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1. INTRODUCTION

In the aftermath of the financial crisis of 2008, Knightian uncertainty has enjoyed increasing
interest in the finance community; cf. [42] p. 45]. It describes situations in which the parame-
ters determining the realisation of an economic outcome are ambiguous or simply impossible
to be known. A fairly recent, by now established and widely studied mathematical approach
to this phenomenon are robust financial models which do not assume the existence of a dom-
inating probability measure on the future states of the world; see [11}, [14], 16, 19 37, 41]
and the references therein. A well-known difficulty here is that the usual analytic tools
which strongly rely on the Banach space and lattice properties of function spaces such as
L>(P) := L>*(Q, F,P), where (Q, F,P) is a probability space, are in general not available
beyond a dominated framework. As Bouchard & Nutz remark in their seminal paper [14]:

The main difficulty in our endeavor is that P [a class of probability measures] can
be nondominated which leads to the failure of various tools of probability theory
and functional analysis ... As a consequence, we have not been able to reach general
results by using separation arguments in appropriate function spaces ...

(Bouchard & Nutz [14], p. 824)

In other words, the higher the degree of Knightian uncertainty the less tractable the math-
ematical model tends to be. There are a number of ad hoc approaches to overcome these
difficulties. For instance Cohen [I§] requires a specific structure of the underlying measure
space in relation to the occurring probabilities. It is referred to as the Hahn property and
in particular posits the existence of pairwise disjoint supports of the probability measures.
Another popular requirement is that the underlying set € of future states of the world has
a product structure, which in turn admits dynamic programming and measurable selection
arguments, see [0} [7, 12], 14}, 15]. Yet another line of literature focuses on a particularly well-
behaved set of states, the Wiener space, see [38], 39, 40, 41]. There are also some attempts to
develop a robust counterpart to the theory of function spaces built over classical probability
spaces, see for instance [19, 21, [33] and to some extent [11].

In contrast to the mentioned ad hoc approaches, this paper takes a reverse perspective on the
problem. Assuming a set of desirable properties of the function spaces under ambiguity—for
instance requiring the model to admit aggregation—we ask what implications these properties
have on the underlying set of probability measures, and also which other characteristics of
the robust function space follow. It has already been widely noted that the crucial issues are
related to the so-called P-quasi-sure (J3-q.s.) order on those function spaces. Here P is a
typically non-dominated set of probability measures on (£, F) which in the robust framework
plays the role of the classically postulated single probability measure P. Note that both
L>°(P) equipped with the usual P-almost sure order and its robust counterpart L*°(*B) :=
L>(Q, F,B) equipped with the B-q.s. order are Banach lattices. But apart from that,
the dominated and the non-dominated case differ fundamentally because the J3-q.s. order
interpolates between the structure of almost sure and pointwise orders, respectively.
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Our studies will revolve around the question of aggregation which is also in the focus of
[18, [41]. Aggregation refers to the problem of aggregating a compatible family of random
variables X7, P € B, to a single random variable X, see Deﬁnition The other mentioned
line of literature in the framework of [14] does not treat feasibility of general aggregations
as an important structural property of a model. It is therefore only marginally covered
by our investigation. We will demonstrate that aggregation is closely related to Dedekind
completeness of L (), a property we will thoroughly study throughout this paper.

We begin by studying Dedekind complete function spaces with the additional countable sup
property, so-called super Dedekind complete spaces. Those are known to be structurally
akin to L>°(P) equipped with the P-almost sure order, which is in particular super Dedekind
complete. Hence, asking for super Dedekind completeness would be the most obvious at-
tempt to generalise the case of a single dominating prior. However, we will prove that super
Dedekind completeness of L>(B) is in fact equivalent to 8 being dominated. Hence, robust
models which do not allow for a dominating measure cannot be super Dedekind complete but
only Dedekind complete if aggregation is assumed to be possible, and these spaces pose new
analytic difficulties. The characterisation of super Dedekind completeness is based on the
observation that under this requirement probability measures are supported, not necessarily
in a statewise or topological, but in an order sense; see Definition[4.1] Indeed the supports we
construct are only unique up to B-polar sets, i.e. events A € F such that SUPpep P(A) =0.
Another property stronger than Dedekind completeness, which has appeared in the litera-
ture, is that the dual space ca(3)* of the space of finite signed measures ca(J3) which are
dominated by the set of priors 3, may be identified with L (), see [21],33]. This admits the
application of important techniques which rely on the Krein-Smulian Theorem. Among other
things we prove that ca(P)* = L>®°(P) is equivalent to Dedekind completeness of L>°(3) in
conjunction with supportability of every measure in ca(*f) in the order sense already men-
tioned. Hence, supportability again comes into play, and the conjecture seems not far-fetched
that this is a consequence of asking for a certain degree of tractability.

Instead of demanding that every measure in ca(’P) is supportable, as the conditions men-
tioned above imply, a natural weaker condition is to consider what we call the class (S)
setting. The set P of priors is of class (S) if there is a set Q of probability measures over
the same measurable space as 8 with Q ~ B, i.e. the P-q.s. and Q-q.s. orders coincide,
and such that every element of £ admits an order support. This set £ is called supportable
alternative to P. We will see that the prominent models in [I8] and [4I]—which will serve as
benchmarks throughout our study—all fall under class (S). In fact, the simultaneity of the
class (S) property of P and Dedekind completeness of L () plays a central role throughout
the paper.

Figure [I]illustrates some of our major findings. Th. XX, Lem. XX, and Rem. XX abbreviate
Theorem XX, Lemma XX, or Remark XX, respectively, of this paper proving the stated
relation. For the sake of simplicity, the graph outlines the results for the function space
L*>°(B). Many implications hold true though for any Banach lattice X of q.s. equivalence
classes of random variables with L>® () C X.
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FIGURE [I} THE PAPER IN A NUTSHELL
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The upper branch of the graph concerns the already mentioned properties such as (super)
Dedekind completeness in combination with a nice structure of order continuous functionals.
Here sca(3) C ca(P) is the set of signed measures which are supportable in the order sense.
L>(B), denotes the order continuous dual of L (). In any case 3 must necessarily be of
class (S) and L*°(*P) is Dedekind complete.
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Under the assumption that B is of class (S), the left branch depicts that the existence of
an aggregator of compatible local random variables given for each Q € 9 in the supportable
alternative Q to P is indeed equivalent to Dedekind completeness of L*(B). It is also
equivalent to L°(*B) having a product structure which verifies the intuition that aggregation
requires a product structure. Other equivalents here are the identity sca(*B)* = L*>()
and perfectness of L*(B), i.e. L°(*B) may be identified with the order continuous dual
of its order continuous dual: (L>®() )y = L(B). In both cases the class (S) property
follows. As regards sca(’B)* = L°>°(B), recall the condition ca(*B)* = L*°(P) from the
upper branch which is equivalent to Dedekind completeness and ca(J3) = sca(3). Replacing
the requirement ca(*) = sca(P) by class (S) thus yields the condition sca()* = L>=(P).
The latter is weaker than ca(P)* = L*>°(B). The question how much weaker it actually is,
however, illustrates some difficulties which we will comment on below.

The last line of results quoted in Figure[l|collected in the lower right branch compare the class
(S) property to the Hahn property required in [I§]. The main feature of the Hahn property
is asking for a supportable alternative £ of ¢ with order supports which are pairwise disjoint
as sets. The intuition suggests and [I8] proves that under the Hahn property robust function
spaces are well behaved and admit aggregation. At first glance the Hahn property is a
much stronger requirement than B being of class (S). The question is how much stronger
this requirement is. Surprisingly we find that being of class (S) is in fact equivalent to a
weak version of the Hahn property which asserts the existence of a supportable alternative
9 to P such that the order supports are pairwise disjoint in an order sense. The weak
Hahn property is of course implied by the Hahn property. Moreover, if L>(3) is Dedekind
complete, P is of class (S), and there is a supportable alternative  at most equinumerous
with the continuum, then in fact the Hahn property holds. This is represented by the dotted
implication in Figure These results are surprising as they show that a mild regularity
condition like the class (S) property immediately implies versions of the Hahn property
and even the Hahn property itself—under the cardinality constraint—whenever aggregation
works.

There are other interesting results in this paper which are not suited to be quoted in Figure[I]
For instance, we study the problem of order completing L>°(B) in case it is not Dedekind
complete, and whether this so-called Dedekind completion has an interpretation as a function
space. Also there is line of results which refers to another difficulty in the non-dominated
framework: Many researchers in the field have noticed that the non-dominated framework to
some extent tests the boundaries of ordinary mathematics within ZFC. This often manifests
itself in situations when additional requirements are sufficient to prove certain properties of
the robust function spaces, but it is not clear whether they are also necessary since coun-
terexamples showing their necessity are not available. As an illustration, recall the conditions
ca(P)* = L>®(P) and sca(P)* = L>*(P) from above. We know that sca(P)* = L>(P) is
weaker than ca(P)* = L*(PB). Of course we would like to provide an example in which
sca(P)* = L>=(P) but ca(P)* # L>(P), or equivalently, L>(P) is Dedekind complete and
B is of class (S), but sca(P) # ca(P), so aggregation is possible even though not every
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measure is supportable. In a similar vein, it would be desirable to provide an example of a
measurable space (€2, F) and a set P8 of probability measures such that L>(*B) is Dedekind
complete, but P is not of class (S). We prove in Corollary that it is impossible to give
such examples. Indeed, we show that the equivalence

ca(P)" = L¥=(B) < sca(P)" = L=(P) (1.1)

would hold if and only if there are no solutions to Banach’s measure problem. In that case,
Dedekind completeness of L () would imply both the class (S) property of B and the
supportability of all measures, i.e. ca(3) = sca(*R); see Corollary Banach’s measure
problem has been studied for generations, see [23, Chapter 10], and one cannot prove the
existence of solutions in ZFC. Constructing any of the desired examples in ZFC, however,
would yield such an existence proof. Such examples are therefore impossible in the framework
of classical mathematics. In addition, adding the continuum hypothesis, equivalence (|1.1))
can be shown to hold provided there is a supportable alternative £ at most equinumerous
with the continuum. The latter is the case in many applications. All these results suggest
that there is no alternative from a practical perspective to sets of priors which are of class
(S) when aggregation in robust function spaces is assumed to be possible.

The paper is organised as follows: Section [2] collects preliminaries on vector lattices and
measures relevant throughout the text. The reader firmly acquainted with these concepts
may prefer to skip this section. In Section [3| we introduce the concept of quasi-sure orders
with respect to a set B of probability measures. All main results are collected and discussed
in Section [4] their proofs, however, are delayed to Section [6] Section [5] prepares them by
presenting more results on order supports which are of independent interest. Minor technical
lemmas are outsourced to Appendix [A]

2. VECTOR LATTICES AND SPACES OF MEASURES

We begin with some preliminaries on vector lattices and spaces of measures. The readers
acquainted with the theory as presented in e.g. Aliprantis & Border [I] or Aliprantis &
Burkinshaw [2, [3] may prefer to skip this section.

A tuple (X, <) is a VECTOR LATTICE if X is a real vector space and < is a partial order on
X with the following properties:

e For x,y,z € X and scalars a > 0, x < y implies ax + z < ay + z.

e For all x,y € X there is a least upper bound z := z V y = sup{z, y}, the mazimum
of z and y, which satisfies z < z and y < z as well as z < 2/ whenever x < 2’ and
y = 2’ hold.

The existence of the modulus |z| = z V (—z), the positive part 27 = z V 0, the negative part
x~ = (—z) V0, and the minimum = A y := inf{z,y} = —sup{—=z, —y} follow. The POSITIVE
CONE X is the set of all z € X’ such that z = 0, and X} := X, \{0} = {x € X | x = 0}.

If X is additionally normed with a complete norm || - || which satisfies ||z|| < ||y|| whenever

lz| < Jy|, (X,]] -], X) is a BANACH LATTICE.
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A subset C C X is called ORDER BOUNDED FROM ABOVE if there is a y € X such that
Veel: z=y. (2.1)

It has a SUPREMUM if it is order bounded from above and there is a least upper bound; more
precisely, there is a vector u which satisfies as well as u < y for all y € X satisfying
(2.1). This u will be denoted by supC. C being order bounded from below is defined in exact
analogy. In that case, the INFIMUM inf C is defined as inf C := — sup(—C), provided it exists.
Linear functionals: A linear functional ¢ : X — R is ORDER BOUNDED if for all x,y € X,
the set {¢(z) | ¢ = z = y} C R is bounded. X~ denotes the vector lattice of all order
bounded linear functionals and is referred to as the ORDER DUAL of X. Its order is given by
the positive cone X7 of X™, and ¢ € A} if and only if ¢(x) > 0 for all x € A.. Moreover,
if g, € X~ and x € X4,

(V) (z) :=sup{o(y) + ¥(2) |y, 2 € Xy, y+ 2 =},

(@AY)(x) = inf{d(y) +¢(2) |y, 2 € Xy, y+ 2=}
A net (zq)aer C X is order convergent to x € X if there is another net (yq)aer which is
decreasing (o, f € I and o < 8 implies yg = yo), satisfies inf ey yo = inf{y, | @ € I} =0,
and for all @ € I it holds that 0 < |zq — x| < yo. The ORDER CONTINUOUS DUAL is the
space X" C X™ of all order bounded linear functionals ¢ which are order continuous, i.e.
¢ carries an order convergent net with limit x in X to a net converging to ¢(x) in R. The
0-ORDER CONTINUOUS DUAL is the space X" C X~ of all order bounded linear functionals
¢ which carry an order convergent sequence with limit z in X to a convergent sequence with
limit ¢(x) in R. Obviously, X" C X"
The order continuous dual is a vector lattice in its own right. Moreover, for x € X fixed, the
linear functional

Uy 2 X7 2 ¢ ¢(x) (2.2)

~

~ may be canonically

is order continuous on X)’. A vector lattice is called PERFECT if (X];")
identified with X, i.e. the map X > x — ¢, mapping X to (X))
Vector sublattices, ideals and bands: Given a vector lattice X, a subspace ) C X is a
VECTOR SUBLATTICE if for every x,y € ), the maximum x V y computed in X lies in ). It
is ORDER DENSE in X if for all 0 < z € X we can find some y € Y such that 0 <y < z. It is
MAJORISING if for every x € X there is y € )V such that x < y.

A vector subspace B of X with the property that {z € X' | |z| =< |y|} C B for all y € B is an
IDEAL. Every ideal is a vector sublattice. An ideal is a BAND if it is order closed, i.e. the order
limit of each net (z4)aer C B order converging in X lies in . The DISJOINT COMPLEMENT

of an ideal B is defined by
BY:={zrecX|VyecB: |z|Alyl =0}

It is always a band. Given ¢ € X'™, its NULL IDEAL is the ideal N(¢) := {z € X | |¢|(|x|) = 0},
and its CARRIER is C(¢) := N(¢)4.

Order completeness properties: The vector lattice (X, <) is DEDEKIND COMPLETE (or
order complete) if every order bounded from above subset C C X has a supremum. The

is one-to-one and onto.
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order dual X~ for instance, is always Dedekind complete. We say that (X, <) has the
COUNTABLE SUP PROPERTY if every non-empty order bounded subset C C X which has a
supremum admits the selection of a countable subset D C C such that supD = supC. A
Dedekind complete vector lattice with the countable sup property is called SUPER DEDEKIND
COMPLETE (or super order complete).

We call a Dedekind complete vector lattice (), <) the DEDEKIND COMPLETION of (X, <) if
there is an order dense and majorising vector sublattice £ C ) lattice isomorphic to X. A
LATTICE ISOMORPHISM J : X — L is a linear bijection such that x Ay = 0 in X implies
J(x)ANJ(y) =01in £E| X has a Dedekind completion if and only if X is Archimedean, i.e.
%x 50, n — oo, for every x € X,.

We now turn our attention to spaces of set functions over a fixed measurable space (92, F).
By ba we denote the real vector space of all additive set functions p : F — R with bounded
total variation, i.e. the quantity 7'V (u) defined as the supremum of all values ) 47 |1(A)],
IT running through all finite measurable partitions of €2, is finite. ba is a vector lattice when
endowed with the setwise order: for p,v € ba, u <r v holds if, for all A € F, u(A4) <v(A).
The triple (ba, TV, <r) is in fact a Banach lattice.

Given non-empty sets Q C ba and B C bay, we say P DOMINATES Q (Q < ‘B) if for all
N € F satisfying sup,eq v(N) = 0 we have sup,cq [p/(IN) = 0. Here and in the following,
|| € ba, denotes the modulus of p with respect to <z,

|1l (A) = sup{p(B) — p(A\B) | B € F, B C A}.

For the sake of brevity, we shall write Q < v instead of Q <« {v} and p < P instead of
{n} < P. Moreover, given a non-empty set {0} # P C ba,, we set ba(*P) := {u € ba | p <
PB}. The real vector space of all countably additive signed measures, ca, that is, the space of
all o € ba such that, additionally, for any sequence (A;);en C F of pairwise disjoint events
we have

i (UZy Ai) = 2272 m(Ad),
is a TV -closed ideal within ba. The set of all probability measures on (€2, F) is denoted by
A(F) = {p € cay [ p(Q) = 1}.
For {0} # B C ba., the space ca(P) := canba(P) is a T'V-closed ideal within ba as well.
Hence, (ca(*B), TV, =r) is a Banach lattice in its own right. Finally, the set of MEASURES
on (92, F) absolutely continuous with respect to P is ca().
For 1 € cay the set of u-negligible sets is

np)={ACQ|INeF: u(N)=0, AC N}.

1 The term “lattice isomorphism?” is ambiguous in the literature. |2 Definition 1.30], for instance, replaces
our assumption of bijectivity by mere injectivity. By [2, p. 16], however, two vector lattices are lattice
isomorphic if there is a surjective lattice isomorphism between them. It is therefore worth pointing out that
the results from [2] we use deal with lattice isomorphisms which are bijective.
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The p-completion of F is the o-algebra o(F Un(u)). Given a subset ® C cay of countably
additive finite measures, we define the ®-COMPLETION of F to be the g-algebra

F(®):= () o(Fun(p)).

pned

A set A C Q belongs to F(®) if and only if for all u € ® there is a potentially p-dependent
B € F such that AAB := (A\B) U (B\A) € n(p). Note that each p € ® extends uniquely
to a finite measure pf on the g-algebra F(®), where uf(A) = p(B) whenever A € F(®) and
B € F are such that AAB € n(u).

3. QUASI-SURE ORDERS

Throughout the paper (€2, F) denotes an arbitrary measurable space, and the letters B, Q
and R are used to denote non-empty sets of probability measures on (2, F).

Let 0 # B C A(F) be a non-empty set of probability measures P on (2, F) and consider the
real vector space £ := £0(Q, F) of all real-valued random variables f :  — R. One easily
sees that the 3-QUASI-SURE ORDER (‘B-q.s. order)

f3pg = supP(f>g)=0
Pep
is a vector space preorder on £°. Let ~q denote the symmetric part of this binary relation,
ie. f~pgif f Zpgand g =p f. We usually say that f = g ‘B-quasi surely ('B-q.s.) instead
of f ~q g, the latter being equivalent to

infP(f=9)=1.

~sp defines an equivalence relation, and =y defines a vector space order on the space LY(pB) :=
L9(Q, F)/ ~g of equivalence classes of all real-valued random variables on (€2, F) up to -
g.s. equality in a canonical manner. The elements f : £ — R in the equivalence class X €
LY(B) are called REPRESENTATIVES and are denoted by f € X. Conversely, each measurable
function f induces an equivalence class which we will sometimes denote by [f] € LY(B).
In order to facilitate notation we suppress the dependence of <y on P in the following
and write < instead. (L°(B), <) is a vector lattice, and for X,Y € L°(B), f € X, and
g € Y, the minimum X AY is the equivalence class [f A g] generated by the pointwise
minimum f A g, whereas the maximum X VY is the equivalence class [f V g| generated by the
pointwise maximum fVg. We will follow common practice and often not distinguish between
equivalence classes X € LO() and their representatives f € X. Sometimes, however, in order
to avoid confusion, we will make this distinction, in particular in situations when different sets
of underlying measures imply different equivalence classes. As a case in point, for an event
A € F and depending on the context, 14 can denote a representative and an equivalence
class in L°(B), respectively.
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An important subspace of LO(3) which we will study thoroughly is the space L>(3) of
equivalence classes of -q.s. bounded random variables, i.e.

L¥MP) :={X € L°CP) | Im > 0: |X| < mlqg).
It is an ideal within L°(B) and even a Banach lattice when endowed with the norm
| X||oop :=inf{m > 0| | X| 2 mla}, X € L™(P).

If B = {P} is given by a singleton, we write L°(P) and L>°(P) instead of L°({P}) and
L>({P}). Also, the quasi-sure order in this case is as usual called almost sure order, and
properties hold P-almost surely (P-a.s.). The spaces L°(u) and L°°(u) for general measures
u € cayy = cay\{0} are defined analogously.

Sometimes we will not suppress the dependence of L*°(*) on the underlying measurable
space and write L> (€2, F,P) instead of L>(P).

Given p € ca(P)1+ and X € LO(P), we set j,(X) to be the equivalence class in LO(u)
generated by any representative f € X. By the assumption of absolute continuity, this defines
a function j, : L°(P) — L°(u) which we shall use frequently. Note that j,(L>°(B)) = L (u).
At last, for ) # C C L°(P) and A € F, we write

14C = {14X | X € C}.

The following Example illustrates a situation captured by the setting introduced above.
It is of particular relevance for financial applications. We will get back to it in Section 4.2

Example 3.1 (Volatility uncertainty). In continuous time models one of the most relevant
sources of uncertainty is related to the estimation of the volatility of price processes. A flour-
ishing branch of literature, which exceeds the original Black & Scholes approach, addresses
this uncertainty in local volatility models or stochastic volatility models. The pioneering
work of Avellaneda et al. [4] explains the drawback of choosing a specific probabilistic model:

[O]ption prices reflect the market’s expectation about the future value of the under-

lying asset as well as its projection of future volatility. Since this projection changes

as the market reacts to new information, implied volatility fluctuates unpredictably.

In these circumstances, fair option values and perfectly replicating hedges cannot

be determined with certainty. The existence of so-called “volatility risk” in option

trading is a concrete manifestation of market incompleteness.

We therefore consider the robust framework discussed in, for instance, [9), 18, 19, 41]. Let
Po be the Wiener measure on the Wiener space 2 of continuous functions w : R — R with
w(0) = 0. Let B := (Bt)t>0 be the canonical process, i.e. Bi(w) = w(t), t € Ry. The process
B turns out to be a standard Brownian motion under Py with respect to the natural filtration
F=(Fi)iz0:=(0(Bs | 0 < s <t))>0. is assumed to be endowed with the Borel-o-algebra
F generated by the usual metric d : (w,®) — Y ey 277 min {maxo<<r |w(t) — ©(t)], 1}.

However, we are interested in a situation where the canonical process can be observed and the
modelling hypothesis is that its paths are a stochastic integral with respect to ¢ Brownian
motion. What the “right” integrand and Brownian motions are is subject to uncertainty



FUNCTION SPACES UNDER MODEL UNCERTAINTY 11

though. An immediate consequence of the modelling hypothesis is that the canonical process
is a local martingale under the correct probabilistic point of view. In order to capture the
situation with a set of probability measures, recall from Karandikar [25] that there is an
F-adapted process (B) such that under each probability measure P on (2, F) with respect
to which B is a local martingale, (B) agrees with the usual P-quadratic variation of B P-a.s.
Consider the density process

(B)t — (B)i—c

(B)i(w) := lim sup ~—-——H=%, (t,w) € (0,00) x Q,
€l0 €

which allows us to capture the uncertainty in the set 3°* of all probability measures P under
which the canonical process is a local martingale and for which P-a.s. (B). is absolutely
continuous in ¢ and takes positive values.

This point of view of the situation, however, does not immediately allow to describe the
uncertainty we face in terms of the integrand process. To see this, consider the set A of
processes 0 : Ry xQ — (0, 00) which are F-progessively measurable and satisfy fOT os(w)3ds <
oo for all T > 0 and for each w € Q. For a given P € B we could filter out the compatible
processes by

AP):={o € A|P-as.: ¢>=(B)}.

The set of all observation compatible processes is then defined by

Aobs — U .A(P)

Pquobs

and satisfies A% C A; cf. [41}, p. 1852]. However, a given process o € A°* might belong to
more than one A(P). It might hence be impossible to infer probability laws P € .4°% from
the associated volatility process o € A%, thereby establishing a one-tow-one correspondence
between processes and probability measures.

The aim is to restrict uncertainty to situations in which there is uncertainty about the
volatility process o. o is then assumed to be chosen from a non-empty set V C A such that
the stochastic differential equation under the Wiener measure Py

dXt = O't(X)dBt (31)
has weak uniqueness in the sense of [41}, Definition 4.1]. Given o, this admits the selection of

a unique P? such that dB; = 0¢(B)dW/ P?-a.s. and W7 is a P?-standard Brownian motion.
The set V could, for instance, be chosen to consist of processes

o0
o= E Jnl[TanH),
n=0
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where (7,)nen, a sequence of F-stopping times such that 0 = 79 < 7, T 00, n — o0, and
each o, is a positive F;, -measurable random variable; cf. [41, Example 4.5]E| Clearly, each
constant process k € (0,00) can be written in this way.

The set of probability measures 8 C P°* we obtain from such a set V is usually non-
dominated: there is no probability measure P* on (2, F) such that P < P*.

4. MAIN RESULTS

The aim of this paper is to elaborate the analytic problems arising from quasi-sure analysis
by a reverse approach. More precisely, we would like to explore which consequences for the
set P of priors can be drawn if we assume nice properties of subspaces of L°(3) which make
them tractable. This approach also allows us to characterise the range of situations in which
the feigned dichotomy between robustness and mathematical tractability can be resolved.
We will mostly focus on the space L ().

The proofs of all results in this section are postponed to Section [6]

4.1. Super Dedekind completeness: the dominated case. Our starting point is the
question under which condition the space L>°(*B) is super Dedekind complete, i.e. order com-
plete in terms of countable operations. This property of the g.s. order would be particularly
desirable and render easy tractability, because in this case L (3) behaves like the classical
space L (P*), where P* is a single probability measure on (€2, ). By [20, Theorem A.37],
the latter is indeed super Dedekind complete.
First of all, we remark that by [21, Lemma 34], Dedekind completeness of L (3) is equivalent
to Dedekind completeness of (L°(3), <), which in turn is equivalent to Dedekind complete-
ness of every ideal X C L°(*B) with the property L>() C X. The same equivalences hold
for super Dedekind completeness. In this respect, focusing on L (3) in most of our results
does not limit their scope.
However, Theorem below shows that super Dedekind completeness is incompatible with
the assumption that the set of priors 8 is non-dominated. The latter, however, is precisely
the additional degree of generality considered as the main argument for the q.s. approach.
We will see that, in fact, the space L () is super Dedekind complete if and only if 9 is
equivalent to a single probability measure P*. Hence, L*>°(B) = L°°(P*) must hold.
Before we present the actual theorem, we would like to emphasise that our proof of the
implication

L*>(B) is super Dedekind complete = ‘B is dominated

relies on the construction of supports for each measure P € 3 which are minimal in the sense
of the q.s. order. That is, for each P € B we construct an event S(P) € F which has full

2 We set Foo 1= (U0 Ft)- By [26, Exercise 2.4.2], Foo = F holds. For a stopping time 7 : Q — [0, oo],
the stopped o-algebra is then defined as

Fr={A€ Fu |[VtER;: An{r <t} e F}.
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measure under P (that is, P(S(P)) = 1) and whose indicator is minimal among all indicators
of P-certain events. Consequently, each P € ¥ will turn out to be supportable.

Definition 4.1. Suppose u € ca(®B) is a finite measure absolutely continuous with respect

to PB. We say p is SUPPORTABLE if there is a measurable set S(u) € F such that

(a) u(S(p)) = p(€Y);

(b) S(u) is P-q.s. minimal among all p-certain sets in that 1g(,) = 14 whenever A € F
satisfies p(A) = u(Q).

The set S(u) above is called the (B-q.s.) ORDER SUPPORT of p.

A general signed measure p € ca(*3) is supportable if its modulus |u| with respect to the

setwise order =<z introduced in Section [2|is supportable. We set

sca(P) := {u € ca(P) | u supportable},
the real vector space of all supportable signed measures.

It is easy to verify that if two events S, S’ € F satisfy (a) and (b), then 15 = 15 B-q.s., i.e.
the symmetric difference SAS’ satisfies SUPpey P(SAS’) = 0. Although the order support
S(p) may not be unique as an event, it is unique up to P-polar sets, i.e. events N € F
with the property suppeg P(IV) = 0. Whenever we write S(y) in the following, we therefore
mean a version of the order support. We emphasise that order supports provide an order
theoretic notion of supports which may not agree with the topological notion of the support
of a measure; see [I, p. 441].

As illustrative example consider a set B3 of priors which is dominated. Let P* be a probability
measure which is equivalent to 3, i.e. the 3-q.s. and the P*-a.s. order agree. Then each P € 3
is supportable with S(P) = {f > 0}, where f € j% is an arbitrary version of the Radon-
Nikodym derivative %. It is important, however, to emphasise that order supports provide
an order theoretic notion of supports, a feature which becomes particularly striking if g is
not dominated. The order support may also not agree with the topological notion of the
support of a measure; see [II, p. 441].

It is not clear at this stage if every measure p € ca(*3) has an order support; see Example
in Section However, the trivial measure 0 € ca() is always supportable with order
support S(0) = (). The following lemma complements Definition and gives necessary and
sufficient conditions for the supportability of a measure.

Lemma 4.2. Let ‘B be a set of probability measures on (Q, F). Let p € ca(P)4 and set
Cim {14 A€ F, u(4) = u(Q)} C L>(P),
(1) Ifinf C ewists in L>°(°B), then there is an event S € F such that

1g = infC.

(2) If inf C ewists, p is supportable if and only if S constructed in (1) satisfies u(S) =
w(2). In that case S is a version of the order support S(pu).

We now state the already advertised theorem on super Dedekind completeness.
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Theorem 4.3. Let P be a set of probability measures on (2, F). Then the following are
equivalent:

(1) P is dominated, i.e. there is a probability measure P* on (2, F) such that P < P*.

(2) L*°(P) is super Dedekind complete.

(3) Each measure p € ca(P) is supportable, i.e. sca(’B) = ca(*RB), and L*°(P) has the
countable sup property.

(4) Each P € B is supportable and L (P) has the countable sup property.

Another quintessential content of the preceding theorem is negative: If I3 is not dominated,
the existence of order supports cannot be guaranteed by classical exhaustion arguments as
in the proof of the implication (2) = (3). This would require super Dedekind completeness
of L>°(B) or other Banach lattices. In particular, one encounters this problem in almost all
examples mentioned in the introduction.

4.2. Supportable measures, order continuity, and the structure of uncertainty
robust spaces. In this section we take a wider perspective and consider Banach lattices
(X, |- ||la, <) such that (X, <) is an ideal of (L°(*B), <) and contains all equivalence classes
of constant random variables. A fortiori, L () is always a subset of X'. Let ca(X’) be the
space of all p € ca(P) such that the functional X 5 X — [ X dp is an element of the norm
dual X*. Note that the setwise order <x on ca(X’) agrees with the usual dual order from
Section [2t for all p,v € ca(X), p <7 v is equivalent to [ X du < [ X dv holding for all

X € X;. Denoting by || - [[ca(x) the dual norm,

l1tllca(ry = sup ‘/Xdu . € ca(X),
Xex: || X[|lx<1
one verifies that (ca(X), || - [|ca(x), Z7) is a Banach lattice in its own right. In fact, ca(X’)

agrees with the o-order continuous dual X" of X via the embedding

ca(X)9u|—><¢u:X—>R, X*—)/Xdu). (4.1)

Indeed, ca(X) C X7 is clear by monotone convergence. Conversely, o-order continuity of
¢ € XX NXY together with the Daniell-Stone Theorem [13, Theorem 7.8.1] provides a unique
finite measure p on F such that

H(X) :/Xdu, X ex.

w € ca(X) follows from X C X~ = X* where XY™~ = X* is a general property of Banach
lattices, see [35, Proposition 1.3.7]. For general ¢ € X2 we have that ¢ = ¢ — ¢~ where
¢, 07 € X NXY. We will hence write X.” = ca(X).

In the following we introduce and discuss a number of structural properties of the space X
which have appeared in the literature to ensure tractability.
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(A1) ca(X) separates the points of X, that is,
VX e X\{0}IpecalX): /Xd,u;é 0.

(A2) For all 1 € ca(X), the functional ¢,, defined in is order continuous:
X =X =ca(X).
(A3) Each measure p € ca(X) is supportable:
ca(X) = sca(X) := ca(X) Nsca(’P).
(A4) The vector lattice (X, <) is Dedekind complete.

The last two properties concern the embedding

J: X — ca(X)", Xl—>(u>—>/Xd,u>. (4.2)
(A5) X and the order continuous dual ca(X); are lattice isomorphic via J. We write

X =ca(X),.

n

(A6) X and the dual space ca(X)* of (ca(X),| - [lca(x)) are lattice isomorphic via J. We
write
X = ca(X)*.

is a rather mild assumption which ensures that (X, ca(X’)) is a dual pair giving rise
to a locally convex Hausdorff topology on X. In particular, it is automatically satisfied if
X = L>®(P), as in that case ca(X) = ca(B). Indeed, for each 0 # X € L*°(P) and a
fixed representative f € X, there is P € P such that P(f # 0) > 0. u € ca(*P3) defined by
3—’; = %1{]@50} satisfies [ X du= [ fdu #0.
For note first that the order continuous dual X" of X may always be identified
with a subset of ca(X) via (4.1)). Moreover, in the case X = L®(P), is reduced to
ca(P) = sca(P), an identity we derived as a consequence of super Dedekind completeness
of L>() in Theorem 4.3((3).
The next proposition shows that supportable measures are strongly connected to order con-
tinuous functionals and the existence of suprema, that is, It already hints at the

connection between properties [(A2)H(A4)| drawn in Theorem

Proposition 4.4. Let B be a set of probability measures on (0, F) and let X C LO(B) be a
Banach lattice containing all constants.

(1) If p € sca(X), the functional ¢, is order continuous, i.e. sca(X) C X,".
(2) If X is Dedekind complete|(A4)|, then sca(X) = X, ".

The motivation for is the following: If X = L*°(*B3), we obtain ca(Xx’) = ca(®B). Then
is the condition ca(B)* = L>°(P). Now suppose B is dominated by a single probability
measure P*. Without loss of generality we assume ‘P ~ P*. Then ca(3) may be identified
with the space L!(P*) of all P*-integrable random variables. Thus is an intuitive
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robust version of the classical weak* duality (L°°(P*), L'(P*)), which is amenable to well-
known functional analytic tools like the Krein-Smulian Theorem and can be characterised
nicely in terms of the P*-a.s. order as in the Grothendieck Lemma; see [33].

is a relaxation of Indeed, for X € X arbitrary, J(X) is order continuous on
ca(X) by (2.2), ie. J(X) C ca(X)y C ca(X)~ = ca(X)* (recall [35, Proposition 1.3.7]
for the last equality). However, given an element % in ca(X)* or ca(X),’, respectively, the
problem how to obtain a random variable X € X with ¢(u) = [ X du for all p € ca(X)
has no obvious solution. |[(A5)|and [(A6)| unsurprisingly will turn out to be rather restrictive

properties.

~

Example 4.5. Suppose that P := {P} for a fixed probability measure P and let p € [1, 00).
The space X = LP(P) of all P-a.s. equivalence classes of random variables with finite p-th
moment is an example of a Banach lattice as described above. In this context, properties

(A1)H(A6)| are well-known. If 1 < p < oo, all of the above properties [(A1)H(A®6)| hold
true. In fact, ca(LP(P)) can be identified with L?(P), where ¢ := ;25 € (1,00). Given p €
ca(LP(P)) with associated Z € L4(P), its order support is given by the set S(u) := {|f| > 0}
for any P-representative f € Z.

Ifp=1, hold true, but not if LY(P) is infinite dimensional. This is due to
the well-known identities ca(L!(P))* = L>°(P)* = ba(P).

Example 4.6. Consider X = L*°(B) for P which is dominated by a probability measure
P*. Then P* can always be chosen to satisfy 8 ~ P* and ca(X’) may hence be identified with

LY(P*), so all hold true.

In the previous examples, the space A" is not only Dedekind complete but has the much
stronger property of being super Dedekind complete studied in Section The regularity
of these spaces stems from P being dominated by a single probability measure. In a non-
dominated setting properties [(A1)H(A6)|are not necessarily satisfied. This is illustrated by
the following example.

Example 4.7. Consider 2 = [0,1], F = B([0,1]), the Borel-c-algebra over [0, 1], and the
set P := A(F) of all probability measures on (2, F). The PB-q.s. order < then agrees with
the pointwise order, and L*°(*B) agrees with the space of all bounded random variables. If
u is the Lebesgue measure on [0, 1], it is absolutely continuous with respect to B, but not
supportable: we have 0 =inf{14 | A € F, u(A) = 1}. Hence, is not met.

Moreover, consider the set C := {1y, | w € V'}, where V' denotes the Vitali set, which is not
Borel measurable. C is order bounded from above, but has no supremum. Indeed, let X be
any upper bound of C. Then X is non-negative and X (w) > 1 holds for all w € V. However,
suppose w* € Q\V satisfies X (w*) > 0. Consider X* := X1g\(,-} and note that it is an
upper bound of C as well and satisfies X* < X. Hence, supC would have to agree with 1y,.
As V' is not measurable, sup C cannot exist. Thus is not satisfied either.

According to Theorem below, in fact none of the properties |(A3)H(A6)| are satisfied.
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Under further conditions on X', which are for instance met by L>(*B), the following Theo-
rem [4.8{now relates the structural properties|(A1)H(A6)| This result generalises observations
made in [2I] beyond the case X = L*°(B).

Theorem 4.8. Let P be a set of probability measures on (Q, F) and X C L°(B) be a Banach
lattice which contains all constant random wvariables.

(1) If X is Dedekind complete, order continuity of every functional ¢,, p € ca(X), is
equivalent to ca(X) = sca(X):
[(A2)N(A4)| <= [(A3)N(A4)|

(2) Suppose X is monotonically complete: for every norm bounded net (Xo)acr with
Xo X Xg, a < B, sup,e; Xo exists in X. Then

[(A6)| = [(A5)| == [(ADN(A3)N(A4)] = [(AL)N(A2)N(A4)

X is a perfect Banach lattice under each of these equivalent conditions.
(3) Suppose || - [|ca(x) is order continuous. Then

[(A5)] < |(A6);

Remark 4.9. (1) Recall that for a given set B of priors ca(L*(P)) = ca(PB). Hence
2l caqpy = [1[(2) holds for all u € ca(*B), resulting in order continuity of || - ||cayp)-
Theorem (3) applies. If L*°() is additionally Dedekind complete, it is also mono-
tonically complete and Theorem (2) applies.

(2) Suppose X is Dedekind complete and there is an increasing functional p : LO(P); —
[0, o] with the following properties:

(i) & = {X € L) | p(1X]) < o0} and | - lx = p(] - |).
(ii) for each increasing net (X4 )aer C LP(PB)4+ with X := sup,e; X, in L°(P) we have
p(X) < sup,erp(Xa). (Equality holds automatically because p is increasing.)
(iii) for each increasing sequence (X, )nen C LY(P)+ with sup,cn || Xnl|lx < oo there is
X € LO°(P) with X = sup,en Xn-
Then X is monotonically complete.

(3) In [33 Proposition 3.10], the authors initially asserted that for any set of probability
measures P and for the space X = L>(B), the properties|(A4)|and |(A6)|are equivalent;
see also [34]. We will discuss this issue in Section and show that this claim cannot
be disproved with a counterexample in ZFC; cf. Corollary [£:33]

The following proposition provides a useful criterion to decide whether [(A2)H(A6)|are met.
In fact we prove that for a large class of models ¥ and many spaces X neither nor
hold, and thus in particular also [(A5)] and [(A6)] fail (Theorem [4.8). To this end we
recall that a subset P of a Polish space (X, 1) is perfect if it is closed and if for every o € P
there is a sequence (oy)nen C P\{o} with o, — 0.

Proposition 4.10. Let 2 be Polish, F be the Borel-o-algebra on ), and B be a set of priors
on (2, F). Suppose there is a non-empty set R C sca(P) N A(F) such that

o R is a perfect set in A(F);
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e for Q,Q € M, Q # Q implies 15q) A 1gqy = 0.
Then the following holds:
(1) There is a probability measure p € ca(*P)\sca(P).
(2) If a Banach lattice X C L°(B) contains all constants and satisfies
supgem ||Qlleax) < oo,
then there is pu € ca(X) \ sca(X), te. fails. Moreover, if supgen 15(Q) exists in
X, then the associated functional ¢, satisfies ¢, € X7\X;, i.e. faz'ls.
The assertions also hold if perfectness of R is replaced by the assumption that R is an
uncountable set which is in addition either Borel or analytic.

We close this section with an illustration of Proposition in the context of volatility
uncertainty as in Example This shows that for the practical purposes of Soner et al. [41],
assumption [(A3)} and a fortiori also|(A5)|and [(A6)| are too restrictive.

Example 4.11. Here we consider a set 8 = {P? | 0 € V} of laws associated to a set of
volatility processes V as in Example More precisely, we shall assume V only contains
deterministic processes, i.e. functions o. : R — (0,00) which are Borel measurable and
satisfy fOT 02du < oo for all T > 0. In particular, the associated function Ry > ¢ f(f o2du
is continuous. Under this assumption, for each ¢ € V there is a unique local martingale
measure P € 3°% such that P? is the weak solution to with initial condition By = 0
P?-a.s. Here and in the following, B denotes the canonical process.

First we verify that each P? is supportable with respect to . To this effect, let (B) denote
the non-decreasing universal quadratic variation process of B introduced in Example[3.1] For
o €V we claim

S(P?) = {we Q| VteQ,: (Bl(w)= !‘agds} eF

is a version of the B-q.s. order support of P?. Indeed, for property (a) from Definition We
recall that P? (S(P?)) = 1 for all & € V. For property (b), fix o,v € V. From the condition
P7 (S(P*) N S(P?)) > 0 we may infer fot o2ds = f(f v2ds for all t € Ry by continuity. This
implies oy = v for all t € R4 outside of a Borel set of Lebesgue measure 0, and hence
P? = P¥. For A € F with P7(A4) = 1, we thus obtain

= P7(S(PT)\A) =0, P = P,

Py(lA < ]-S(P")) =P ((S(PU) N S(Py))\A) {< PZ,(S(PU) N S(Py)) =0, P7 £ PV,

Hence, 15ps) = 14, and we have proved that S (P?) is a version of the order support of P7.
Suppose now that for constants xi1,k9 > 0 and for each x; < k < ko the constant function
R, >t — K, representing a constant volatility process, lies in V. One easily verifies that the
set

R :={P" | k € [k1,k2]} T A(F)Nca(P)

is uncountable and closed in the topology of weak convergence on A(F).
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Moreover, the argument shows that for k1 < k < k' < kg, 1g(pry A 1S(P~’) = 0 B-q.s. We
thus are precisely in the situation of Proposition [4.10)(1).
As for (2), suppose that a Banach lattice (X, | - ||x) is such that

sup  [|P"[|cax) < o0,
K1<K<K2

a condition which is always satisfied if we consider X = L (3). Define

O = f{weQ|VteQ: B = By }n{we Q| (B) e [xd K]}

We claim that 1o« = sup,, <.<, lspr) in X. Indeed, 1o« is an upper bound. Conversely,
fix an upper bound U € X and let v € V. Then

PY(1g- > U) = P*({1g- > U} N S(PY)).

If v is such that %fg vids # fol v2ds for some t € (0,00) N Q, or %fg vids = fol v2ds for all
t € (0,00) NQ, but fol vids ¢ [k?, k3], we obtain

P"(1q- > U) =P"({0 > U} N S(P")) = 0.

If v satisfies the conditions posed by Q*, then there is a constant x, € (ki,k2) such that
PY = P* and S(P") = S(P"") by the reasoning above. Hence,

PY(1g- > U) = P™ ({1 > U} N S(P™)) = 0.

In total, 1o« = U, and we obtain sup,, <.<,, 1spr) = 1o+. Proposition (2) can thus be
applied to obtain a continuous linear functional which is not order continuous.

For the purpose of illustration we remark that a continuous functional which is not order
continuous is for instance given by

K2

H(X) = / Epe[X]m(dr), X € X,
K1

where 7 is any non-atomic probability measure on [k1, ko] (cf. proof of Proposition for

further details). ¢ can be understood in terms of smooth ambiguity from a decision-theoretic

perspective; see Klibanoff et al. [28].

4.3. The class (S) property. Wrapping up the preceding two sections, super Dedekind
completeness of L°°(B) as well as the robust equivalent to the (L%, L!)-duality, ca(B)* =
L*>°(B), both imply that all signed measures in ca(P) are supportable: ca(*) = sca(’p). In
particular, each P € 3 is supportable. However, we have also seen in Example that this
condition would be too restrictive to encompass prominent examples from the literature. A
logical relaxation would be to only assume that the space of supportable measures is “rich
enough”. More precisely, one is tempted to assume that there is an alternative set of priors Q
encoding the full information given by 8 which consists of supportable probability measures.
As such, this axiom is invariant under equivalent transformations of the set .
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Definition 4.12. Let ‘B be a set of probability measures on (2, F). P is OF cLASS (S) if
there is a set 9 C sca()+ of supportable probability measures such that B ~ Q. We refer
to the set 9 as SUPPORTABLE ALTERNATIVE to ‘P.

Remark 4.13. (1) Clearly, being of class (S) does not entail that each P € 3 is supportable.
In the situation of Example for instance, the chosen set P := A (B([0, 1])) is of class
(S). A supportable alternative would be the set Q := {J,, | w € [0,1]}. We have already
observed though that the Lebesgue measure A on [0, 1] is not supportable.

(2) B being of class (S) is necessary for properties [(A5)| and [(A6)| from Section 4.2f to hold

for L>°(B). Indeed, both imply [(A3)| by Theorem i.e. the identity ca(P) = sca(P).
In particular, each measure P € B} is supportable.

The next example shows that Soner et al. [41] fall precisely in the class (S) setting; we also
refer to [I8, Example 3.8].

Example 4.14. Consider the setting described in Example and used in Example In
the latter, we have shown that each of the probability measures P*, x > 0 being a constant,
is supportable whenever volatility uncertainty is modelled by the set of probability measures

T
P :={P? | o : Ry — (0,00) Borel measurable, VT > 0 : / o2ds < oo}
0

The PB-q.s. order support of P* was shown to be
Q"= {weQ|VteQy: (B)(w)=r?}.

In fact, for k # x/, the order supports Q% and QO are disjoint.

This naturally leads to the question whether each probability measure P? is supportable
when P is modelled using more complex and potentially w-dependent volatility processes
o. In each case, P? is concentrated on a certain region in the path space which can be
characterised with the universal quadratic variation process (B) as

{weQ|VteQt: (B)(w) = /0 o2(w)ds}.

However, one eventually notices that in the general case this set is not necessarily quasi surely
minimal as demanded by condition (b) in Definition The main difficulty is that control
of the intersections of such regions is tedious.

This is precisely the reason why in Soner et al. [41] the authors chose to thin out the set of
admissible volatility processes by choosing a smaller set V of separable diffusion coefficients
generated by a generating class Vy. More precisely, they consider a set Vy C A% whose
processes admit weak uniqueness in the SDE (3.1]) and which have two additional properties:

® 0ligy) + V1) lies in Vy whenever o,v € V) and t € Ry.
e the stopping time 79 (w) := inf{t > 0| fg o2(w)ds # f(f vi(w)ds}, w € Q, is constant
for all o,v € V.
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As an example for Vy the reader may think of the set of deterministic processes considered

in Example

Now consider the set V of processes of the shape

ZZ ]_En )1[Tn(w),7'n+1(w))(t)v (w,t) € Q x [O,T],

n=0 i=1
where

e (o) € Vo, n € Np, i €N,

® (Tn)neN, is a non-decreasing sequence of F-stopping times taking countably many
values with 79 = 0, inf{n | 7,(w) = 0o} < o0, and 7,(w) < Tpy1(w) whenever
Tn(w) < 00, w € £,

e (E")ien C Fr, is a measurable partition of 2.

Let P := {P? | 0 € V}. As in Example consider

S(P7) :={weN]|VseQs: = [ 02 (w)du}.
For all 0 € V, S(P?) satisfies condition (a) in Definition i.e. P7 (S(P?)) = 1. Regarding
condition (b) relative to B, let o,v € V and set Q7" := {77" = oo}, hence S(P?) N S(P") C
Q. Suppose now that A € F is such that P7(A) = 1, whence P?(S(P?) N A¢) = 0 follows.
Let v € V be arbitrary. From [41, Lemma 5.2] we infer

PY(S(P7)NA°) = PY(S(P")NS(P7)NAS) < P(Q7"NS(P7)NAS) = P7(Q7"NS(P7)NA°) =0
This shows 1gprynaec = 0 P”-a.s. for all v € V, and P-q.s.

lgpoy = 1g(pryna + 1gpoynac = Lgpo)na = 1a.

S(P7?) hence checks the minimality condition (b).

Both observations together imply that S(P?) is the B-q.s. order support of P?. Therefore, B
is its own supportable alternative. The main setting of interest in [4I] can thus be embedded
in our framework of probabilities of class (S).

Another assumption on the set of priors is inspired by Cohen [I8, Definition 3.2]: The
following Hahn property—we use the same terminology as [18]—is a special instance of the
class (S) property.

Definition 4.15. A set B of probability measures on a measurable space (€2, F) has the
HAHN PROPERTY if there is another set of probability measures Q C ca(J3) and a family of
events (Sq)oeq C F with the following properties:

(a) B~

(b) The B- and the Q-completion of the o-algebra F agree: F(P) = F(Q).
(c) For all Q € Q, Q(Sq) = 1.

(d) IfQ,Q € O and Q £ Q' then So N Sgr = 0.
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Note that we slightly alter and generalise Cohen’s definition of the Hahn property, see [I8,
Definition 3.2]E| Cohen demonstrates that sets of priors with the Hahn property are ana-
lytically well behaved and admit aggregation procedures of random variables. The following
lemma shows that the Hahn property indeed implies the class (S) property, see also [18]
Remark 3.13].

Lemma 4.16. Suppose B is a set of probability measures on (2, F) with the Hahn property.
Suppose Q ~ P and (Sq)oea C F satisfy conditions (a)-(d) from Definition . Then
each Q € Q is supportable and 1g(q) = [1s,] in L>=(P).

The next proposition shows that Proposition |4.4{2) holds true under the weaker assumption
of class (S) instead of Dedekind completeness.

Proposition 4.17. Suppose B is of class (S) and X C L°(P) is a Banach lattice which
contains all constants. Then X, = sca(X).

Proposition 4.18. Let B be a set of probability measures.
(1) IfB is of class (S), the order continuous dual L*°(B),’ = sca(P) separates the points
of L>(B).
(2) If L>=(B) is Dedekind complete, B is of class (S) if and only if L>=°(B), = sca(P)
separates the points of L*°(*B).

We conclude this section with a decomposition result for the dual of some Banach lattice
L®(P) C X C L°(P). In particular, this generalises [30, Theorem 4.12].

Theorem 4.19. Suppose P is of class (S) and let X C L°(B) be any Banach lattice con-
taining all constants. Then its dual may be decomposed as

X~ = X* =sca(X) @ sca(X)* @ ca(x)". (4.3)

Here, sca(X)* C ca(X) is the set of all ORTHOGONAL signed measures: for each u €
sca(X)t and all v € sca(P) we have |u|(S(v)) = 0. In order to verify whether p € sca(X)*
it is sufficient to show that for all Q € Q we have |u|(S(Q)) = 0, where Q is an arbitrary
supportable alternative to B. ca(X) denotes the disjoint complement of ca(X) in X* and
consists of continuous linear functionals which do mot correspond to an integral with respect
to a countably additive signed measure. Moreover, all spaces appearing in are bands,
and ca(X) = sca(X) @ sca(X)* .

3 Indeed, Cohen defines the Hahn property on a sub-o-algebra of an ambient o-algebra as for him conditional
expectations are of foremost interest. We make no such assumption. Cohen demands that (i) F() = F(Q)
and (ii) for all N € F(B) we have suppcqp P*(N) = 0 if and only if SUPgen Q*(N) = 0. This is equivalent to
the conjunction of (a) and (b) above. Also requiring that we find (Sg)gen C F with properties (¢) and (d)
is equivalent to Cohen’s requirement that a family (Sq)oea C F(B) satisfies (¢) and (d). Finally, we omit
Cohen’s further condition [I8, Definition 3.2(iii)] as it plays no role in our studies. However, one can prove
that if 8 has the Hahn property in the sense of Definition then there is a set ‘ﬁ of probabili ty measures
which is equivalent to 8 and which has the Hahn property in the sense of Cohen [I8] Definition 3.2].
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Example 4.20. In the context of Example [I.7]suppose v is an atomless probability measure
on (Q,F) and ¢ := > 2, N\idy, for some sequence (w;)ien C  and (A;)ien C [0,1] with
Y21 A = 1. Then for any 0 < s < 1, the orthogonal component of the measure p; :=
sv+ (1 —s)C is sv, whereas the supportable component is (1 — s)(.

4.4. The product structure of class (S) spaces. Lemma shows that the Hahn
property is a special case of the class (S) property which demands the existence of versions
of the order supports of a supportable alternative which are pairwise disjoint. This is a
“pointwise property” which has no immediate order counterpart. From our perspective of
focusing on the q.s. order, it is therefore sensible to introduce a relaxation of the Hahn

property.

Definition 4.21. Suppose B is a set of probability measures on (2, F). A set R C sca(’B)
of supportable probability measures is called DISJOINT if

VQ,Q’ ER: Q# Q/ — ]-S(Q) A ]-S(Q’) = IS(Q)OS(Q’) =0in LOO(Y,B)

B has the WEAK HAHN PROPERTY if it is of class (S) and there is a supportable alternative
9 ~ P which is disjoint. We call 1 a disjoint supportable alternative to g.

Instead of demanding disjointness of certain versions of the order supports as events, the
weak Hahn property demands disjointness in terms of the g.s. order.

At first sight it may seem like the class (S) property is weaker than the weak Hahn property.
The next theorem shows that this is not the case, however.

Theorem 4.22. Let B be a set of probability measures on (2, F). Then the following are
equivalent:

(1) P is of class (S).

(2) B has the weak Hahn property.

Moreover, if L>®(B) is Dedekind complete and each disjoint set of supportable probability
measures is at most equinumerous with the continuum, then (1) and (2) are equivalent to:

(3) There is a disjoint supportable alternative Q to B and a family of pairwise disjoint
events (Sq)qen such that [1s5,] = 1g(q), Q € Q.

The message of Theorem [1.22]is twofold. Firstly, recall the discussion about class (S) from the
introduction. We will prove below that it is impossible to construct concrete models which
admit aggregation—the property of L>(3) to be Dedekind complete—and which are not of
class (S). Hence, in concrete models aggregation requires a disjoint supportable alternative
and it even turns out that the stronger Hahn property is in some sense “almost optimal”.
If the cardinality of the disjoint supportable alternative is not too large, the order supports
admit pairwise disjoint versions as in the Hahn property. In fact, Theorem [£.22] together with
Theorem below will allow us to prove the equivalence of the class (S) property and the
Hahn property under certain additional conditions. Secondly, Theorem shows that we
cannot expect P to be of class (S) if sets of full measure of probability measures Q < B are
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too intertwined. The reader may think here of the phenomenon discussed in Example
which led Soner et al. [41] to their notion of separable diffusion coefficients.
For clarification of the conditions of Theorem [£.22] we note that:

Proposition 4.23. Suppose B is of class (S).

(1) There is a countable disjoint supportable alternative if and only if each disjoint set
of supportable probability measures is countable, which is equivalent to P being dom-
inated.

(2) There is a supportable alternative Q at most equinumerous with the continuum if and
only if there is a disjoint supportable alternative Q at most equinumerous with the
continuum. This is equivalent to each disjoint set of supportable probability measures
being at most equinumerous with the continuum.

The next result shows that the class (S) property entails that L>(*B) has a product structure
provided it is Dedekind complete. If not, then the Dedekind completion of L*°(B), which
always exists since L>°(B) is Archimedean, equals a product space (up to isomorphism).

Proposition 4.24. Suppose B is of class (S). For any disjoint supportable alternative Q to
B, the Dedekind completion of L*°(P) may be identified with the space

{Xe []£*Q|3m>0vQen: |XQ|§mQ-a.s.}.
Qen

Gao & Munari [2I] and Maggis et al. [33] work under the assumption that ca(P)* = L ()
This assumption implies Dedekind completeness of L () and the class (S) property
of P; see Theorem and Remark (2) Proposition shows that they necessarily
work with product spaces. This observation is in line with examples provided in these
papers. Nevertheless one should note that the Dedekind completion ) is built on a (generally)
uncountable number of copies of (€2, F), each coordinate evaluated with a different probability
measure. A priori it is therefore questionable whether an element in the Dedekind completion
has an interpretation as an equivalence class of functions mapping €2 to R, as would be
necessary for aggregation procedures to be possible. There are however cases where this
is possible as discussed in the following remark. We will also come back to this topic in

Section [471

Remark 4.25. Suppose ‘B is of class (S) and we can find a disjoint supportable alternative
Q and a family (Sq)geq C F with properties (c) and (d) from Definition [4.15] i.e. the sets
Sq, Q € 9Q, are pairwise disjoint versions of the respective order supports. In addition to the
Dedekind completion Y constructed in Proposition consider the Q-completion F(Q) of
F and the set QF = {Q* | Q € Q} of extensions to F(Q) as defined in Section [2l Given
(Xq)oea € Y and any choice (f9)qgeq of uniformly bounded Q-representatives fQ € Xq, the
function

=) fUw)lgw), weQ,

Qen
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is well-defined and F(£)-measurable. This procedure yields a map J; : Y — L>®(Qf) =
L>®(Q, F(Q),9*). Conversely, given Y € L>®°(Q*) and a bounded JF(Q)-measurable g € Y,
we can find for all Q € Q an F-measurable fQ such that {g # f9} € n(Q). If Xq denotes
the equivalence class generated by fQ in L>(Q), (Xq)geq lies in Y. This procedure gives
rise to a map Jo : L‘X’(Qﬁ) — Y. It is straightforward to prove that Jp,Js are lattice
homomorphisms which satisfy Jj o Jo = idLoo(Qu) and Jp o J; = idy. Hence, L“(Qﬁ) and Y
are lattice isomorphic, and L>(£, F(Q), Q") is the Dedekind completion of L>°(B) as well.
In particular, this observation applies to sets of priors with the Hahn property and is in line
with [I8, Theorem 3.16].

At last, one may wonder if Theorem 3) holds without the cardinality condition. This
question remains open to us, see Question below. However, the class (S) property implies
the Hahn property under a suitable change of the underlying measurable space.

Proposition 4.26. Suppose P is a set of priors on (Q, F) which is of class (S). Then there
1s a measurable space (Q .7-") and a set of priors Q which has the Hahn property such that
L>(Q, F,*B) is lattice isomorphic to an order dense and majorising sublattice of the Dedekind
completion L (2, F(Q), Q%) of L®(Q, F, Q).

4.5. Dedekind completeness and aggregation. The aim of this section is to provide
a precise statement on the equivalence between Dedekind completeness and the feasibility
of aggregating suitably compatible random variables as is common practice in quasi-sure
analysis.

Definition 4.27. Let B be of class (S) and let Q be a supportable alternative. A family
(X9)geq C L>®(P) such that X 15 L>(F), Q € Q, is called COMPATIBLE if it is order
bounded above and

XLs@ns@ = X Ls@ns@ M L7 ()
for all Q,Q € Q. 9 has the AGGREGATION PROPERTY if for every compatible family (X?)geq
there is an equivalence class Y € L ()—called the AGGREGATOR of (X9)gcq—such that
Y]-S(Q) = XQ]_S(Q), QeAq.

The existence of aggregations as in the preceding definition is prominently studied by Cohen
[18] and Soner et al. [41], which fall in the class (S) setting as demonstrated in Section
The next result shows that [I8, [41] essentially prove Dedekind completeness of a suitable
space of random variables.

Theorem 4.28. Suppose B is of class (S). Then the following are equivalent:
(1) L>(P) and Y := {X € [[geq L™(Q) [ 3m > 0VQ € Q : [Xq| < m Q-as.} are

lattice isomorphic. Here, 8 is a disjoint supportable alternative to .
(2) L°°(P) is Dedekind complete.
(3) Every supportable alternative Q of P has the aggregation property.
(4) B has a supportable alternative Q with the aggregation property.
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We can also link Dedekind completeness in conjunction with the class (S) property to per-
fectness of the space L ().

Theorem 4.29. Let B be a set of probability measures on (2, F). Then the following are
equivalent:

(1) L°°(R) is perfect, i.e. (L=(P)y )y = L>®(P) via the embedding (2.2).
(2) B is of class (S) and L>®(P) is Dedekind complete.

(3) sca(P)* = L>(P) as in ([4.2).

Theorem [4.29)3) weakens the rather restrictive assumption in the case X = L>*(B),
namely that ca(®B)* = L>(P), to sca(P)* = L>*(P). Clearly, both assumptions coincide in
case sca(P) = ca('B). The question is how much weaker sca(3)* = L>°(P) or equivalently
B being of class (S) and L*°(*B) being Dedekind complete is compared to [(A6)l The next
section shows that the answer to the aforementioned question how much weaker exactly
sca(P)* = L>®(P) is compared to will lead us to the fringes of classical mathematics.

4.6. Dedekind completeness and the limits of ZFC. It will turn out that the relation
of the condition sca(*)* = L>°(P) with the condition ca(P)* = L>°(P) is intimately linked

to Banach’s measure problem [5].

Definition 4.30. A non-empty set S is said to admit solutions to Banach’s measure problem
if there is a probability measure 7 : 2% — [0,1] on the power set 2° with the property
m({s})=0forall s € S.

If S admits a solution to Banach’s measure problem, its cardinality x := |S| plays a funda-
mental role in logic and set theory; see [23, Chapter 10]. It may qualify for properties such as
being measurable, real-valued measurable, or inaccessible. These properties are very hard to
grasp in the classical framework of mathematics, ZFC, which is for instance consistent with
the assumption that inaccessible cardinals do not exist. However, such large and measurable
cardinals play a fundamental role in various branches of mathematics; cf. [24) Chapter 1.2].

Theorem 4.31. The following are equivalent:
(1) ca(P)* = L>=(P), i.e. [(A6)| holds for L>=(P).
(2) B is of class (S), L (P) is Dedekind complete—or equivalently: sca(*B)* = L (P) —
and no disjoint supportable alternative Q admits a solution to Banach’s measure
problem.

The following corollary embeds class (S) spaces in an important observation due to Luxem-
burg [31]. We particularly emphasise the equivalence of (2) and (3) which means that the
robust spaces L*°(*B3) are in some sense of universal relevance for vector lattices.

Corollary 4.32. Consider the following statements:

(1) Banach’s measure problem has no solution.
(2) Each Dedekind complete vector lattice X satisfies X = X, .
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*

(3) For each set P of probability measures on a measurable space (2, F), ca(PB)* =
L (B)—i.e. the space L>=(B) has property[(A6)|—if and only if L°°(P) is Dedekind
complete .

(4) For each set P of probability measures on a measurable space (2, F), ca(PB)* =
L>®(PB)—i.e. the space L*>*(P) has property —if and only if P is of class (S)
and L>®(P) is Dedekind complete [(A4)]

(5) For each set P of probability measures on a measurable space (2, F), ca(PB)* =
L (B)—i.e. the space L°°(R) has property[(A6)|—if and only if sca(P)* = L>=(P).

(6) L>*(B) is Dedekind complete only if P is of class (S).

Then (1)—(5) are equivalent, and they all imply (6).

Corollary 4.33. It is impossible in ZFC to construct an example of a measurable space
(Q,F) and a set P of probability measures such that

(1) L°°(P) is Dedekind complete, but ca(B)* # L (P), or
(2) L>*(B) is Dedekind complete, but B is not of class (S).

At last, Theorem admits to show that the equivalence of ca(B)* = L*°(B) with the
seemingly weaker condition sca()* = L () is consistent with ZFC, provided the cardi-
nality of the set of measures is not too large. To this end, we recall that the continuum
hypothesis CH is consistent with ZFC; see Godel [22]E|

Corollary 4.34. In ZFC+CH let P be a set of probability measures on a measurable space
(Q, F) and suppose that any disjoint set | C sca(*B) of supportable probability measures is
at most equinumerous with the continuum. Then the following are equivalent:

(1) ca(P)* = L>(P), i.e. L=(P) has property[(A6)]
(2) sca(P)* = L>(P), i.e. L=(P) has property[(A5)]
(3) B is of class (S) and L°°(P) is Dedekind complete, i.e. it has property[(Ad)]

Under any of the conditions (1)—(3) we have ca(P) = sca(P), that is, [(A3)|

This family of results implies that within ZFC it is impossible to decide whether sca(P)* =
L>*(B) is weaker than ca(P)* = L>*(P). Corollary shows the equivalence of those
properties in ZFC+CH, provided any disjoint set of supportable probability measures is at
most equinumerous with the continuum. The latter is automatically satisfied if, for instance,
(Q,F) is Polish—a situation encountered regularly—because then A(F) itself is at most
equinumerous with the continuum.

Example 4.35. Recall the situation of Example There is an obvious surjection
0 L? := L2 (]0,T),B(]0,T]), \) — B,
4 The continuum hypothesis states that there is no set M such that Ro < |M| < 2% Here, Ng denotes

the cardinality of N and 2%° the cardinality of the power set 2N, which is precisely the cardinality of the
continuum.
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where A denotes the Lebesgue measure on ([0, 7], B([0,77)). L% ([0,77],B([0,T]), \) is Polish,
hence |L?| = |R|, and the disjoint set B of probability measures is equinumerous with the
continuum. By Theorem [£.22] the order supports of measures in 8 may be chosen such that
they are pairwise disjoint. By Remark the Dedekind completion of L>(B) is the space
L>®(PF), where BF = {P# | P € B} denotes the set of extensions of the probability measures
in P to the P-completion F(P) of F. Moreover, B¥ is of class (S) and its own supportable
alternative; see Theorem below.

Corollary shows the identity sca(B*) = ca(B?) in ZFC+CH. By Proposition m
and Example however, sca(f) C ca(P) holds for the non-Dedekind complete space
L>(Q, F, ). Hence, the pathological measures and functionals defined by in the proof
of Proposition can in particular not be extended to the larger o-algebra F(3) on Q2. We
will come back to this issue in Corollary

4.7. Enlargement of o-algebras. So far we have discussed necessary and sufficient condi-
tions for and consequences of Dedekind completeness of the space L°°(93). Proposition [4.24]
shows that the Dedekind completion of L*°(B) is a product space under the class (S) prop-
erty. Remark proved that Dedekind completion can also be obtained by completing the
underlying o-algebra along a disjoint supportable alternative in case the latter admits the
selection of pairwise disjoint versions of its order supports. Proposition illustrated that
finding these can necessitate changing the underlying measurable space.

In this final section, we therefore address the more specific question under which conditions
this change is not necessary. That is, the Dedekind completion of L>°(3) can be obtained
by appropriately enlarging the underlying o-algebra F on {2—thereby weakening the notion
of measurability—and changing to a new set of priors on the larger o-algebra.

Definition 4.36. Given a measurable space (2, F) endowed with a set of priors 3, an
ENLARGEMENT of (Q, F,B) is a tuple (G,B), where F C G C 29 is a o-algebra on Q, and
B is a set of priors on (2,G) such that, for all N € F, suppeg P(N) = 0 is equivalent to

SUPp g ﬁ(N) =0, that is, {ﬁ|]: ~ B. We define the embedding

lg - LOO(QVF’('B) - LOO(Qag7q/§)v X = [.ﬂ = <f>7 (4'4)

where (f) denotes the equivalence class generated by an F-measurable random variable f in
L>(92,G,9). An enlargement (G,3) COMPLETES L>(B) if L>(£2, G, B) is the Dedekind com-
pletion of L>°(P) and tg(L>(P)) is the order dense majorising copy of L () in L>(£, G,*B).

Note that the condition ‘,/m F ~ P ensures that (g is well-defined and one-to-one, which is
necessary if L(€2, G,B) completes L>(B). Let us introduce some candidates for completing
enlargements we will consider in the following:

Universal enlargement: Recall that A(F) denotes the set of all probability measures
on (2, F). Consider the enlargement (H, %), where H := F(A(F)) is the universal
completion of F, and 7 := {P™ | P € B} is the set of unique extensions of the initial
priors to (€2, 7H); cf. Section [2 Each p € ca has a unique extension to H which we
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will denote by p*. The B7-q.s. order on L®(PH) := L>(Q, H, L) will be denoted
by <™. Universal completions play an important role in [I4} 16, 38], e.g. in the proof
of the measurability of so-called “arbitrage aggregators”.

L-universal enlargement: This refers to (A, B4), where A := F(ca(f),) denotes
the completion along all (probability) measures absolutely continuous with respect
to B, and PA := {PA | P € P} denotes the set of extensions of priors P € P to A.
We set L (PA) := L®°(Q, A, BA).

Supportable enlargement: Suppose P is of class (S). We will then consider the en-
largement (S, QF), where S := F(sca(B)y) is the completion along all supportable
(probability) measures, and QF := {Q* | Q € 0} is the set of extensions of a sup-
portable alternative 9 of ¢ to S. This leads to the space L>®(9QF) := L®(Q, S, QF)
endowed with the QF-q.s. order which we denote by <f. Note that L>(QF) does
not depend on the particular choice of the supportable alternative £, but any choice
produces the same space. A bounded S-measurable function h induces an equiva-
lence class [h]; € L°(Q%). Completions along a particular set of priors are crucial
in [41], Section 7] and throughout [I8] to construct a conditional version of sublinear
expectations. We also refer to [17, 36, [38].

A priori it is clear that F C ‘H C A, and A C S whenever B is of class (S). The next
proposition shows that & can equivalently obtained by completing F along an arbitrary
supportable alternative.

Proposition 4.37. Suppose B is of class (S) and Q is a supportable alternative to . Then
S =F(Q).

Theorem 4.38. Let B be of class (S) and let Q be a supportable alternative to B.
(1) Suppose that L*°(B) is Dedekind complete. Then

i (LP(R)) = L2(BH), (L)) = LX(BY),  ws(L2(R)) = L=(QF).

Hence, in this case we may assume F € {H, A, S} without altering the structure of
the corresponding L°°-space up to lattice isomorphisms.
(2) Suppose an enlargement (G,*B) completes L°(P). Then each p € sca(*P) extends

uniquely to a @ € sca(®B). In particular, Q extends to a supportable alternative
9:={Q| Qe Q} =P and we may assume that G = G(sca(P);) and

FCHCACSCG.

Hence, if Dedekind completion of L (€2, F, ) is obtained by an enlargement (G, ‘,fi), G should
be at least as large as the supportable completion S of F. Therefore, neither LOO(‘,BH) nor
L>®(P4) should be Dedekind complete. We will make this intuition precise in many cases
of an underlying Polish Borel structure, see Corollary below. In these cases, we know
already that the Dedekind completion is constructed by completing along any supportable
alternative . Hence, the (P3-)universal enlargement is not a sensible choice if the aim is
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aggregation. Note that the class (S) assumption does not pose a severe restriction here, as
class (S) cannot be disproved under Dedekind completeness.

Next we focus on the situation when the supportable enlargement completes L (). Our
result again elaborates the connection to the Hahn property and complements Theorem
and Proposition [4.26

Theorem 4.39. Suppose that B is of class (S) and admits a supportable alternative at most
equinumerous with the continuum. Then the following are equivalent:

(1) There is a set of probability measures P* ~ P such that P* has the Hahn property.

(2) There exists an enlargement (g,iﬁ) which completes L>°(*R) in such a way that there
exists a supportable alternative O =~ P such that for all O € O and all B € G there is
A € F with A C B such that O(A) = 6(3) Here O denotes the unique extension of
O to G; see Theorem 2).

(3) The supportable enlargement (S, Q%) completes L= (B) for any choice of a supportable
alternative Q ~ B.

At last, in light of Theorem 1), it seems unlikely that L> (%) or L°(PA) are Dedekind
complete. The next corollary provides many typical situations in which this intuition holds
true.

Corollary 4.40. In ZFC+CH assume that that B is of class (S) and admits a supportable
alternative at most equinumerous with the continuum. If ca(®B)\sca(P) is non-empty, then
neither L>®(PH) nor L=(PA) are Dedekind complete. In particular, this assertion holds if
Q is Polish, F is the Borel-o-algebra on 2, B is a set of Borel priors which is of class (S),
and a disjoint supportable alternative Q contains a perfect or uncountable analytic or Borel
subset R of A(F).

Corollary for instance applies in the situation of Example
4.8. A caveat. Our investigations naturally lead to a problem which remains open to us:

Question 4.41. Is there an example of a measurable space (2, F), a non-dominated set 3
of priors which is of class (S), and a disjoint supportable alternative Q such that no selection
(Sq)oeq of pairwise disjoint versions of the order supports of Q exists? If yes, can an example
be given such that L>(B) is Dedekind complete?

However, a negative answer to Question [£.41] or a proof that no such examples can be found in
ZFC would sharpen many of our results. For instance, by Remark Dedekind completion
would then always be given by the supportable enlargement.

5. PROPERTIES OF ORDER SUPPORTS

In this section we state and prove a few properties of order supports.
In some aspects, the following lemma reflects observations made by Cohen in the context of
the Hahn property. We refer to [I8, Lemmas 3.5 & 3.14].
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Lemma 5.1. Let ‘R be a set of probability measures on a measurable space (0, F) and suppose
w,v € sca(P) 4.
(1) If A€ F with A C S(u), then either u(A) >0 or 14 =0 in L°(B).
(2) If S := S(u) N S(v) satisfies 15 # 0, then u(-|S) ~ 1/(|S)E|
(3) Suppose C C LO(B) is order bounded from above, let S = S(u) N S(v), and assume
1g # 0. Let f and g be measurable with f being a p-representative of sup j,(C) in
LO(w) and g being a v-representative of sup j,(C) in L°(v). Then [flg] = [gls].

Proof. (1) Suppose A € F, A C S(u), and pu(A) = 0. Then u(S(p)\A) = u(2) and 14

B =
1g(u\a by Definition (b) We infer that in L°(*B)

1a =15 = Lsuna = 0.

(2) Suppose N € F is a u(-|S)-null set, i.e. u(NNS)=0. As NNS C S(u), (1) implies
1nyns = 0 g.s. and hence

v(NNS)

v(S)

The symmetry of the argument yields the equivalence of u(N|S) = 0 and v(N|S) =0
for all N € F.

(3) First of all, both f and g exist because the spaces LY(u) and L°(v) are super Dedekind
complete by [20, Theorem A.37] and j,(C) and j,(C) are order bounded from above in
L°(u) and L°(v), respectively. For any X € C and any representative h € X, we have

p({h > f1nS) =0,

because f is a p-representative of supj,(C). As {h > f} NS C S(u), 1ipsf3ns = 0 by
(1). Since v < P we also have

V(N|S) = ~0.

v({h>f}NS) =0,

and thus
v({g> f}nsS)=0.
Again by (1) we obtain 174 nng = 0. A symmetric argument shows 1;y-ng = 0. We
infer f1g = glg q.s.
O

Lemma 5.2. Let P be a set of probability measures on a measurable space (Q, F). Let
X C LO°(B) be a Banach lattice which contains all constant random variables, let p € sca(X),
and let ¢, € X7 be the functional on X associated to p. Then the carrier of ¢, satisfies
C(pu) = 1g(, X, whereas the null ideal of ¢, satisfies N(¢y) = 1g(,)eX. Both are bands in
X which may be decomposed as the direct sum

X = (1g&) ® (LgueX) = C(ou) © N(¢p)- (5.1)

5 The latter mean the measures conditioned on the set S; more precisely, u(:|S) is defined by u(A[S) :=

u(ANS)
MG AeF.
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Proof. Suppose p € sca(X). We may assume without loss of generality that p is positive.
Then 1g(,)eX is the null ideal N(¢,) of the functional ¢,. Clearly, as u(S(p)) = 0, for all
X € X we have

oul1 X150 = [ 1X[15000c s =0
Conversely, suppose X € X satisfies ¢, (|X|) = 0. Then for all f € X

0= 6,(1X1) 2 641 XI1s0) = [ 171Lsundn 0.
This implies |f|1g(,) = 0 q.s. by Lemma (1) and X = X1g,.. At last,

Cleu) = N(du)? = (LX) = Ly X.

By Lemma both summands appearing in (5.1 are indeed bands, and the equation is a
decomposition of X as a direct sum. O

A consequence of the next important observation is that the order of a class (S) space is
locally super Dedekind complete, one of the main reasons why the class (S) property makes
robustness tractable.

Proposition 5.3. Suppose p € sca(P)i4, A C S(p) is measurable, and pu(A) > 0. Set
B:=14L°(B). Then:
(1) For all X,Y € B:
X XY = ju(X) <ju(Y) in LO(n). (5.2)
(2) B is a super Dedekind complete band.
(3) p dominates {v(-N A) | v € ca(’B), |v|(4) > 0}.

Proof. (1) Two elements X,Y € B satisfy X <Y if and only if sup,n(X — Y)T Ak = 0.
As Z = (X - Y)" Ak € C(¢,) by Lemma and ¢, is strictly positive on its carrier
(see the remark preceding [2, Lemma 1.80]), this is equivalent to

sup ¢, (X —Y)" A k) =0.
keN
However, we have for all £ € N that
Sul(X =) AR = [(G00) = V) Ak

Hence, X <Y is equivalent to [(j,(X) — ju(Y))T du = 0, which is itself equivalent to
Ju(X) < ju(Y) in L9(i). We have proved (5.2).

(2) The space B is a band by Lemma and has the countable sup property by Lemma
and [2, Lemma 1.80]. Dedekind completeness of B follows from and the super
Dedekind completeness of L°(y).

(3) This is a direct consequence of Lemma [5.1)(1).

Corollary 5.4. Let B be a set of probability measures on (2, F).
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(1) Suppose p € ca(P) and a sequence (pn)nen C sca(P)4y satisfy p < {pn | n € N}.
Then p € sca(P).

(2) sca(P) is an ideal of ca(*P) which is closed with respect to convergence in total vari-
ation.

Proof. (1) Define
vi= Z mun € ca(P).
neN
We claim that v is supportable. For versions S(u,) of the order supports, define S :=
Unen S(ptn). Clearly, v(S) = v(€2). Let now A € F be arbitrary with the property
v(A) = v(Q). Then p,(A) = pn(£2) has to hold for all n € N. This implies 1g(,,) = 14
for all n € N, and hence 1g = sup,en1s(u,) = 1a. Combining both observations,
1s = 1g(,). As |u|(S°) = 0, Proposition (3) yields that |u| < v. Hence, there is a
v-density f of |u|. One easily verifies S(u) = S(|u|) ={f >0} nS.

(2) In order to show that sca(P3) is an ideal of ca(*P), it suffices to show that for all p €
sca(P)4+ and all 0 < v <z p we have v € sca(B);. As v(S(u)) = 0, Proposition
(3) implies v < u. Let f: Q — R be any version of g—; and note that {f > 0} N S(u)
is the order support of v.

For closedness, suppose (n)nen C sca(P) satisfies limy, 00 TV (pt, —p) = 0. Let N € F
be such that sup,,cn |pn|(N) = 0. Then

PI(N) = Jim_[al (V) = .

Hence, p < {|un| | » € N} and is thus supportable by (1).
U

At last, we provide a local variant of the Radon-Nikodym Theorem. Given a family B of
probability measures, the o-CONVEX HULL of 8 is the set co, () of all countable convex
combinations

[e.e] [e.e]

D> AaPr. (Punen C©B, ndnen € [0,1], D A =1. (5.3)

n=1 n=1
For a set P of probability measures on (€2, F) we introduce the space ca(*3)>° as the linear
span of all signed measures

Up.g : Fo>A— Ep[glA],

where ¢ is measurable and bounded, and P € 3. This space has been introduced by Gao &
Munari [2I], where it is denoted by ca2®, as a simple and tractable ideal in L>° ()"

Corollary 5.5. Let B be a set of probability measures.

(1) p € ca(’B) lies in the closure of ca(PB)> with respect to the total variation norm TV
if and only if there is P* € cos(*B) and h : Q — R measurable and P*-integrable such
that

VA€EF: u(A)=Ep:[hl. (5.4)
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(2) If B is of class (S) and Q is a supportable alternative to P, sca(P) is the closure of
ca(Q)> with respect to TV . Hence, u € sca(P) if and only if there is Q* € co,(Q)
and Q*-integrable h : Q@ — R such that p(A) = Eq+[h14], A€ F.

Proof. (1) Assume first p € ca() lies in the closure of ca(®P)>° with respect to TV, i.e.

there is a sequence (ug)ren C ca(P)> such that TV (ur — p) — 0, K — oo. For each
k € N let Bi C P be finite such that |u| < Pi. Let

22 kz —PECOU‘I?)

k=1 O
where |By| denotes the cardinality of PBj. Suppose N € F satisfies P*(/N) = 0. Then

[l (N) < |p = pge| (V) + e (N) = | — pe|(N) STV (10— puge).

Letting & — oo on the right-hand side implies |p|(N) = 0. By virtue of the Radon-
Nikodym Theorem, there is h :  — R measurable and P*-integrable such that is
satisfied.

Now suppose p is of shape . Let gi := hlgp<k}, k € N, and define v, € ca(F) by
vi(A) := Ep+[gr14]. Then

TV (p—vg) = Ep«[[h|[1pshy] = 0,k — oo,

where we used dominated convergence. Now suppose (Pp,)nen C B and (Ap)nen C (0, 1]
are sequences such that

P = ij:l/\nPn.

Fix k € N and let py := SN M\ .Ep, [9x1.] € ca(P)*>°, where N € N. Then

00
TV MN_Vk Z A EPn ]gk| k Z )\n—>0, N — oo.
n=N+1 n=N-+1

This shows that v lies in the closure of ca(3)>°, and a fortiori the same holds for pu.
Let 1 € sca(P); without loss of generality and let 9 be a supportable alternative to
B. First of all, 15(#) = SUPgQen 1S(,u)1S(Q) = SUPgen 1S(u)ﬁS(Q) by Lemma @ The
band 1g(,)L>°(*B) is super Dedekind complete by Proposition (2) Hence, there is a
sequence (Qp)nen C Q such that

sup 1gQ,)ns(u) = Ls(u)-
neN

Consider Q* := ) -\27"Qp, which is supportable by Corollary (1), and S(Q*) =
Unen $(Qn). By Proposition (3), @ < Q*. The Radon-Nikodym Theorem yields a
Q*-integrable h : Q — R such that p(A) = Eq-<[h14] for all A € F. The assertion follows
with (1).

(]
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6. PROOFS OF THE MAIN RESULTS
Throughout this section we assume the reader to be familiar with the results from Section
6.1. Proofs of Sections [4.1] and [4.21

Proof of Lemma[{.3. (1) This is a direct application of Lemma

(2) Suppose that 1g = inf C exists as in (1). If u is supportable and S(u) is its PB-q.s. order
support, then 1g,) = 15 = inf{14 | A € F, p(A4) = p(2)} holds by condition (b) in
Definition As 1g(,) € C, we also have 15 < 1g(,). Hence, 15 = 1g(, has to hold.
Conversely, if ©(S) = (), conditions (a) and (b) from Definition are met. Hence,

S is the PB-q.s. order support of u.
O

Proof of Theorem[{.3 (1) implies (2): If B is dominated by some probability measure P*,
we can apply [20, Theorem 1.61] and assume P* € co, () and P* ~ B, where co,(P) is
defined in (5.3). As a consequence, L°°(%3) is lattice isomorphic to L>(P*), and the latter is
super Dedekind complete by [20, Theorem A.37].

(2) implies (3): (2) already entails the countable sup property by definition. Let now p €
ca(PB)+ be arbitrary. Consider the set C := {14 | A € F, u(A) = u(Q)}, which is order
bounded below by 0 € L*>(). By super Dedekind completeness of the latter space, infC
exists and there is a sequence (Ay)nen C F such that inf C = inf,en 14,. Set S := ),y An
and note that p(S) = p(2). Moreover, 1g¢ = inf,en14, = infC is readily verified. By
Lemma[4.2] S is the order support of u.

(3) clearly implies (4).

(4) implies (1): The assumption of (4) implies that P has the class (S) property from
Definition and is its own supportable alternative. From Lemma we infer 1 =
suppeyp Lg(p)- By the countable sup property this supremum is attained by a countable
subfamily (Pp)nen C B, i.e. 1g = sup,en 1gp,)- However, sup,en 1gp,) = 1s, where

S:=J S(Pn).

neN
From this observation 1 = 1g follows. For all N € F, we thus have

1N:1N/\19:Sup1N/\15(pn) zsupleS(pn), (6.1)
neN neN

where we have used [2, Lemma 1.5]. Suppose 0 = P,(N) = P,(N N S(P,)). By Lemma
H(l)7 1nasp,) = 0 a.s. By (6.1)), sup,enPn(N) = 0 implies 15 = 0 g.s. The converse

implication holds a priori. Hence,
o
Pr{PnneNtr > 27"P, = P".
n=1

This is (1). O

Proof of Proposition[{.4 Throughout the proof, we may assume p € ca(P).
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Let (Xa)aer be a net such that X, | 0. Then X,1g(,) | 0. By Lemma that
15X = C(¢y) for the associated functional ¢, € X,". By Proposition (2), 1o X
equipped with the -q.s. order < has the countable sup property. Hence, there is a
countable subnet (ay,)nen such that X, 1 s(u) + 0 in order. By monotone convergence,

0< igf ¢u(Xa) = igf ¢M(Xa15(u)) < érellf\l d)u(XanlS(u)) = }lrelfN/XanlS(u) dp =0,

whence order continuity of ¢, follows.
Let ¢, be order continuous and X be Dedekind complete. Consider the net

(14) AeF, p(A)=p(2)

where the index set is ordered by set inclusion. Then 14 | 1g for some S € F by

Lemma [L3(1), and 4(S) = ¢u(ls) = inf{g,(14) | A € F, p(4) = p(@)} = () by
order continuity. y is supportable by Lemma [4.2/2).

O

Proof of Theorem[{.8 (1) This is an immediate consequence of Proposition

(2)

3)

We have already observed that implies Moreover, the second equivalence
follows from (1).

For the first equivalence, suppose first X has properties ca(X ) separates the
points of X—(A2)| and |[(A4)l As X is monotonically complete, [35, Theorem 2.4.22]
yields X = (X)), i.e. X is perfect. yields (X))~ = ca(X); Both identities
together provide [(A5)

Conversely, assume X has property As ca(X) always separates the points of its
order continuous dual, is an immediate consequence of Now, as R is Dedekind
complete, ca(X)™ is Dedekind complete by the Riesz-Kantorovich Theorem [2, Theorem
1.67], and ca(X); is a band in ca(X)~ by Ogasawara’s Theorem [3, Theorem 1.57].

ca(X); is therefore Dedekind complete in its own right. This implies that X = ca(X);,

n

is Dedekind complete [(A4)l Last, for [((A2)} [35, Theorem 2.4.22] would imply
ca(X) = (ca(X)y), = &,

n

provided ca(X) is Dedekind complete, monotonically complete in the sense of [35, Def-
inition 2.4.18], and ca(X); separates the points of ca(X). For Dedekind completeness,
combine the Riesz-Kantorovich Theorem, Ogasawara’s Theorem, and to see that
ca(X) = X7 is a band in the Dedekind complete order dual X~ and therefore Dedekind
complete. ca(X) = X is monotonically complete by [35, Proposition 2.4.19(ii)]. At
last, ca(X), = X separates the points of ca(X) by definition.

Perfectness of X has been shown above under the assumption [(A1)N(A2)N(A4)|

This is an immediate consequence of [I, Theorem 9.22].

O

Proof of Proposition[{.10, (1) By [I, Theorem 15.15], A(F) is Polish. Let %R be the men-
tioned subset of A(F) N sca(P). Then there is a continuous injective map Q, : {0, 1}N —
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A(F) with {Q, | o € {0,1}N} C R; cf. [27, Theorem 6.2]. The Cantor space {0,1}N is
tacitly assumed to be endowed with its Polish topology, the discrete product topology. For
any E € F, the function {0,1}N > o — Q,(E), is Borel measurable as a composition of the
continuous map Qe and the Borel measurable function A(F) 5 p — u(E) ([I, Lemma 15.16]).
Let 7 be any non-atomic Borel probability measure on {0, 1}N7 whose existence follows from
[1, Theorem 12.22]. Consider

p:F —[0,1, Ew~— /{0 . Qs (E)7(do). (6.2)

 is a probability measure in ca(3)4+. Assume for contradiction that p is supportable. Let
o € {0,1}N be arbitrary. For all {0,1}N > ¢’ # o, we have 15Q.) A Ls,,) = 0 in L=(P),
whence Q,/(S(Q,)) = 0 follows. By (6.2),

p(S(1) NS(Qs)) = Qo (S(1) NS(Qo)) 7({a}) = 0.

Lemma (1) shows that 1g(,)ns(q,) = 0in L(F). As o was chosen arbitrarily, Q5 (S(u)) =
Qo (S(i) NS(Q,)) =0 for all o € {0,1}N, contradicting (S (i) = 1.
(2) Let p be defined by (6.2)) and suppose supgem [|Qllca(x) < oo. Then all X € &’ satisfy

/ Xyt = / Eo, [ X[I7(do) < sup | Qlleac |1 X -
{0,1}N Qen

Hence, p € ca(X). Now assume Supgen 1s(Q) exists. By Lemma there is a set S € F
such that 15 = supgen 1g(g) in X. Also, Q(S) = 1, Q € R, which entails ¢,,(1s) = u(S) = 1.
However, for any § C R finite, define Yz := maxqeg 15(q) = lUQeg 5(Q) and note that

¢N(Y3) = 0.
Moreover, the net Yz, § C fR finite, where the index set is ordered by inclusion, converges to
1g in order. Hence,

lim Vi) =0<1= ( lim Y): 1s),
FCAR finite QZ),u( &') ¢u FCAR finite § ¢M( S)

so ¢, cannot be order continuous.

At last, any uncountable Borel or analytic subset of A(F) contains a non-empty perfect set;

see [27, Theorems 13.6 & 29.1]. O
6.2. Proofs of Section [4.3l

Proof of Lemma[{-16, By Definition [£.15(a), Q ~ B, L>(P) = L>(Q), and the P-q.s. order
agrees with the £-q.s. order. By Definition (c), Q(Sq) =1 for all Q € 9. This shows
property (a) from Definition 4.1l As for Definition [.1b), let Q* € Q be arbitrary and
suppose an event A € F satisfies Q*(A4) = 1. For all Q € Q\{Q*},

Q(la <1s,.) =Q ({1A <1gz}nN SQ>

= Q((S-\4) N So)
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Moreover, Q*(14 < 155) = Q*(Sq+\A) = 0 as well. Hence 15, < 14. O

Proof of Proposition[{.17 The inclusion sca(X) C X is Proposition [£.4(1). For the con-
verse inclusion, let ¢ be any order continuous functional. As X" C X = ca(X), there is a
1 € ca(X) such that ¢ = ¢, as in ([4.1)). Since X" is a band in X~ = X* by [35, Proposition
1.3.9], we can assume without loss of generality that ¢ is positive. Let F be the set of all
finite subsets of a supportable alternative 2 =~ 3 ordered by set inclusion. Consider the net

(1UQ655<Q>) o <rgg§< 1S(Q)>%F'

Then 1y, _ s(q) T 1o by Lemma E} Since ¢ is order continuous, we obtain

t# (Uges S(Q)) = 6u(1uq., si@) T 6u(la) = #(9).
As R is super Dedekind complete, we can choose a sequence (Qp)nen C Q such that

1 (Unen S(Qn)) = ().
We obtain 1 < {Qp | n € N}, and p € sca() follows with Corollary [5.4{1). O

Proof of Proposition[{.18 (1) As B is of class (S), sca(p) ~ P, and sca(P) = L>(P)
by Proposition Hence, for all 0 # X € L*°(B), there is pu € sca(*P),4 such that
J1X|dp > 0. For f € X arbitrary, define v € ca(P) by

I/(A) = %1{|f|>0} du, AeF.
A

We immediately verify v € sca(3) and S(v) = {|f| > 0} N S(u). Moreover,

/Xdu:/|X|du>O,

whence we infer that sca(®p) = L*>°(B), separates the points of L>(’B).
(2) Suppose that L°() is Dedekind complete and that L% (), separates the points of
L>(B). Then the set of probability measures

Q:={Qp | ¢ € (LZ(B)7)++1}

defined by

_ 9(1a)
Qs(A) == PYEPSE AeF,
satisfies Q ~ PB. In order to see that 9 is a supportable alternative to 3, note that
for each ¢ € (L>();)++ the null ideal N(¢) is a band. [2I, Lemma 43] implies the
existence of some Ejy € F such that N(¢) = 1g,L>(P). Therefore S(Qy) := EY is the

order support of Q.

O



FUNCTION SPACES UNDER MODEL UNCERTAINTY 39

Proof of Theorem[{.19. ca(X) agrees with the o-order continuous dual X7, and sca(X)
corresponds to the order continuous dual X" by Proposition m By [35, Proposition
1.3.7], X~ = X*. As R is Dedekind complete, both ca(X) and sca(X’) are bands in X~ by
Ogasawara’s Theorem [3, Theorem 1.57].

Moreover, X'* is Dedekind complete. By the Freudenthal Spectral Theorem [2, Theorem 1.59]
it has the projection property, i.e. for every band B C X* we have X* = B@® B, Applying
this to B = ca(X), we obtain X* = ca(X) @ ca(X)d. Next, note that ca(X) is a band
and therefore a Dedekind complete vector lattice if we restrict the order to ca(X) x ca(X').
sca(X') being a band in X'~ implies that it is a band in ca(X’), as well. Another application
of the projection property involving B := sca(X) yields

ca(X) = sca(X) @ sca(X)?,

the disjoint complement taken in ca(X').

It remains to prove that sca(X)? = sca(X)*. As the spaces are ideals, it suffices to prove
that a positive measure p € ca(X), 4 belongs to sca(X)? if and only if it belongs to sca(X)=*.
To this end, note that by Corollary [5.5(2) u € sca()* if and only if |u|(S(Q)) = 0 for all
Q € Q where 9 is a supportable alternative to . Hence, let p € sca(X)? N ca(X), and
fix an arbitrary Q € Q. Define ¢ := u + Q € ca() 4+, fix representatives f and g of fl—’é and

dQ

X respectively, and note that

WAQ) = [ Frgdc aeF,

We obtain that f A g = 0 (-almost everywhere. In particular, flgQ)nfs>0y = 0 C-a.e.
Moreover, Q({g = 0} N S(Q)) = 0. From Lemma [5.1(1), we infer u({g =0} N S(Q)) = 0. In
total, we obtain

w(S(Q) = u({g = 0} N SQ) + /{ s T =0

Hence 1(S(Q)) =0, Q € Q, and 1 € sca(X)*. Conversely, assume u € sca(X)t Neca(X) ;.
Let v € sca(P) and let (Q)nen C Q be a sequence as constructed in the proof of Corollary[5.5|
which satisfies S(|v|) C ,,en S(Qn). For all A € F, we obtain

p(S(w) N A) + [v[(A\S(v]) = w(S(Iv)) N A) < (U S(Qn)>

neN
<3 u(S@Qun) =0.
n=1

From [I, Theorem 9.52], we infer u A |v| = 0, and p € sca(X)9. O

6.3. Proofs from Section For the proof of Theorem we need the notion of a
MAXIMAL DISJOINT SYSTEM in a vector lattice (X, <), that is, a subset € C X of mutually
singular vectors—i.e. z Ay = 0 for all z,y € €, x # y—with the property that 0 ¢ & and
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Sup,ee & A |z| = 0 implies z = 0. Each non-trivial vector lattice admits a maximal disjoint
system by [32, Theorem 4.28.5].

Proof of Theorem [{.23. (2) obviously implies (1).

(1) implies (2): As P is of class (S), the vector lattice (sca(P), <r) is non-trivial. Consider
a maximal disjoint system € C sca(*}3),. Assume for contradiction that € is not equivalent
to P, that is, we can find A € F such that 0 < 14, but

sup u(A) = 0.
pEE

Let 9 be a supportable alternative to 3. By Lemma|A.4| 14 = SUDgcq 1 4ns5(q), hence there
isaQe 9 such that 14ns(Q) = 0. By

& F—1[0,00), B~ Q(BNA),

we define an element ¢ € sca(3) 4 whose order support is S(§) = ANS(Q). Let u € € and
B € F be arbitrary. Then
(EAp)(B) <EBNSE)) +u(BNSE))
(BNANS@Q))
(A) =0.

I
< p
We infer { A p =0 for all u € €. That implies { = 0, or equivalently 1 4n5(q) = 0 g.s. This is
a CONTRADICTION. Hence, € =~ 3 must hold.

A disjoint supportable alternative is now given by the set

Q={;qnrlneeh
provided we can show that for p,v € €, u # v, we have 1g(,) A 1g,) = 0 g.s. To see
this, let ( := pu + v and let f and g be (-versions of Z—’Z and %’ respectively. Note that

Ls(u) = Lyrsoins() and gy = Ligsoyns(e) in L(P). Moreover, it is not difficult to show

that
d(p Av)

OZTC

=fAg C(-ae.
This shows

Lir>0ynfg>03ns(¢) = Lfag>oyns(q) =0 C-ae.
By Lemma [5.1)(1),

0 =1{s>03n{g>03n5(0) = Ls(uns) = Ls(u) N lsw) n L=(R).

Now assume that L>°(3) is Dedekind complete and that any disjoint set of probability
measures in ca(3) is at most equinumerous with the continuum. Clearly, (3) implies (2).
Supposing that (2) holds, let Q be a disjoint supportable alternative. Let g : Q — (0,1) be
an injective function. The family

C:={9(Q)15q) | Q€ Q}



FUNCTION SPACES UNDER MODEL UNCERTAINTY 41

is order bounded from above and admits a supremum U € L (3) by Dedekind completeness.
For all Q € 9Q, Ulg(g) + 9(Q)1s(q) is an upper bound of C as well since 1gq) A 1gg) = 0
for all Q' € Q\{Q}. As a priori

Uls: +9(Q1sq = U

we obtain U = Ulgqy + g(Q)1g(q) and hence Ulgq) = g(Q)1lgq). Let u € U be any
representative. Define

Sog={weuw)=9Q)}eF, Qeq.

Then Q(Sq) = Q(S(Q)) = 1 and by injectivity of g, SgNSq = 0 whenever Q # Q'. It remains
to show that 15, = 1g(q) g.s. To this end, note that for all Q" € Q\{Q}

Q'(1s, > 151q) = Q ((S9\S(Q)) N Sg)
<QUu=9Q}n{u=9Q")}) =0.
Hence, 15, = 1g(q). By definition, 15, = 15(q) has to hold. O

Proof of Proposition[{.23. (1) It is clear that the existence of a countable disjoint support-
able alternative £ implies that 8 is dominated. Conversely, if B is dominated, each
disjoint set SR of supportable probability measures is countable. Indeed, if P* is a prob-
ability measure on (€2, F) such that 8 ~ P*, and fQ is a representative of %, Q e R,
then ({fQ > 0})oem C F is a family of versions of the order supports of £ which are
pairwise disjoint up to a P*-null set and each have positive P*-probability. This clearly
entails countability of that family, and a fortiori countability of K.

(2) Suppose £ is a supportable alternative to 8 which is at most equinumerous with the
continuum. Let R C sca(®B) be any disjoint set of supportable probability measures.
By Corollary (2), for each Q € M we can select a sequence (QF),en € QN such that
Q < {Q% | n € N}. This gives rise to a map J; : R — QV. Fix now (Q})nen € QN and
let S = J,en S(Q;) and Q* == 3", \ 2 Q. Any Q € R such that Q < {Q} | n € N}
must satisfy Q*(S(Q)NS) > 0. By disjointness of the set 2R there can only be countably
many Q € R with the property Q*(S(Q) N S) > 0 and thus only countably many Q € R
with Q < {Q | n € N}. Hence, J ' ({(Q})nen}) is countable for all (Q),en € QN. This
admits to define an injective map Jy : R — QV*N, which at last proves

2 3
(%] < [QWN < RV = [{0, 1}V = [{0, 1}V = |R].

This proves the only nontrivial assertion.
O

Proof of Proposition[4.24. We denote the natural order on Y by <, i.e. X = (Xq)geq, Y =
(YQ)geqa € Y satisfy X <Y if and only if Xq < Yg Q-a.s., Q € Q. Consider the sublattice

L:={(jo(X))gea | X € L>(B)},
which is lattice isomorphic to L (3) by Proposition
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L is order dense in ), the notion being introduced in Section [2] To see this, suppose 0<X =
(Xo)gea € Y. Then there is Q* € Q such that Xo- € L*(Q*)+4. Let f € Xg« be a
Q*-representative and set

Y = (jo ([f1s@))) geq € £-
Then 0«Y < X.
Moreover, £ is majorising; cf. Section {2l This is due to {(jo(mlq))geq | m € R} C L being
majorising.
At last, ) is Dedekind complete because each factor L>°(Q) is Dedekind complete. Conclude
with the Nakano-Judin Theorem [2, Theorem 1.41]. O

Proof of Proposition[].26. Let Q be a disjoint supportable alternative to 8. Define O as the
disjoint union of Q over £, that is,

Q=] ]9={wQ|we2 Qeq}
Qe

On  we consider the o-algebra
F=0c({Ax{Q}|AcF,Qeq}).

It satisfies F = o(&), where £ is the set of all sets B C Q such that there are ) # § C Q finite

and (Aq)geg C F with the property B = {(w,Q) | Q € §, w € Ag}. € is in fact a m-system.

Consider p : 2 — € to be the projection onto the first coordinate. Moreover, define
A:={BeF|vQe: p(BN(Qx{Q}) e F}

Then A is a A-system which contains £. By Dynkin’s m-A-Theorem, F = A. This admits the
definition of “versions” of the measures Q € Q on (2, F) in the following way:

Q(B)==Q(P(BN(2x{Q}))), BeF.
Consider the set of priors Q= {6 | Q € Q}. Each of them is supportable in the ﬁ—q.s. order

~

on L*°(9), and the 9-q.s. order supports may be chosen as
S@ = SQ X {Q}, Qeq,

where Sqg € F is an arbitrary version of the ‘B-q.s. order support of Q. Hence, the ﬁ-q.s.
order supports admit a family of pairwise disjoint versions, which means that 9 has the Hahn
property. Its Dedekind completion is now given by Y := L>®(Q, F (ﬁ),ﬁﬁ); cf. Remark
Consider the map F : L(P) — ), where the equivalence class X = [f] € L>®(B) is mapped
to the equivalence class generated by the function

F:93 (@,Q) = f(@)ls(w).

First, we observe that f is indeed F (ﬁ)—measurable, ie fis F ({6*})—measurable for any
fixed Q* € Q. To this aim consider

g: ﬁ 3 (waQ) = f(w)]'SQ* X{Q*}(W7Q*)
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Then {g # f} C {(w,Q) | w € ©,Q # Q*} = O\(Q x {Q}) € n(Q*). Moreover, g is
F-measurable by the characterisation of F above. Secondly, whenever f,h : Q@ — R are
bounded, measurable, and satisfy [f] = [h], f generates the same equivalence class in ) as
h. Indeed, [f] = [h] holds if and only if supgeq Q{w € Sq | f(w) # h(w)}) = 0. We thus
obtain for all Q € Q that

Q(f #h) =Q{w € Sq | f(w) # h(w)} x {Q}) = Q{w € Sq | F(w) # h(w)}) = 0.
Hence, the map F' is well-defined and F(L*°(B)) C Y holds. Moreover, F is an injective
lattice homomorphism. It remains to show that F'(L*°(B)) is order dense and majorising in
Y. For the latter, note that F'([mlq]) generates the same equivalence class as mlg, m € R.
For order density, suppose Y € JA)++. Choose Q* € 9 such that Ylgé* is strictly positive.

Let g € Y be any representative. Then we can find an F-measurable and bounded g* such
that

{9156* 7& 9*156*} € n(Q*)
In particular, the function

fw) =g (w, Q)15 (w), weQ,

is F-measurable and bounded by our characterisation of F above. Moreover, if we set
X :=[f], then F'(X) posesses the representative defined by

f@,Q) = g" (@, Q") 1s.ns (@), (w,Q) € 9,

which satisfies
{F#0}C (@ x{QD) U((SonSer) x {Q}) Q). Qe Q).

and {fA‘ # ¢g*} € n(Q*). Hence, F(X) = Y1s,,. This proves that F(L*(*B)) is order
dense. 0

6.4. Proofs from Section [4.5l

Proof of Theorem [[.28. (1) is equivalent to (2): As Dedekind completeness is preserved under
lattice isomorphism, the equivalence follows from Proposition [4.24]

(2) implies (3): Let 9 be any supportable alternative and let (X9)geq C L*®°(P) be a
compatible family. Then C := {X? | Q € Q} is order bounded from above and thus admits a
supremum U € L>®(P). Let Q € Q be arbitrary. By compatibility, U? := XQ 4+ Ulggye 2U
is an upper bound of C as well. Hence, U = U9, which implies Ulgq) = Xng(Q) = X©,
Qeq.

(3) obviously implies (4).

(4) implies (2): Let 0 # C C L*°(B) be order bounded from above and let Q ~ P be
a supportable alternative with the aggregation property. For each Q € £, the set 1 5QC
is order bounded from above as well and a subset of the super Dedekind complete band
15(Q)L>°(B); cf. Proposition (2) Hence, U := sup 1g(Q)C exists in 1g(q)L>°(B). The
family (UQ)qeq is compatible by Lemma (3) The aggregation property of £ implies the
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existence of some U € L*°(B) such that, for all Q € Q, Ulg(q) = UQ. One verifies U = supC.
As C is arbitrarily chosen, we have proved Dedekind completeness of L™ (). O

Proof of Theorem[{.29. (1) implies (2): As a perfect vector lattice, L*°(3) is Dedekind com-
plete and L>(B), separates the points of L>(); cf. [3, Theorem 1.71]. We conclude that
P is of class (S) with Proposition [£.1§|2).
(2) implies (3): As P is of class (S), sca(PB) = L>(P);’ separates the points of L>(P) by
Proposition [4.18(1), so the embedding J : L> () — sca(P)* as in is one-to one. Thus
we only have to prove that it is also onto, that is, for arbitrary ¢ € sca(3)* there is a
Y € L°°(P) such that v» = J(Y). To this end, fix a disjoint supportable alternative Q ~ ‘B.
For Q € Q consider the map

Jo i 1H(Q) - sca(P).
which maps Z € L'(Q) to the signed measures defined by F > A — Eq[Z1g(q)14]. By
Proposition (3), Jq is a lattice isomorphism onto its image, which is the set

Bq = {p € sca(P) | |u| < Q}.
As o Jo € LY(Q)* and LY(Q)* = L>®(Q), there is a unique Y9 € L°°(Q) such that for all
Z € LYQ):

¥(Jo(Z)) = Eq [Z2Y g (q)] -
As Q is a disjoint supportable alternative, the family (Y91 S(Q))Qeg—now seen as a subset
of L*°(P)—is compatible. By the aggregation property of Q—see Theorem , there is
Y € L*°(B) such that

VQeQVueBgy: ¢(u /Ydﬂ

At last, let 1 € sca(*R) be arbitrary. By Corollary [5.5(2), there is Q = Yool 1 AnQn € cor(Q)
and Z € L'(Q) such that

n=EglZ ZEQ AZ1gq,)1] ZM”’

n=1

where ji,(A) := Eq,[MZ15(q,)14], A € F, n € N. The latter sum is absolutely convergent
with respect to the total variation norm 7'V. Moreover, each p, lies in Bg,. We obtain that

:§¢(Nn):§/Ydﬂn:/Ydﬂ-

(3) implies (1): (sca(B), <#,TV) is a Banach lattice, hence its order dual agrees with its
dual sca(*P)*, cf. [35, Proposition 1.3.7]. Apply the Riesz-Kantorovich Theorem [2, Theorem
1.67] to deduce that sca(P)*, and by assumption L>°(), is Dedekind complete. Moreover,

combining with Proposition [{.4[2) yields L () = sca(P)* = (L>=(P);)*. Using [2.2) for
the last inclusion, we at last obtain

L) = (L2(R))" 2 (LZ(B)n)n 2 L=(P),
so L>(B) is perfect. O
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6.5. Proofs from Section [4.6] Preparing the proof of Theorem recall for the next
lemma that the o-order continuous dual L>°(B)." may be identified with ca(}3).

C

Lemma 6.1. Suppose B is of class (S) with disjoint supportable alternative Q. Assume
furthermore that L*°(P) is Dedekind complete. Let ¢ € (L*(B)>)+.

(1) ¢ induces a countably additive finite measure T4 on (9Q,29) via

mo(R) = & (81615)% 1S(Q)> :

(2) ¢ = ¢y for some p € sca(P) if and only if there is a countable subset R C Q such
that m4(R) = m4(Q).

(3) ¢ = ¢, for some p € sca(‘B)i if and only if m,({Q}) =0 for all Q € Q.
Proof. As L*°(B) is Dedekind complete, for all /8 C Q there is some event A(R) € F such
that supgem 1s(Q) = Lawm) (Lemma[A.3). Clearly, Q(A(R)) = 1 for all Q € R.
(1) If |, R C Q are disjoint, one easily verifies the identity

Lamumy = aw) V 1aov) = Lawm) + 1aoy)-
Hence,
Tg(RUR') = ¢(Lawm)) + o(Lawry) = mp(R) + (R,
and 74 is additive. Let now (M,)nen C 22 he a sequence of subsets of Q such that

Ry L 0. Then 14,y 4 0. Indeed, let V := inf,en 14(m,) and let Q* € Q be arbitrary.
Choose n € N large enough such that Q* ¢ %R,,. Then

0 =X V1g@+ 2 1am,) s = Qseugg Ls@ns@s) =0,

where we have used that £Q is a disjoint supportable alternative in the last step. By
Lemma V = supgeq V1gq) = 0. As ¢ € L=(*B)7’, we obtain

inf 7y (Rn) = inf G(Lae,)) = ¢(0) =0.

(2) Let p € ca(*B)4 with associated ¢, € (L>(B)2)+. Assume that there is a countable
subset ;R C Q with

Q) = 14, (Q) = 75, (R) = du(sup 1g(q))-
QeR
Let S := Ugen S(Q) and note that for all X € L*°(B), we have

0 < (X Lse) < | X locpdy(Lse) = 0.

Hence, ¢,(X) = ¢,(X1g) for all X € L>®(P). It follows that p < R and thus p is
supportable by Corollary (1) Conversely, if p € sca(B)+, then by Corollary (2)
there is a countable set R C 9 such that y < R and thus 1g(,) = supgen 1sq) = 1s-
Then

76, (Q) = 7, (R) = du(ls) = u(ls(w)) = Pu(la) = 7y, (Q).
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(3) For all 1 € ca(*B)+ with associated ¢, € L>(B),” we compute

70, ({Q}) = 6,(150y) = / 150y djt = 1(S(Q)).

Hence, by Theorem 74, ({Q}) = 0 holds for all Q € Q if and only if 1 € sca(P)7.
U
Proof of Theorem[{.531 (1) implies (2): If ca(P)* = L>(P), L>°(P) is Dedekind complete
and sca(P) = ca(B) by Theorem[4.8 In particular, 9B is of class (S). Let Q ~ B be a disjoint
supportable alternative and consider any probability measure 7 on (£, 29). One verifies that

¢: L>7(P) > X /DEQ[Xls(Q)]TF(dQ),

defines an element of L (P)r = ca(*P) = sca(P). Also, 7 = 74 (adopting the notation from
Lemma. To see this, let 98 C 2 be arbitrary and note that

ls #QeNR
101 = )
AM)+S(Q) {0 otherwise

Hence,

7o(R) = d(Lan) = /Q Eo[Lawn Ls(o)m(dQ) = /% Eo[Ls())m(dQ) = /% 7(dQ) = m(9R).

By Lemma (2), as ¢ = ¢, for some p € sca(*P), there is a countable subset & C Q such
that 7(R) = 7(Q). Hence, Q does not admit any solution to Banach’s measure problem.

(2) implies (1): Under assumption (2), Theorem implies that sca(P)* = L>®(P). Let
¢ € (L*°(B)>)++. By Lemma (3), the normalised measure 7, := mmﬁ, where 74 is as
constructed in Lemma (1), solves Banach’s measure problem on £ if and only if ¢ = ¢,
for some p € sca(P)+. If no such measure 7 exists on (9Q,29), sca(P)*+

Hence, ca(3) = sca(P) by Theorem We finally infer
ca(B)" = sca(P)" = L=(P).

must be trivial.

O

Proof of Corollary[4.33. (1) implies (2): This is [31, Theorem 3.

(2) implies (3): If ca(P)* = L*°(*B), Dedekind completeness of the latter space follows from
Theorem Conversely, assume L (%B) is Dedekind complete. By (2), for each u € ca(3)
the associated functional ¢, is order continuous. By Proposition [£.4[2), ca(B) = sca(B),
and P is of class (S). Theorem yields the canonical identity ca(PB)* = L> ().

(3) implies (4): By (3), Dedekind completeness of L () is equivalent to ca(P)* = L>°(B),
which in turn implies Dedekind completeness in conjunction with 9B being of class (S) (The-
orem and Remark [1.13](2)).

(4) and (5) are equivalent by Theorem

(4) implies (1): Let Q be an arbitrary non-empty set. Consider the measurable space (£2,2)
equipped with the set of priors P = {d,, | w € Q} which is of class (S). As L> () agrees
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with the space of all bounded functions f : Q — R and this space is Dedekind complete, (4)
implies ca(P)* = L>*(P), and Theorem implies that ¢ does not admit a solution to
Banach’s measure problem, so neither does 2.

Now assume that any of the statements (1)—(5) holds. The proof of the implication (3) =
(4) has shown that Dedekind completeness entails that B is of class (S). O

Proof of Corollary[4.33. Suppose the construction of such an example as described in (1)
or (2) is possible in ZFC. According to Corollary , Banach’s measure problem must
have a solution. Let x = |S| be the least cardinal which admits such a solution 7. By [23]
Corollaries 10.7 & 10.15]  is weakly inaccessible. As such, the construction would provide a
proof of the existence of weakly inaccessible cardinals in ZFC, and such a proof is known to
be impossible; cf. 24, p. 16]. O

Proof of Corollary[{-34) (2) is equivalent to (3) in ZFC according to Theorem [1.29]

(1) implies (3): This is Theorem and Remark [4.13|(2) and holds in ZFC.

(3) implies (1): Let (2, F) be any measurable space, and ‘B be a set of priors on (£, F) which
is of class (S) such that L () is Dedekind complete. Also let 9 be a disjoint supportable
alternative to 3. If 9 can be chosen to be at most equinumerous with N, then 3 is dominated,
and the assertion is well-known and holds in ZFC. Assume that Xy < |[Q|. By assumption
|Q| < 2%, so under the continuum hypothesis |Q| = 280 . Again the continuum hypothesis
implies that £ does not admit any solution to Banach’s measure problem by [13, Corollary
1.12.41], so we may conclude with Theorem [4.31]

Finally, (1) implies ca(3) = sca(}3) by Theorem O

6.6. Proofs from Section [4.71

Proof of Proposition[{.37 It suffices to show that F(Q) C F (Q) whenever 9 and Q are
supportable alternatives to P. First of all, B € F(Q) if and only if BN S(Q) € F({Q}),
Q € Q, because BN (2\ S(Q)) € n(Q). The same holds for F(Q). Hence, for fixed B €
F(9Q), it sufﬁces to show that BN S(Q) € F({Q}), Q € Q. Fix an arbitrary Q € Q. By
Corollary |5 we can find a countable set SR C Q such that Q < R. Fix F-measurable
versions S(), (S(Q))Qem of the order supports such that S( ) € Ugen S(Q). By assumption,
BNS(Q) € F({Q}) for all Q € MR, hence also BNS(Q)NS(Q) € F({Q}). Thus there are events
Ag, Ng € F such that Ag € BN S(Q)NS(Q), Q(No) = 0, and (BN S(Q) N S(Q))\Ag C No.
We obtain
BnS@Q = JBnS@nsS@Q c JA4qu [ NonSQNSQ).
QeR QeR QeR

For each Q € R, 1 = 0 B-q.s. by Lemma (1) Hence,

NonS(QNsS(Q) —
Q(Ugen Mo SQ) N1 S(Q) =o.

It remains to observe that A 1= Jgen Aq € F and satisfies (BN 5(Q))AAs € n(Q), which
implies BN S(Q) € F({Q}). O
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The next lemma follows directly from the definition of an enlargement.

Lemma 6.2. Suppose (g,‘fj) is an enlargement of (Q, F,B). Then g defined as in (4.4)) is
a lattice isomorphism onto its tmage. In particular, vg is strictly positive.

Lemma 6.3. Let ‘P be a set of priors on (Q, F). Then for any of the following enlargements
(G,B) of (Q,F,P), tg(L>(P)) is order dense and magjorising in L>(Q,G,B):

(1) The universal enlargement (H,B™).

(2) The R-universal enlargement (A, PA).

(3) The supportable enlargement (S,QF), if P is of class (S) and Q ~ P is a supportable
alternative.

Proof. In all cases (1)—(3), the respective spaces are majorising because they contain equiv-
alence classes of constant random variables. It thus remains to prove order density.

(1) Suppose Y € L>®(PH),, and let ¢ € Y be a universally measurable representative
such that ¢ = ¢gT. Then there is P, € 8 and ¢ > 0 such that P*(g > ¢) > 0. As
{g > e} € F({P.}) we can find A € F such that A C {g > ¢} and {g > c}\A € n(P.).
Define X = [e14] and note that X # 0, which implies ¢5(X) # 0 by Lemma
Moreover, for all P € 3, we have

PH<€1A <g) = PH({g >elnNA)+P(A%) =1

Hence, 0 <" 15(X) <" Y.

(2) This is proved in analogy to (1).

(3) Let 0 # Y € L>®(Q%, and g € Y be a F(9Q)-measurable representative such that
g =g"t. For each Q € Q we find an F-measurable function f< such that fQ = (fQ)* and
{f? # g} € n(Q). Let XV :=[f?1g(q)]s and note that

X<ty Qeq.

Moreover, Y = sup{X? | Q € Q}. Indeed, let U € L>®°(Q") be any upper bound and let
u be a representative. Then

(S?lengﬁ(U<9)_(S?UPQﬁ({u<9}mS( QN{fl=g}) = SupQ”(U<les ) =0.

Hence, Y <! U. By choosing Q* € Q appropriately, we obtain

0 <% 1s([fQ 1gq4)]) = [f¥ Lgon)s < Y.
]

For a general enlargement (G, ‘fj) of (Q, F,B), we will in the following denote the ‘;Y}-q.s. order
by <.

Lemma 6.4. Suppose B is of class (S) and that an enlargement (Q,‘ﬁ) completes L™ ().
Then the following assertions hold:
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~

(1) sca(®B) and sca(P) are isomorphic in the sense that each p € sca(P); extends
uniquely to a i € sca(’B)y given by

fi(B) :=sup{u(A) | A F,14 <15}, Begf]

Moreover, for all v € sca(*B) we have v|r € sca(*B) and ;\; =v.

(2) B is of class (S).

(3) For all B € G and all u € sca(P) there is A, € F such that 1gng) = la, in
L=(Q,G, ). Moreover, there is Ry € n(p) and Ry € G with 1r, =0in Lm(ﬂ,g,‘ﬁ)
such that BAA,, = R U R».

(4) For each p € sca(*B) and associated [ € sca(ff?) we have 1g(,) = 1g(z) in L>(£, Q,‘:I})

where S(u) € F denotes the B-q.s. order support of p and S(i1) € G is the P-q.s.
order support. Hence, S(u) also serves as P-q.s. order support of [i.

Proof. (1) By [2, Theorem 1.84] and the proof of this result, L>° ()’ and L>(£2, g,q?;)g are
lattice isomorphic via the bijection given on positive functionals by (L*(B)>)+ > ¢ —
(ZS € (LOO(Q7 gam);)—i‘v where

¢:L¥(Q,G,8) >R, Y s sup{o(X)| X € L®(P), X <Y} (6.3)

Note that ¢(1g(X)) = ¢(X) for all X € L (). By Proposition[d.17, L= ()7 = sca(%),
and by Proposition (2) we have L>((, g,ﬁis)g = sca(‘f?). Hence, for ¢ € (L*(P);))+
and associated ¢ € (LOO(Q,Q,‘}B);)Jr let € sca(P)4 and € sca(‘f?)Jr be such that
¢ = [-dp and b= J -dpi. Then by monotonicity of the integral we obtain for B € G:

~

i(B) = ¢(1p) = sup{p(X) [ X € L*(P), X I 15}

(6.4)
=sup{u(A) | Ae F, 14 91p}.

In particular zi|z = p.

(2) By Proposition (2) it suffices to show that LOO(Q,Q,‘%)g separates the points of
L“(Q,g,‘ﬁ). To this end, let YV € L“(Q,g,‘ﬁ)++. Choose X € L*(B) such that
04X <Y (order density of 1g(L°°(%B)) in L>®(Q,G,R)). Then

~

sup ¢(Y) > sup ¢(tg(X)) = sup  ¢(X) >0,
PE(L>(LG.F)7)+ PE(L>(LG.F)7)+ PE(L=(P)7)+
where the equality is due to the isomorphism . The last inequality is due to X €
L>®(B)4+4, since 0< X and g is strictly positive, and the fact that L (*B);’ separates
the points of L>°(*B) (Proposition M(l)) Hence, L> (92, G, ‘ﬁ); separates the points of
L>(Q,G,B).
(3) Suppose without loss of generality that u € sca(3)+ and let B € G. By ,

p(B N S(p) = sup{p(CNS() | C € F, Loas < 1ansu)}-

6 Here and in the following we abuse notation slightly and write X < Y for X € L*(P) and ¥V €
L*(Q,G,P) instead of 1g(X) QY.
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As 1 S(M)LOO(‘B) is super Dedekind complete, there is an increasing sequence of events
(Crn)nen such that Co := U, ey Cn satisfies

1eonsw) = sup{lensp | C € F, Longp) < 1pns )} in L°(R),

and 1 s < 1pns(u- Note that since L°°(B) is order dense in LOO(Q,Q,%), for
any D € G such that 1p # 0 in L“(Q,g,‘ﬁ), there is £ € F such that 0« 1p <
1p. Hence, in fact 1o s = 1Bns() in LOO(Q,Q,’/I}). Set A, := Coo N S(p). Then
Ry := (BAA,)NS(n) = (BN S(u))AA, satisfies 1z, = 0 in L‘X’(Q,g,‘ﬁ). Finally, let
Ry := (BAA,) N S(p)¢ and note that Ry € n(u). In total, we obtain BAA, = R U Ry.
This proves (3).

(4) In the situation of the proof of (3), if B € G satisfies u(B) = u(Q2) = u(Q2), then
p(A,) = (). By minimality of S(x) and since q3|; P we have

Lsw 914, = 1pasq) J1s.

Hence, 1g(,) = 1g() in LOO(nga‘f‘)
U

Proof of Theorem[{.38, (1) Suppose L*(P) is Dedekind complete. Consider the enlarge-
ments (H, L), (A, PA), and (S,QF), where Q ~ P is any supportable alternative.
i (L®(R)), ta(L>®(P)), and ts(L>°(P)) are order dense and majorising Dedekind com-
plete sublattices in the respective spaces L™ (B7), L>°(PA), and L= (QF) by Lemma
By [2, Theorem 1.40] they are thus maJorlslng ideals. This implies the claimed 1dent1tles
(2) Lemma ( ) proves the first assertion. Q < B holds a priori. Conversely, assume
Aeg Satisﬁes 0<14. As 1g(L®(B)) is order dense in LOO(Q,Q,‘,B), we may choose
X € L°°(P)4 and Q* € Q such that 0< X1g(q+) < 14. Hence, recalling (6.4),
sup Q(A) > Q*(A) > Eq+[X1g(g+)] > 0.
Qen
Consequently, Q~ ‘f? By (1) we can assume G = G <sca(if3)+> and thus F C H C AC
Scg.
O

Proof of Theorem[[.59. (1) implies (2): Let 9 be a disjoint supportable alternative to J3*
with the properties outlined in Definition By Remark the enlargement (S, Q%)
completes L (P) = L>°(P*). Moreover, if we set O = Q, the claimed properties follow from
the definition of F(9) and Proposition [£.37}

(2) implies (3): Let Q be any disjoint supportable alternative to 8. We prove first that we
can find pairwise disjoint F-measurable supports. By Theorem 2) and Lemma [6.4)(4),
Qisa disjoint supportable alternative to &B Hence, by Theorem 4 22|(3), there are pairwise
disjoint versions (SA)QGQ C G of the ‘,B q.s. order supports of Q.

Let O be as in (2). Again by Theorem |4.38(2) we have O ~ 9. Fix Q € 9 and select an
at most countable set & C O such that Q < R (Corollary (2)) By assumption, for all
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0 € R there is Ap € F such that Ao C Sg and O(Ao) = O(S5). Define

Sq = U Apg € F.
OoeR

Then Sq C S5 and one verifies that Q(Sq) = 1. Hence, 1) = [15o] in L*°(B). The family
(5Q)qeq inherits pairwise disjointness from the family (55)oen. Remark proves that
the enlargement (S, Q%) completes L>°(P). Finally, as L>(QF) is invariant under the choice
of the original supportable alternative 9, assertion (3) follows.

(3) implies (1): Without loss of generality we can assume £ is a disjoint supportable al-
ternative. By Propoistion [4.23(2), £ is at most equinumerous with the continuum. By
Theorem 2), the set of priors Qf on (2, S) is of class (S) and its own supportable alter-
native. Theorem M(B) yields a family (Sg:)geq: C S of pairwise disjoint events with the
property that

1S(Qﬁ) - [1SQﬁ]ﬂ7 Q S Q

As § = F(Q) by Proposition for all Q € Q there is Sq € F such that Sq C Sg
and Sg:\Sq € n(Q). Hence, 15, = 1gq) in LX(P) and 15, = 1gq) = 1g(q) in L>(Q%),
respectively. Clearly, Q ~ 33 has the Hahn property. O

Lemma 6.5. Suppose B is of class (S) and consider the enlargements (H,8™) and (A, BA).
Then:

(1) B™ is of class (S), each p € ca(R) satisfies u”* € ca(P™), and each supportable
alternative Q ~ P extends to a supportable alternative QM ~ P which is disjoint
in case Q is disjoint.

(2) The assertions of (1) hold true if A replaces H and p™ denotes the extension of
€ ca(’P) to A.

Proof. For (1), suppose first € ca(p)y. Then p extends uniquely to a finite measure p** on
(2, H). Suppose N € H satisfies suppeg P*(N) = 0. As H C F({u}), we can choose A € F,
A C N, such that N\A € n(u). This entails suppegy P(A) = 0, and together with u < B,
we obtain p*(N) = u(A) = 0. Now let Q ~ P be a supportable alternative. A symmetric
application of the preceding argument proves that the set of extensions Q% = {Q" | Q € Q}
is equivalent to 7. For supportability, let Q € 9 be arbitrary and suppose B € H satisfies
Q"(B) = 1. As H C F({Q}), there is A € F, A C B, such that B\A € n(Q). Hence, for
any version S(Q) € F of the P-q.s. order support, 1gq) <M 1,4 <" 1p, and S(Q) is also the
P*H-q.s. order support of Q™.

(2) is proved in complete analogy. O

Proof of Corollary[[.40. First, 87 is of class (S) by Lemma 1). The same result in
conjunction with Proposition (2) shows that each disjoint supportable alternative to B*
is at most equinumerous with the continuum. Second, the same assertions hold for P by
Lemma [6.5(2). Let p € ca(B)\sca(P). Without loss of generality, we may assume that p
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is a measure. 't € ca(P*) and pt € ca(PA) follows with Lemma Moreover, neither
p nor pA can be supportable as this would force supportability of . However, as the
disjoint supportable alternatives are at most equinumerous with the continuum and neither
ca(PH)* = L=(BM) nor ca(PA)* = L®(PA) can hold by Theorem [4.8(2), Corollary
implies that neither L (™) nor L>(P+) is Dedekind complete.

Consider now the more specific requirement that (€2, F) is a Polish Borel space and 9 is
a set of Borel priors such that some disjoint supportable alternative contains a perfect or
uncountable analytic set. We first observe that A(F) is Polish by [I, Theorem 15.15] and
its cardinality does not exceed the cardinality of the continuum. Hence, each supportable
alternative to P is at most equinumerous with the continuum. Apply Proposition [4.10] and
use the more general case above. O

APPENDIX A. SOME TECHNICAL RESULTS

Lemma A.1. Let X C L°(B) be an ideal and let A € F be arbitrary. Then the space
B:=14X is a band in X.

Proof. B is clearly an ideal. If (X,)aer C B is a net which converges in order to X € X,
we also have X,14 — X14 in order. However, X,14 = X, and order limits are unique.
Hence, X14 = X, which means precisely that X € B. O

Lemma A.2. Suppose X C L°(%B) is an ideal and let C C X be non-empty. For V € LO(B),
the following are equivalent:

(1) V =infC in L°(P) and V € X.
(2) V=infC in X.
The analogous result holds for suprema.

Proof. This is a straightforward application of [3, Theorem 1.35]. O

Lemma A.3. Suppose that for a set of events A C F the supremum supc 4 1a exists in
LY(B). Then there is an event B € F such that
1p =supla. (A.1)
AcA

Analogously, if inf g4c 4 14 exists in L°(*B), there is an event C € F such that

1c = inf 14. A2
¢ = inf 14 (A.2)

Proof. For , suppose U := sup 4¢ 4 14 exists. In particular, U = Ut and U < 1q has to
hold, i.e. 0 = U < 1g. As for all n € N the identity {14 | A € A} = {(nla)A1q | A € A}
holds, we obtain from [3, Theorem 1.8]
U=sup((nla)Alg)=nUA1lqg, neN.
AcA

Note that sup,en(nU A 1g) = 1lg,50y, Where u € U is an arbitrary representative. Hence,
we may set B := {u > 0}. follows from as infacala = 1g —supcq 1ac by [2
Lemma 1.4]. O
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Lemma A.4. Suppose ‘P is of class (S) with supportable alternative Q. For all X € LO(B).,
Supgeq X ls(q) exists and is given by X.

Proof. Consider the set C := {X1g(q) | Q € Q} which is order bounded from above by X.
Moreover, X is indeed the least upper bound of C. In order to prove this, consider any upper

bound Y and let f € X and g € Y be representatives. For all Q € £ we have

Qg < f) =Q({g < 1N SQ) =Qy < flg} NSQ)) =0,

because X1gq) < Y. We infer supgeq Q({g < f}) = 0 and hence suppegyP(g < f) = 0
because P ~ Q. Equivalently, X <Y. O
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