof of Corollary
4.1, it is sufficient to show that G ,, and Ga ,, converge in distribution towards GP(p).
This is clear for G; ,, by Theorem 2.1 because Assumption 1 is fulfilled. For G5 ,,, note
that

i

and because (") converges uniformly towards a continuous ¢ by assumption, , /Z—f cap(m)

P (i) = p(i,t) + , (i,t) € © x [0,1],

converges uniformly towards the continuous function 4/ 1777 - 1. Hence Assumption 1 is
also satisfied for Gs ,,. O

Proof of Lemma 4.4. Let C(X) be the set of all functions p : ¥ x [0,1] — [0, 1] that
are of the form p(i,t) = P(X =4,U < t), i € X,t € [0,1] for some bivariate random
vector (X,U) with P(X e ¥) =1 and P(U <t) =t for all t € [0, 1]. For each w € £" we

define N, : ¥ x [0,1] — [0,1] by Ny, (i,t) = £ 3" 1(w; =), i € %,t € [0,1]. Let

M = {Ny;w € Up=1X"} U C(D).

For p,p' € M define d(p,p') = sup;es se0,1710(i, 1) — p'(4,1)|. In Gerstenberg [12] it is

shown that (M, d) is a compact metric space. Considering the map (i,t) — J’\}knk (7, [nit])/nk,
(i,t) € ¥ x [0,1], k = 1,2, as random variable with values in the compact metric space
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(M, d), the convergences stated in (ii) hold in probability on any probability space. More-

over we have Gj ,, LG~ GP(p1) and Gz, NN GP(p2). In all, since the limits p;
and p are constants and G . , G2.n, are assumed to be independent it holds the joint con-
vergence in distribution with respect to the product space M x M x D[0,1]™ x D[0, 1]™,
which is as a product of polish spaces also a polish space, to (p1, p2,G’,G”) on any proba-
bility space. Using the Skohorod embedding theorem yields the existence of a probability
space (2, A, P) where all these random variables are defined and the convergence holds al-
most surely. In all, (i) and (ii) are proved. (iii) can be obtained easily by attaching uniform
randomization to the probability space, i.e., by setting (2 x [0, 1], A®Bo,17, P@unif[0, 1])
and U(wy,ws) = ws. O

Proof of Proposition 4.1. Let U be uniform distributed on [0, 1] independent from
X,y n, and for each k = 1,2 let Jy, = [n,U]. For (i,t) € ¥ x [0, 1] define

Pk,ny (Z7t) = P(Xk,[Jk:nk] =1, U< t|Xn1,n2)~

It holds that

Nion, (i, | st t
Do (1) = MJFP(X,Q[MH PN UL R |Xn17n2), (i) € £x[0, 1],
ng ng
and hence R
N, ; N 1
sup ‘pk,nk(z}t) _ M‘ < —. (31)
(i,t)exx[0,1] Nk Ng

By construction, the distribution of the bootstrap sample )A(n
is determined by

1,n, conditioned on Xy, »,

(n) _ ni n2
= Pling T~ P2n,-
ny+ne "t ng 4+ng M

We aim to apply Lemma 4.3 and to show that the sequence p(™ fulfills the assump-
tions there almost surely. Because of (31), sup(; yesxo,1] Ip™ (i, t) — (ypr(iyt) + (1 —
Y)p2(i,t))| — 0 almost surely. Moreover, ¢t — vp1(i,t) + (1 — v)p2(i,t) is continuously
differentiable for all ¢ € . It remains to show that

NI (p(") —[vpr + (1 - v)pz]) (32)

converges almost surely uniformly towards a continuous limit. Plugging in definitions
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yields

x/nT(p(”) — [yp1+(1 - ’7)02])

m(nl g P TP Tl Py (I —=7)p2
ni (1 —~)n1 —yn2
= 1 (p1me — p1) + pp—2 L T2
n1+n2[ HPrn =) + NG

U») n

1[@(@7”2 —,02) +p2vn2—

ny +ng \ No

We consider the terms \/ny (pk,nk — pk), k =1,2. From (31) it follows

sup |\ (o, (5,8) = pu(is 1)) = G, (i) < —.
(3,t)exx [0,1] ( § ) ¥ VIE

It converges Gin, — G',Gan, — G” almost surely and since the upper bound in the

latter formula goes to zero, both \/n; (an1 — pl) — G" and /ns (p27n2 — p2) — Gg”

(1—v)n1—yns yn2—(1—vy)m
Nz N

the integer sequences, see (19). Finally we obtain the almost sure convergence of (32)

against a continuous limit function. Hence for almost all w the sequence p(™) (w) satisfies
the assumption needed for applying Lemma 4.3. O

almost surely. The terms p; and po converge by assumption on

Proof of Lemma 4.5. Assume we are on the probability space in Lemma 4.4. We write
L(+) for the distribution of a random element and £(:|-) for conditional distributions. It

is
)
)

where §,, is the Dirac measure at x. Since ﬁﬁnwﬁ,ﬁ?w are conditionally independent

given X, , it is

Now Fp, n, — G almost surely by assumption, see Lemma 4.2, hence dr, . <, dg
X1 ns) —%, GP(p) almost

surely for b = 1,2. The map (u,v) — p ® v is continuous and so

‘C(‘Fnl’"ﬂ ﬁ7(111),n27 ]?7(5)?12) =E (’C (]:”11”2 ’ ‘/,_:.T(Ll1)7n27 ﬁ7221),n2

Since F,, n, is measurable with respect to X, », it follows that

‘C(‘7:"17"27 j}7(111)7n2’ j:-T(L?),nz) = E (5]:"1 )2 ® ‘C <ﬁ7(111)7n2’ j}T(L?),nz

E(]:nl n2) ]/:\.7(111)%2’ j:-(Z) ) =E (6-7:n1 ng ®L (jz\.r(zll),n2

ni,n2

X, m) ®L (ﬁ,ﬁ%m

almost surely. Moreover by Proposition 4.1 it is ,C(]-A"T(Lli),n2

0F, my ® L'(ﬁ,(lll)m an’nz) 4, 0g ® GP(p) ® GP(p) almost surely.

Xpyims) ® L(F2)

ni,n2
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In addition, it is
‘C(}—nhnz’ﬁr(zll),ngvﬁv(i),ng) = E((S-Fnl,ng ®£(ﬁ7(tl1),n2 X”17"2) ®‘C(]?Y(LQ1),7L2

R E((Sg ® GP(p) ®GP(p)).

)

and we get

L(Fyny FV o F2 )~ E(5) ® GP(p) @ GP(p) = GP(p) ® GP(p) ® GP(p) -
O

Proof of Lemma 4.6. First note that T' = sup;cx 1¢[0,1]~q |9 (i, )| almost surely since
G ~ GP(p) has continuous paths. Noting that G is a centered Gaussian process and takes
values in a separable space we want to apply Corollary 1.3 together with Remark 4.1
from Génssler, Molnar and Rost [9]. It remains to show in that G is not identically to
zero, i.e., that the variances Var(G(i, t)) differ from zero for some (i,t) € (i,t) € ¥ x [0, 1].
By assumption it is p(i,1) € (0,1) for all ¢ € ¥ and hence

Var(G(i, 1)) = p(i, 1)(1 = p(i, 1)) > 0.
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