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Abstract

We consider families of strongly consistent multivariate conditional risk
measures. We show that under strong consistency these families admit a
decomposition into a conditional aggregation function and a univariate
conditional risk measure as introduced Hoffmann et al. (2016). Further,
in analogy to the univariate case in Follmer (2014), we prove that under
law-invariance strong consistency implies that multivariate conditional risk
measures are necessarily multivariate conditional certainty equivalents.

Keywords: multivariate risk measures, strong consistency, law-invariance,
conditional certainty equivalents, systemic risk measures.

MSC 2010 classifications: 91B30, 91G99

1 Introduction

Over the recent years the study of multivariate risk measures
p: LY (F) — R, (1.1)

that associate a risk level p(X) to a d-dimensional vector X = (X7, ..., Xy) of
random risk factors at a given future time horizon T has increasingly gained
importance. Here, LY (F) denotes the space of d-dimensional bounded random
vectors on a probability space (2, F, P).

A natural extension of the static viewpoint of deterministic risk measurement
in (1.1) is to consider conditional risk measures which allow for risk measurement
under varying information. A conditional multivariate risk measure is a map

pg : L (F) = L=(G), (1.2)
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that associates to a d-dimensional risk factor a G-measurable bounded random
variable, where G C F is a sub-o-algebra. We interpret pg(X) as the risk of X
given the information G. In the present literature, conditional risk measures have
mostly been studied within the framework of univariate dynamic risk measures,
where one adjusts the risk measurement in response to the flow of information
that is revealed when time elapses. For a good overview on univariate dynamic
risk measures we refer the reader to Acciaio and Penner (2011) or Tutsch (2007).
One possible motivation to study conditional multivariate risk measures is thus
the extension from univariate to multivariate dynamic risk measures, and to
study the question of what happens to the risk of a system as new information
arises in the course of time. In the context of multivariate risk measures, how-
ever, also a second interesting and important dimension of conditioning arises,
besides dynamic conditioning: Risk measurement conditional on information in
space in order to identify systemic relevant structures. In that case G represents
for example information on the state of a subsystem, and one is interested in
questions of the type: How is the overall risk of the system affected, given that a
subsystem is in distress? Or how is the risk of a single institution affected, given
the entire system is in distress? In Follmer (2014) and Féllmer and Kliippelberg
(2014) the authors analyze such spatial conditioning in the context of univariate
conditional risk measures, so-called spatial risk measures. Another field of ap-
plication where these questions are important are systemic risk measures, which
measure the risk of a financial network. For instance the systemic risk measures
CoVaR of Adrian and Brunnermeier (2011) or the systemic expected shortfall of
Acharya et al. (2010) can be considered to be examples of conditional multivari-
ate risk measures. We refer to Hoffmann et al. (2016) and the references therein
for a thorough discussion about the relation to systemic risk measures.

When dealing with families of conditional risk measures, a frequently imposed
requirement is that the conditional risk measurement behaves consistent in a
certain way with respect to the flow of information. In particular, in the literature
on univariate dynamic risk measures most often the so-called strong consistency
is studied; c.f. Detlefsen and Scandolo (2005); Cheridito et al. (2006); Cheridito
and Kupper (2011); Kupper and Schachermayer (2009); Penner (2007). Two
univariate conditional risk measures pg and py with corresponding o-algebras
G C H C F are called strongly consistent if for all X,Y € L*>®(F)

pn(X) < pu(Y) = pg(X) < pg(Y), (1.3)

i.e. strong consistency states that if Y is riskier than X given the information
‘H, then this risk preference also holds under less information.

The purpose of this paper is to study the concept of strong consistency for
multivariate conditional risk measures. Note that the motivation and interpre-
tation of strong consistency in (1.3) remains perfectly meaningful when extend-
ing to the multivariate case. In analogy to the univariate case we thus define
strong consistency of two multivariate conditional risk measures pg and py with
G CH C F asin (1.3) for any d-dimensional risk vectors X and Y in Ly (F).



In the literature on dynamic consistency of univariate conditional risk measures
a number of weaker consistency concepts have been suggested which could also
be considered in the multivariate setting. For instance, one could consider ac-
ceptance consistency

pu(X) < @ = pg(X) < 0,

or rejection consistency
pn(X) = a = pg(X) = o,

where o € G denotes a risk level below (resp. above) which a risk X is considered
to be acceptable (or is rejected, resp.) in every state, see Weber (2006) or
Tutsch (2007). This level is typically set to be 0 in the cash-additive case (cash-
additivity is defined below). In this paper we only consider the stronger property
of strong consistency given in (1.3). Our results, however, show how restrictive
strong consistency is and may be interpreted as supporting weaker notions of
consistency which are to be studied in future research.

As a first main result we prove that under some conditions the members
of any family of strongly consistent multivariate conditional risk measures are
necessarily of the following from:

pg(X) = ng (Ag(X)), (1.4)

where ng : L®(F) — L*(G) is a univariate conditional risk measure, and
Ag : LP(F) — L°°(F) is a (conditional) aggregation function. This subclass
of multivariate conditional risk measures corresponds to the idea that we first
aggregate the risk factors X and then evaluate the risk of the aggregated values.
In fact many prominent examples of multivariate conditional risk measures are
of type (1.4), for instance the Contagion Index of Cont et al. (2013) or the Sys-
tRisk of Brunnermeier and Cheridito (2014) from the systemic risk literature.
Chen et al. (2013) were the first to axiomatically describe this intuitive type of
multivariate risk measures on a finite state space, and in Kromer et al. (2016)
this has been extended to general LP-spaces, whereas the conditional framework
was studied in Hoffmann et al. (2016). We also remark that in Kromer et al.
(2014) the authors study consistency of risk measures over time which can be
decomposed as in (1.4). However, their definition of consistency differs from ours
in (1.3) as they require consistency of the underlying univariate risk measure and
the aggregation function in (1.4) simultaneously. We will comment more on that
in Remark 4.10.

A requirement on the strongly consistent family of multivariate conditional
risk measures we ask for here—which is automatically satisfied in the univariate
case—is that it contains a terminal risk measure pr : LP(F) — L*°(F) under
full information F. Such a terminal risk measure is nothing but a statewise
aggregation rule for the components of a risk X € LP(F). In the univariate
case, if X € L®(F), there is of course no aggregation necessary. Indeed letting
the terminal risk measure correspond to the identity mapping, i.e. pr = —id,



we have that any univariate risk measure pg with G C F is strongly consistent
with pr by monotonicity, so the existence of a terminal risk measure which
is strongly consistent with the other risk measures of the family is no further
restriction. In the truly multivariate case, however, it is very natural that also
under full information there is a rule for aggregating risk over the dimensions,
and the risk measures in the family should be consistent with this terminal
aggregation rule. Another requirement is that the aggregation of constants under
pg and pr basically coincide. In case these requirements are fulfilled, we show, as
already mentioned, that the members of the family are necessarily of type (1.4).
Indeed we show that by strong consistency the risk measures inherit a property
called risk-antitonicity in Hoffmann et al. (2016) from the terminal risk measure.
This property is the essential axiom behind allowing for a decomposition of type
(1.4); see Theorem 3.9. A consequence of (1.4) and the stated requirements
is that if the family of strongly consistent multivariate risk measures includes a
deterministic risk measure pyg oy, then all aggregations functions must necessarily
be deterministic, and in fact monotone transformations of each other.

Along the path to this result we characterize strong consistency in terms of
a tower property. It is well-known that for univariate conditional risk measures
which are normalized on constants (ng(a) = —a for all a € L*(G)), strong
consistency (1.3) is equivalent to the following tower property:

pg(X) = pg(— pu(X)) for all X € L*(F), (1.5)

see e.g. Follmer and Penner (2006), Bion-Nadal (2008), Tutsch (2007), and the
references therein. The recursive formulation (1.5) is often more useful than (1.3)
when analyzing strong consistency. The formulation (1.5), however, cannot be
extended in a straight forward manner to the multivariate case. Firstly, note
that (1.5) is not even well-defined in the multivariate case since py(X) is not
a d-dimensional random vector but a random number. Secondly, also in the
univariate case the equivalence (1.3) < (1.5) only holds for risk measures that
are normalized on constants, which in the monetary univariate case is implied
up to a normalization by requiring that this class of risk measures satisfy cash-
additivity (ng(X + a) = ng(X) — a). For multivariate risk measures there is
neither a canonical extension of the concept of cash-additivity nor is it clear
that such a property is desirable at all. One could of course think of generalized
versions of cash-additivity in terms of eligible assets as in Farkas et al. (2015)
but this would have no effect on the problem that strong consistency cannot be
characterized by (1.5). Nevertheless, we prove that there is a generalization of the
recursive formulation (1.5) of strong consistency which holds for multivariate risk
measures without any normalized on constants or cash-additivity assumption.
Indeed, under some typical regularity assumptions, one of our first results is that
two multivariate conditional risk measures pg and py with G C H C F are
strongly consistent if and only if for all X € L (F)

pg(X) = pg(f,, (pn(X))1a), (1.6)
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where 14 is a d-dimensional vector with all entries equal to 1, and fp_H1 is the
(well-defined) inverse of the function f,, associated to py given by

fo : L(H) = L*®(H); o — pulaly). (1.7)

The map f,,, describes the risk of a system where each component is equipped
with the same amount of (H-constant) cash a. Note that if py is a univariate
risk measure that is normalized on constants then f,, = —id is minus the
identity map and (1.6) reduces to (1.5). We call a multivariate risk measure py
normalized whenever f, = —id. In the multivariate normalized case (1.6) thus
becomes

p6(X) = pg(— pu(X)1a).

Further, we remark that one can always "normalize” a given conditional risk
measure py by putting

pu(X) =, 0 pu(X). (1.8)

Then py, is a multivariate conditional risk measure with f;, = —id.

After studying strong consistency for general families of multivariate condi-
tional risk measures, we move on to give a characterization of strongly consistent
multivariate conditional risk measures which are also conditionally law-invariant.
In contrast to before we do not require consistency with respect to a risk mea-
sure under full information, but with respect to the initial risk measure given
the trivial information {0, 2}. These studies were triggered by the results ob-
tained in Follmer (2014) for univariate risk measures, where it is shown that the
only family of univariate, strongly consistent, conditional, cash-additive, convex
risk measures is the family of conditional entropic risk measures, i.e. conditional
certainty equivalents of the form

pu(X) = —u (Ep [u(X)| H]), X € L*(F),

with deterministic utility function u(z) = a+be’® or u(z) = a+ bz, where a € R
and b, 5 > 0 are constants. We also remark that Kupper and Schachermayer
(2009) showed this characterization for the case of dynamic risk measures by an
alternative proof. In the multivariate case we will see that every strongly consis-
tent family of multivariate conditionally law-invariant conditional risk measures
consists of risk measures of type

pu(X) = Lo (fa ' (Bp [u(X) | H])), X € LF(F), (1.9)

where u : R? — R is a multivariate utility function and f,(z) := u(z1y), x € R.
In other words the normalized risk measure py equals a multivariate conditional
certainty equivalent py(X) = — (f; ' (Ep [u(X)| H])). For the study of uni-
variate conditional certainty equivalents and their dynamic behavior we refer the
interested reader to Frittelli and Maggis (2011).



Structure of the paper In Section 2 we introduce our notation and multi-
variate conditional risk measures. In Sections 3 and 4 we prove our main results
outlined above for two strongly consistent conditional risk measures, where the
law-invariant case is studied in Section 4. Throughout Section 5 we extend these
results to families of multivariate conditional risk measures. Auxiliary results
and longer proofs are collected in the appendix.

2 Setup

Throughout this paper (2, F,P) is a probability space. For d € N we denote by
LY (F) ={X = (X1,...,X4) : X; € L>*(Q,F,P) Vi} the space of equivalence
classes of F-measurable, P-almost surely (a.s.) bounded random vectors. It is a
Banach space when equipped with the norm || X||4 := max;—,_q || Xil|, where
|| F'|| oo := esssup | F| is the supremum norm for F' € L>(Q2, F,P). We will use the
usual componentwise orderings on R? and LP(F), i.e. ¥ = (11,...,24) > y =
(Y1, ... ,yq) for z,y € R if and only if 2; > y; for all i = 1,...,d, and similarly
X >Y if and only if X; > Y, P-a.s. for all : = 1,...,d. Note that, as usual, we
identify random variables with the IP-a.s. equivalence classes they induce, and
conversely any such equivalence class with an arbitrary representative, whenever
this causes no confusion. 1,; and 0; denote the d-dimensional vectors whose
entries are all equal to 1 or all equal to 0, respectively.

Definition 2.1. Let G C F. A conditional risk measure (CRM) is a function
pg : Ly (F) = L=(G),
possessing the following properties:

i) There exists a position with zero risk, i.e. 0 € Im pg.

ii) Strict Antitonicity: X > Y and P(X >Y) > 0 implies pg(X) < pg(Y)
and P (pg(X) < pg(Y)) > 0.

iii) G-Locality: For all A € G we have pg(X1s + Y1,c) = pg(X)1a +
pg(Y )1 4c.

iv) Lebesgue property: If (X, )nen C L3 (F) is a || - ||a00-bounded sequence
such that X,, -+ X P-a.s., then

pg(X) = lim pg(X,) P-a.s.

n—oo

We remark that the properties in Definition 2.1 are standard in the literature
on conditional risk measures. Note that strict antitonicity is sometimes also
referred to as strong sensitivity in the literature. In order to stress the dimension
we often use the term univariate conditional risk measure for a conditional risk
measure as defined in Definition 2.1 with d = 1 and we typically denote it by ng.
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For d > 1 the risk measure pg of Definition 2.1 is called multivariate conditional
risk measure.

A standard assumption on univariate CRMs is cash-additivity, i.e. ng(X +
a) =ng(X) —a for all @ € L>(G), which in particular implies that we postulate
a certain behavior of the risk measure ng on (G)-constants o € L*>°(G) which
turns out to be helpful in the study of consistency in dimension 1. Given that
a multivariate analogue of cash-additivity is tricky to define and probably not
reasonable to ask for, we do not require such a property. However, we will have
to extract the behavior of a CRM on constants in the following way.

Definition 2.2. For every CRM pg : LY (F) — L*>(G) we introduce the function
fog 1 L7(G) = L¥(G); 0 = pg(aly)
and the corresponding inverse function
p_gl :Im f,, = L>(G); B — o such that f,;(a) = f5.
We call pg normalized on constants if
fog(@) = —a  for all o € L*(G).

For any CRM pg : LE(F) — L>®(G), let pg := —f,.! o pg be the normalized
CRM of pg.

In Appendix A we show that f, ! is well-defined. Also, it follows from
Lemma A.1 and Lemma A.2 that pg is indeed a CRM which is normalized on
constants.

Example 2.3. Consider a strictly increasing continuous function v : R — R
such that u(0) = 0 and define

pg(X) = —Ep

d
" GZ)@) | g] X = (X1, X)) € L(F).

Then pg is a CRM, and f,;(a) = —u(a), a € L®(G), whereas f, ' (8) = u='(=5),
B € Im f,,. The corresponding normalized risk measure is the conditional cer-
tainty equivalent

pg(X) = —u™" (EP

u (éZX) ' QD L X =(Xy,...,Xy) € LF(F).

3 Strong consistency

In this section we study consistency of CRMs. We consider the most frequently
used consistency condition for univariate risk measures in the literature which
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is known as strong consistency and extend it to the multivariate case. We refer
to Detlefsen and Scandolo (2005), Cheridito et al. (2006), Cheridito and Kupper
(2011), Kupper and Schachermayer (2009), and Penner (2007) for more informa-
tion on strong consistency of univariate risk measures. Kromer et al. (2014) also
study a kind of consistency for multivariate risk measures, however, as we will
point out in Remark 4.10 below, their definition of consistency differs from our
approach. For the remainder of this section we let G and H be two sub-o-algebras
of F such that G C H, and let pg : LY (F) — L=(G) and py : LY (F) — L*(H)
be the corresponding CRMs.

Definition 3.1 (Strong consistency). The pair {pg, px} is called strongly con-
sistent if

pr(X) < pu(Y) = pg(X) < pg(Y) (XY € Lg(F)). (3.1)

Strong consistency states that if one risk is preferred to another risk in al-
most surely all states under more information, then this preference already holds
under less information. Our first result shows that strong consistency can be
equivalently defined by a recursive relation.

Lemma 3.2. Equivalent are:
(i) {pg,pn} is strongly consistent;
(11) For all X € LY (F) it holds that

pg(X) = pg (f,;,} (/)H(X>)1d)a
where fp_H1 was defined in Definition 2.2.
Proof. (i)=(ii): As for all X € LP(F)
pr(X) = py (f5,) (pn(X)) 1a)
it follows from strong consistency that
pa(X) = pg (f,,, (pn(X)) 14) .
(i)=-(i): Let X,Y € L(F) be such that py(X) < py(Y). Then by antitonicity
of f,.I (see Lemma A.1) and pg it follows that
po(X) = pg (S (pn(X))1a) < pa (£ 02V ) 1) = p(Y).
O

Remark 3.3. Let ng and ny be two univariate CRMs, where 1y is normalized on
constants, i.e. ny(a) = —a for all &« € L®(H). Then f,, (o) = f, (o) = —a and

M
thus strong consistency is equivalent to the tower property (see (1.5))

ng(F) =ng(—nu(F)), F e L>(F).
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Remark 3.4. If {pg, p»} is strongly consistent so is the pair of normalized CRMs
{Pg, pn} as defined in Definition 2.2 and vice versa, because f,,, f,, and their
inverse functions are antitone (Lemma A.1). Since f;, = f5, = —id strong
consistency of the normalized CRMs is equivalent to

pg(F) = pg( — pu(F)La), F € L*(F),
in analogy to Remark 3.3.

Lemma 3.5. If {pg, p»} is strongly consistent, then pg uniquely determines the
normalized CRM py = —f,.} © pu.

Proof. Suppose that there are two CRMs p}, and p3, which are strongly consistent
with respect to pg, i.e.

p (£ (P3(X))1a) = p6(X) = 05 (£ (P(X))1a), X € LF(F),

We will show that fp_l1 (p (X)) = fp_g1 (p3,(X)). Suppose that there exists an
H H

X € LP(F) such that A = {fp_%{l (ph, (X)) > fp_%1 (p%(X))} € H has posi-
tive probability. Then, by the H-locality of pj; and p3, and of fp_l1 and fp}l
H H
(Lemma A.1), we obtain
p(X1a) = pg\ foy 1

< (13 (93)) La1a) = pa (£ (03X 1)) 14
= pg(X14). (3-2)

/N 7 N

fp_l(p}_[(X]lA))ld> = pg (f;l(pL(X))1A1d>
)

where the inequality (3.2) is strict with positive probability as pg is strictly
antitone, and hence we have a contradiction. Reverting the role of pj, and p3, in
the definition of A proves the lemma. n

In Hoffmann et al. (2016) we studied under which conditions a (multivariate)
conditional risk measure can be decomposed as in (1.4), i.e. into a conditional
aggregation function and a univariate conditional risk measure. We will pursue
showing that strong consistency of {pg, pr} is already sufficient to guarantee a
decomposition (1.4) for both pg and pz. To this end we need to clarify what we
mean by a conditional aggregation function:

Definition 3.6. We call a function A : LY (F) — L>*(F) a conditional aggre-
gation function if it fulfills the following properties:

Strict isotonicity: X > Y and P(X > Y) > 0 implies A(X) > A(Y) and
P(A(X) > A(Y)) > 0.

F-Locality: A(X1a+Y1ae)=AX)1a+ AY)Lgc for all A€ F;



Lebesgue property: For any uniformly bounded sequence (X, )nen in L3°(F)
such that X,, — X P-a.s., we have that
A(X) = lim A(X,,) P-a.s.
n—o0
If in addition
ANLE(T)) CL®(T) forallHC J C F,

where H C F we call A a H-conditional aggregation function. Moreover, for
any conditional aggregation function A : L°(F) — L>®(F) let

fa: L(F) — L®°(F); F — A(F1y)

and
fitiIm fy — L2(F); G — F such that fo(F) = G.

Remark 3.7. The name H-conditional aggregation function refers to the fact that
A(z) € L>°(H) for all z € R% Thus every conditional aggregation function is at
least F-conditional.

Before we state our decomposition result for strongly consistent CRMs in
Theorem 3.9 we need the following definition.

Definition 3.8. A realization pg(-,-) of a function pg : L (F) — L>(G) is a
selection of one representative pg(X,-) of the equivalence class pg(X) € L>(G)
for each X € LP(F). We call such a realization continuos whenever R x Q >
(x,w) = pg(x,w) is continuous in its first argument P-a.s. Here we identify
r € RY with the equivalence class in L (F) determined by the corresponding
constant random vector.

Theorem 3.9. Let pg : LT (F) — L*°(G) and pr : LY (F) — L=(F) be CRMs
such that {pg, pr} is strongly consistent. Moreover, suppose that

pg(x) = pr(x) for all z € RY. (3.3)
If pg has a continuous realization pg(-,-), then there exists a G-conditional ag-
gregation function Ag : LY (F) — L®(F) and a univariate CRM ng : Im Ag —
L*>(G) such that

pg(X) =ng(Ag(X)) for all X € LT (F) (3.4)

and
ng(Ag(X)) = —Ag(X) for all X € LF(G). (3.5)
Let Ay := —pr and ny := —id so that pr = nr o Ax for the conditional aggre-

gation function Ax and the univariate CRM nr. Then Ax(a) € L*(G) for all
a € LP(G) and
Ar(X) S AF(Y) = Ag(X) <Ag(Y) (X,Y € Lg(F)), (3.6)
i.e. Ag and Ax are strongly consistent.
Conversely, suppose that the CRM pg : L3 (F) — L*(G) satisfies (3.4) and

(3.5), then {pg, pr} is strongly consistent and satisfies (3.3), where pr = —Ag
is a CRM.
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A proof of Theorem 3.9 is provided in Appendix B. We remark that in Theo-
rem 3.9 we require consistency of the pair {pg, pr} where pr is a CRM given the
full information F. Note that pz is (apart from the sign) simply a conditional
aggregation function as defined in Definition 3.6, so pg is required to be consis-
tent with some aggregation function under full information. This also explains
Ar. For d = 1 this consistency is automatically satisfied by monotonicity, the
aggregation is simply the identity function, and clearly the assertion is trivial
anyway. For higher dimensions, Theorem 3.9 states that if there exists an ag-
gregation function which is consistent with pg, then pg is automatically of type
(3.4). Clearly, if we already know that (3.4) holds true, then pg is consistent
with pr = —Ag.

Condition (3.3) is a strengthening of strong consistency in absence of any
risk, that is for constants, since it states that in that case aggregation under
pg equals aggregation under full information pr up to normalization with p_gl
and f;]__l, respectively . Note that we may replace condition (3.3) by requiring
pr(z) € L®(G) for all x € RY. Indeed, in the setting of Theorem 3.9, assuming
(3.3), the theorem shows that pr(a) = —Axr(a) € L®(G) for all @ € LP(G)
and thus the same is true for pr. Conversely, if pr(x) € L>(G), then by strong
consistency we have that

pg(x) = pg( — pr(2)1s) = pr(x), = € RY,

which is condition (3.3). As regards the required existence of a continuous real-
ization of pg, sufficient criteria are well-known, e.g. Kolmogorov’s criterion; see
Theorem 2.1 in Revuz and Yor (1999).

Remark 3.10. We show in Lemma A.3 that the inverse function ngl of fa, is

isotone and that Ag(X) = Ag (f/(g1 (Ag(X))1q) for all X € LY (F). Therefore it
can be shown as in Lemma 3.2, that (3.6) is equivalent to

fggl (Ag(X)) = f/(;(A;(X)), for all X € L°(F).

Note that we cannot write the recursive form of the strong consistency of two
CRMs pg and pr as above, since f,, is only defined on L>°(G) and not on L>(F)
in contrast to fa,.

The following Theorem 3.11 extends the results in Hoffmann et al. (2016) for
strong consistency based on our findings in Theorem 3.9.

Theorem 3.11. If pg : LY (F) — L>(G) is a CRM with a continuous realization
pg(+,-), then the following three statements are equivalent

(i) pg(:,-) is risk-antitone, that is pg(X (w),w) > pg(Y(w),w) P-a.s., implies
pg(X) = pg(Y);

(it) pg is decomposable as in (3.4);

(1ii) pg is strongly consistent with some aggregation function A : LP(F) —
L>(F), i.e. {pg,—A} is strongly consistent, and pg(xr) = _fK; (Ax(z)
for all z € R,
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Proof. The equivalence of (ii) and (iii) has been shown in Theorem 3.9 and that
(i) implies (ii) follows from Proposition B.1. Finally, the proof of Theorem 3.9
shows that (iii) implies (i). O

Example 3.12. Recall Example 2.3. In that case pg(x) = —52?:1 x; for
all ¥ = (z1,...,14) € R so condition (3.3) is satisfied whenever pr(X) =
—Z(Z?:l X;) for some strictly increasing function [ : R — R, so in partic-
ular for | = wu. Moreover, we may choose the realization of pg such that
pg(z,w) = —u(5 Z?zl 7;), ¥ = (x1,...,74) € R which is obviously continu-
ous in x. Replacing the sum by a conditional aggregation function, for instance
—pr(z) = Ap(z) = Zle a;x;1a + Zle bizilse, x = (11,...,24) € RY where
a;,b; > 0 are weights and P(A) > 0, then indeed (3.3) requires that A € G.

4 Conditional law-invariance and strong consis-
tency

As in the previous section, if not otherwise stated, throughout this section we
let G and ‘H be two sub-o-algebras of F such that G C H, and let pg : LP(F) —
L>(G) and py : LY (F) — L®(H) be the corresponding CRMs.

Definition 4.1. A CRM pg is conditional law-invariant if pg(X) = pg(Y') when-
ever the G-conditional distributions ux(-|G) and py (-|G) of X, Y € LP(F) are
equal, i.e. if P(X € A| G) =P(Y € A|G) for all Borel sets A € B(R?). In
case G = {0,Q} is trivial, conditional law-invariance of pg is also referred to as
law-invariance.

In the law-invariant case we will often have to require a little more regularity
of the underlying probability space (€2, F,P):

Definition 4.2. We say that (2, F,P) is
atomless, if (2, F,P) supports a random variable with continuous distribution;

conditionally atomless given H C F, if (2, F,P) supports a random vari-
able with continuous distribution which is independent of H.

The next lemma shows that conditional law-invariance is passed from pg
(forward) to py by strong consistency. The proof is based on Follmer (2014).

Lemma 4.3. If {pg, pu} is strongly consistent and pg is conditionally law-
mwvariant, then py is also conditionally law-invariant.

Proof. Let X,Y € L*(F) such that ux(-|H) = puy(-|H) and let A := {py(X) >
pu(Y)} € H. Then the random variables X1, and Y1, have the same con-
ditional distribution given G. As pg is conditionally law-invariant and strongly
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consistent with py we obtain

Pg <fp;1 (pr(X)1a + pH<Od)1AC)1d) = pg(X1a) = pg(Y14)

= pg (fp_ﬂl (pr(Y)1a + p2(04)1 4¢) 1d>.

On the other hand, by strict antitonicity of pg and pfﬂl

PG (f,,;l (Pn(X)La + p2(04)1 pc) 1d) > pg (fp;1 (Pn(Y)La 4 p2(04)1 4c) 1d> ,

and the inequality is strict with positive probability if P(A) > 0. Thus A must
be a P-nullset and interchanging X and Y in the definition of A shows that
indeed px(X) = pu(Y). O

While in Theorem 3.9 we had to require that the strongly consistent pair
{pg, pu} satisfies H = F, in this section we in some sense require the opposite
extreme, namely that G = {0, Q} is trivial while H C F.

Assumption 1. For the rest of the section we assume that G = {0,Q}. For
simplicity we will write p := pg = pgp.0;-

In the following we extend the representation result of Féllmer (2014) to
multivariate CRMs.

Theorem 4.4. Let (Q,H,P) be atomless and let (2, F,P) be conditionally atom-
less given H. Suppose that p is law-invariant. Then, {p, py} is strongly consis-
tent if and only if p and py are of the form

p(X) =g (fi (Ep[u(X)])) forall X € LP(F) (4.1)

and
pu(X) = g (£ (B [u(X)| H]))  forall X € L¥(F)  (42)

where u : RY — R is strictly increasing and continuous, f;* : Im f, — R is the
wnverse function of
fu  R=R; z—u(xly)

and g : R = R and gy : L®(H) — L>®(H) are strictly antitone, fulfill the
Lebesgue property, 0 € Im g N 1m gy, and gy is H-local.

In particular, for any CRM p of type (4.1) we have that g = f,, and similarly
for any CRM py of type (4.2) we have gy = f,,,, where f, and f,, are defined
in Definition 2.2.

The proof of Theorem 4.4 is provided in Appendix C. Note that the common
function u : R? — R appearing in (4.1) and (4.2) can be seen as a multivariate
utility where u being strictly increasing means that z,y € R? with z > y and
x # y implies u(z) > u(y). So f ' (Ep[u(-)]) and f;*(Ep [u(-)| H]) are (con-
ditional) certainty equivalents — in the univariate case (d = 1) we clearly have

13



fot = wu'. Thus if p and/or py in Theorem 4.4 are normalized on constants
(and hence f, = —id or f,,, = —id), then p and/or py equal (minus) certainty
equivalents. But (4.1) and (4.2) also comprise other prominent classes of risk
measures. For instance if f, = —f, or f,, = —fu, then py(X) = —Ep [u(X)]
is an multivariate expected utility whereas py(X) = —Ep [w(X) | H] is a multi-
variate conditional expected utility.

Example 4.5. We have seen in Theorem 4.4 that under some mild technical
assumptions on the probability space every pair {p, py} of law-invariant CRMs
is strongly consistent if and only if it is of the form (4.1) and (4.2). This class
comprises two important subclasses: Firstly, if f, = —id and f,, = —id, then

p(X) = —f, " (Ep [u(X)]) and pu(X) = —f;" (Ep [u(X)]| H]),

which are multivariate conditional certainty equivalents with deterministic utility
function u. Secondly, if f, = —f, and f,,, = —f,, then

p(X) = —Ep[u(X)] and pyu(X)=—Ep[u(X)|H],
is a multivariate conditional expected utility.

Recall Theorem 3.9 where we proved that if a multivariate CRM py, is strongly
consistent in a forward looking way with an aggregation pr under full information
F (and pz fulfills (3.3)), then the multivariate CRM can be decomposed as in
(3.4). The following Theorem 4.6 shows that we also obtain such a decomposition
(3.4) under law-invariance by requiring strong consistency of py, in a backward
looking way with p given trivial information {(, Q}.

When stating Theorem 4.6 we will need an extension of f,,, to L>(F): Sup-
pose that the process R 3 a — f,,, (a) allows for a continuous realization. Due to
the fact that py is strictly antitone and H-local, we can find a possibly different
realization f,, (-,-) such that f,, :RxQ —=R:2~— f,, (r,w) is continuous and
strictly decreasing in the first argument for all w € €. Note that there exists a
well-defined inverse fp_Hl(-, w) of f,,, (-, w) for all w € Q. Now define the functions

Fort : L®(F) = L¥(F);  F o fo (F(w),w) (4.3)
and B B B
odm f,, — L¥(F); Fe f,1(F(w),w),
where we with the standard abuse of notation identify the random variable
fou (F(w),w) or f1(F(w),w) with the equivalence classes they generate in L>(F).
By construction of f,, we have that
Jor(L2(T)) € L=(T)

for all o-algebras J such that o (f,,(a,-),a € R) C J C F, c.f. Hoffmann et al.
(2016) Lemma 3.1. By definition pr is also F-local and has the Lebesgue prop-
erty due to continuity of R 3 a f;ﬂ (a,w). Moreover, H-locality and continuity
also imply that indeed f,, (X) = f,,,(X) for all X € H (approximation by simple
random variables), so f,,, is indeed an extension of f,, to L>(F).
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Theorem 4.6. Under the same conditions as in Theorem 4.4 let {p, p} be
strongly consistent. Then p can be decomposed as

p=mnol,

where
A:LE(F) = L(F); X = —f, (fi' (w(X)))

is a {0, Q}-conditional aggregation function,
n:ImA =R, F —U ' (Ep[U(F)])

is a law-invariant univariate certainty equivalent given by the (deterministic)
utility

U:Imp—R;, a— f, (fp_l(—a))
which is strictly increasing and continuous. Here u : RY — R is the multivariate
utility function from Theorem 4.4.

If the function R 5 a — f,, (a) has a continuous realization, then py can be
decomposed as

Pr = M © Ny,
with
i (A (X)) = —Ay(X),  for all X € LT (H),

where
o Mw: LF(F) = L%F): X o~ (£ (u(X))) i3 00 (fpa,) : a € R)-

conditional aggregation function (f,, (a,-) denotes a continuous realization
with strictly increasing paths);

o ny:ImAy — L®(H); F— Uy (Ep[Uy(F)| H]) is a univariate con-
ditional certainty equivalent;

e the stochastic utility Uy : ImAy — L¥(F); F = fo(f,,[(=F)) is
strictly isotone, F-local, fulfills the Lebesque property and Uﬁl(Im Uy N
L*=(H)) € L*(H);

e f,, is given in (4.3).

Moreover, it holds that
UHOAH:U:UOA (44)

are deterministic and independent of the chosen information H or {Q,0}.
Finally we also have that fy o Ay = f ou= fyt oA, i.e. {A, Ay} is strongly
consistent as defined in (3.6).
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Proof. By Theorem 4.4 we have that

pr(X) = fop, (f " (Ep [u(X)] H]))
= Fou (F ' (B [fu (forh (Fore (F (X)) | H]))

where v and f, are given in Theorem 4.4. Hence, recalling the definitions of Uy,
nw, and Ay, we have py = m0Ay. It can be readily seen that Uy as well as U, *,
and thus also Ay, are F-local, strictly isotone, and fulfill the Lebesgue property.
As f,,,(L®(J)) C L>(J) for all o-algebras J such that o (f,,(a,w) :a € R) C
J C F, the same also applies to Ay = — pr o f1 owu and we conclude that
Ay is a 0 (f,,(a,w) : a € R)-conditional aggregation function. Moreover, for
X € LY (H)

e (Mg(X)) = Fop (' (w(X)) = =Uz (u(X)) = —An(X).

The result for p follows similarly to the proof above without requiring a continu-
ous realization and by using the canonical extension of f, from R to L (F ), i.e.
fo(F)(w) = fo(F(w)) for all w € Q@ and F' € L*(F). O

We remark that (4.4) is the crucial fact which ensures that p and py are
strongly consistent and (conditionally) law-invariant.

In Theorem 4.6 we have seen that basically every CRM which is strongly con-
sistent with a law-invariant CRM under trivial information can be decomposed
into a conditional aggregation function and a univariate conditional certainty
equivalent. For the rest of this section we study the effect of additional prop-
erties of the CRMs on this decomposition. For instance, we want to identify
conditions under which the univariate conditional certainty equivalent is gener-
ated by a deterministic (instead of a stochastic) utility function; see Corollary 4.7.
Also we study what happens if the univariate CRMs 7 and 1y from Theorem 4.6
are required to be strongly consistent; see Corollary 4.9.

Corollary 4.7. In the situation of Theorem 4.6, if p is normalized on constants,
then
AX) = [ (X)), X € LF(F),
and
n(F) = p(Fla) = —f (Ep [fu(F)]), F € L¥(F).

If py is normalized on constants, then similarly

M(X) = £, (u(X)), X € LF(F),

u

and
m(F) = pu(Fla) = — f, ' (Ep [fu(F) | H]), F € L®(F).

In particular the univariate conditional certainty equivalent ny is now given by
the deterministic univariate utility function f,, and thus ny is conditionally law-
moariant.

If both p and py are normalized on constants, then A = Ay.
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Example 4.8. Suppose that p and py from Theorem 4.6 are normalized on
constants and that for all F,G € L®(F), m, A € R with A € (0,1)

p(Fly+mly) = p(F1lg) —m (4.5)
as well as
p(AF1+ (1 = XN)G1y) < Ap(F1g) + (1 — A)p(G1y). (4.6)

Recalling Corollary 4.7 it follows that n(F') = p(F'14) is cash-additive (4.5) and
convex (4.6). Since f, is a deterministic function it can be easily checked that
n and 1y are strongly consistent (conditionally) law-invariant univariate CRMs.
Therefore we are in the framework of Follmer (2014). There it is shown that the
univariate CRMs must be either linear or of entropic type, i.e.

ful@)=ax+b or f(z)=—ac P +b xeR,

for constants a, b, 5 € R with a, 8 > 0, which implies that

m(F)=Ep[~F | H] or mu(F) = ~log (Ep [ | #])

p
and similarly for 7. Clearly, this also has consequences for the aggregation
function A = Ay = f;!'ow since z — u(xrly) = fu(x) is either of linear

or exponential form. For instance, a possible aggregation would be given by
w(zy, ..., xq) = aZle w;x; + b, where w; € (0,1) for i = 1,...,d such that
Zle w; = 1, because f,(x) = ax + b. In this case the aggregation function is
simply A(z) = 2 wz;.

Corollary 4.9. In the situation of Theorem 4.6, suppose that n and ny are
defined on all of L>°(F). Then {n,ny} are strongly consistent if and only if

n=—u"(Bp[u(F)]) and m=—u" (Ep[u(F)|H])

for a continuous and strictly increasing utility function u : R — R. Moreover,
the corresponding (conditional) aggregation functions are given by

A=—f,oftou and Ay=—f,0f ' oayou,

u

where ay(F) = aF + 3, F € L>®(F), is a positive affine transformation given by
a, € L>®(H) with P(a > 0) = 1.

Proof. As n is law-invariant, it follows from Lemma 4.3 that ny is conditionally
law-invariant. Moreover, f, = f,, = —id, i.e. n and 7y are normalized on
constants. Thus by Theorem 4.4 we obtain that

n=—u"(Ep[a(F)]) and m=-u" (Ep[u(F)]H])
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for a continuous and strictly increasing function u : R — R. It follows from
Proposition D.1 that U as well as Uy are affine transformations of u. This in
turn implies that Uy = ay o U, where an(F) = aF + j for &, € L®(H)
with P(& > 0) = 1. Finally we obtain that the o (f,, (a,w),a € R)-conditional
aggregation function Ay is given by

_ -1 -1 A1 _ —1 _~—1
Ay=Uou=U  "oay ou=—f,0f, oa; ou.
Since the inverse ay := CNL;,__[l of an affine function is affine the result follows. [J

Remark 4.10. Our notion of consistency is defined in terms of the multivariate
CRMs. In contrast in Kromer et al. (2014) it is a priori assumed that the
multivariate CRMs are of the decomposable form p = no A as in (3.4) and
they define ”consistency” of {pg, px} by requiring strong consistency of both
pairs {ng,ny} and {Ag, Ay }. Note that these definitions of consistency are not
equivalent, in particular strong consistency of both {ng,ny} and {Ag, Ay} does
not imply strong consistency of {pg, px}. Kromer et al. (2014) also study the
interplay of the strong consistency of {pg, px} and of strong consistency of both
{ng,mu} and {Ag,Ay}. As Corollary 4.9 shows in the law-invariant case this
requirement is quite restrictive.

5 Consistency of a family of conditional risk
measures

So far we only considered consistency for two multivariate CRMs. In this section
we extend our results on strong consistency to families of multivariate CRMs.
We begin with some motivating examples.

Example 5.1 (Dynamic risk measures). If one is interested in a dynamic risk
measurement under growing information in time up to a terminal time 7" > 0,
this can be modeled by a family of CRMs (p¢):cjo,r] and a filtration (F¢):ejo 1y
such that p, : L3 (Fr) = L®(F).

In systemic risk measurement conditioning on varying information in space
rather than in time is of interest. In that situation, as opposed to Example 5.1,
the family of multivariate CRMs is not necessarily indexed by a filtration. To
exemplify this we recall a multivariate version of the spatial risk measures which
have been introduced by Féllmer (2014) in a univariate framework.

Example 5.2 (Multivariate spatial risk measures). Let I = {1,...,d} denote a
set of financial institutions and let (S, S) be a measurable space. Each financial
institution 7 € I can be in some state s € S, and Q = ST = {w = (w)ie; : w; € S}
denotes all possible states of the system. Then the o-algebra F; on {2 which is
generated by the canonical projections on the j-th coordinate for j € J describes
the observable information within the subsystem of financial institutions J C I.
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Finally let P be a probability measure on (2, F), where F := F;. Then the
risk evolution under varying spatial information can be modeled by the family
of CRMs (py)cr, where each py : LP(F) — L*(Fy), i.e. py is the risk of the
system given the information on the state of the financial institutions within the
subsystem J.

From the viewpoint of a regulator, systemic risk measurement contingent on
information in space is helpful in identifying systemic relevant structures, i.e. in
analyzing questions like: "How much is the system affected given that a specific
institution or subgroup of institutions is in distress?”, or ”How resilient is a spe-
cific institution or subgroup of institutions given that the system is in distress?”.
In Example 5.2 the spatial conditioning is based on a g-algebra which is gener-
ated by all possible states of the institutions within a given subsystem. To treat
questions of the type mentioned before one might alternatively consider condi-
tioning with respect to more granular information in space. For instance, in the
spirit of the systemic risk measures CoVaR in Adrian and Brunnermeier (2011)
or Systemic Expected Shortfall in Acharya et al. (2010) one could condition on
a single crisis event with respect to a given subsystem, e.g. that all financial
institutions within the subsystem are below their individual value-at-risk levels.

In Example 5.1 as well as Example 5.2 the families of CRMs are indexed by
one-dimensional information structure. However, in Frittelli and Maggis (2011),
they propose conditional certainty equivalents based on a one-dimensional in-
formation structure caused by the fact that utilities of agents may vary over
time:

Example 5.3 (Conditional certainty equivalents). Let (Q, F, (F;)er+, P) be an
atomless filtered probability space and let u; : R x 2 — R be a function which is
strictly increasing and continuous in the first argument and F;-measurable in the
second argument for all ¢ € R*. Suppose that the range R; := {u:(z,w) : x € R}
is independent of w € €, that R; C R, for all s < ¢, and denote the pathwise
inverse function of u by u; *(y) € L>(F;) for all y € R;, where u;(z) and u; *(y)
is the shorthand for w,(z,-) and u; '(y,-), resp. Then the backward conditional
certainty equivalent is given by

Cop: L(F,) = L(Fo); F e Coy(F) = —u ] (Ep [w(F) | Fi]).

It has been shown in Frittelli and Maggis (2011) Proposition 1.1 that for a fixed
T € R*, we have that the family (Cyr);<r is consistent, i.e. forall s <t <T

Ot7T(F) > Ct,T(G) - CS7T(F) > CS7T(G) (F, G e LOO(./—"T))

Also in the context of conditioning on spatial information a two-dimensional
information structure could be of interest, for example to represent risk measure-
ment policies that differ locally in the financial system.
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Example 5.4 (Local regulatory policies). In the context of Example 5.2, let
I = {1,...,d} be a network of financial institutions that is of interest for su-
pervisory authorities associated to different levels with possibly different reg-
ulatory policies. For example, think of I as the European financial system.
Then regulatory policies of authorities on the European level might differ from
policies on the national levels which again might differ from regional policies.
To include these different regulatory viewpoints into the framework of spatial
risk measures one could consider a family of CRMs (pyx)sckcr, where each
psxk @ LY (Fk) — L>®(F,). Here the first index J has the same meaning as in
Example 5.2, i.e. the risk measurement is performed conditioned on the state of
the institutions in subsystem J. The second index K identifies the type of reg-
ulatory policy on the risk management prevailing in subsystem K, for example
expected shortfall measures at different significance levels according to European
(K = I), national, or regional standards. Even though regulatory policies may
differ depending on the level of authority, it might still be desirable that these
policies behave consistently in some way, i.e. the family (px)scrkcr should be
consistent not only with respect to the contingent information implied by the
index J but also with respect to the different policies implied by the index K.
In the following, this question will be considered.

Motivated by the examples above, we will consider the following types of
families of CRMs in this section: Let Z; and Z, be sets of sub-c-algebras of
F such that Z; contains the trivial o-algebra and denote by £ := {(H,T) €
Ty X Iy : H C T}. In the following we denote by py 7 a multivariate CRM which
maps L3°(7T) to L>®(H) and we consider families of CRMs of type (py, 1), 7)es-
In order to allow for a comparison of the risks of two random risk factors under
different information, we assume for the rest of this section that py 7, (LY (71)) =
P17 (LY (Tz)) for all (H,Ty), (H,Tz) € £. Sometimes it will also be convenient to
consider only a subfamily of £ where the second o-algebra is fixed. In that case
we denote the corresponding index set by E(T) :={H € Z, : H C T} for T € L.
Note that the structure of the families of CRMs discussed in Example 5.1 and
Example 5.2 is covered by this framework by letting Z, := {F}.

Definition 5.5. A family of CRMs (py,7)3,1)ee is strongly consistent if for all
GCHCTINT,

o (X) > pu(Y) = po7i(X) > pg1(Y), (X €L™(T),Y € LF(Tz)).

It can be easily checked that the conditional certainty equivalents of Frittelli
and Maggis (2011) (see Example 5.3) are strongly consistent. Analogously to
Lemma 3.2 strong consistency is equivalent to the following recursive relation
between the CRMs.

Lemma 5.6. Let (py, 1), 7)ce be family of CRMs, then the following statements
are equivalent:

(1) (pu,7) . 1)ee is strongly consistent;
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(i) For allGCHCTiNTy and X € LF(Th)
pe.7i(X) = pe.1 (fp;l@ (prm (X))1d> :

Clearly, our results from the previous sections carry over to families of CRM.
We illustrate this in the following by giving the straightforward extensions of
Theorem 3.9 and Theorem 4.4 to a family of CRMs.

Theorem 5.7. Let (py,7),1ece be a family of strongly consistent CRMs. More-
over, if there exists a T € Iy such that

pur(x) =prr(x) forallz € RY and all H € E(T), (5.1)

then each multivariate CRM py 7 of the subfamily (py,7)mece(T) which has a con-
tinuous realization py 7(-,-) can be decomposed into a H-conditional aggregation
function Ay 7 : L(T) — L°(T) and a univariate CRM ny 7 : ImAy 7 —
L>(H) such that

Pr,T = M7 © N1

and pu7(X) = mu7 (A7 (X)) = =My 7(X) for all X € LF(H). Moreover,
for those pyr,H € E(T), for which a decomposition exists the corresponding
conditional aggregation functions are strongly consistent.

As in the discussion of Theorem 3.9, if there is a minimal element G in E(T),
then (5.1) can be replaced by pr(x) € L®(G) for all x € R In particular if
{0,9Q} € E(T), then (5.1) requires prr(z) € R? for all z € R?, so all aggregation
functions Ay 7 are necessarily deterministic, H € E(T).

Theorem 5.8. Let (pyu,7)mmee be a family of CRMs. Furthermore, suppose
that there exists an (G, T) € &£ such that (2, T,P) is a conditionally atom-
less probability space given G, (Q,G,P) is atomless and pr = pgoy7 is law-
invariant. Then the subfamily (py 1)nee() 5 strongly consistent if and only if
for each H € E(T) the CRM py 7 is of the form

P (X) = grr (fo (Bp [ur(X) | H])), forall X € LF(T), (5.2)

where ur : RY — R is strictly increasing and continuous, u_Tl :Im f,, —

R is the unique inverse function of f,, : R = Rz — ur(zly) and gyr :
L>®(H) — L®(H) is strictly antitone, H-local, fulfills the Lebesgue property and
0¢€Imgyr.

In particular, for any CRM of type (5.2) we have that gy 1 = fp,, -, where f,, ,
s defined in Definition 2.2.

Note that the latter results, being extensions from the two-CRM-case of the
previous sections, only used the strong consistency as a pairwise strong con-
sistency of the elements in subfamilies (py 1) mee(r) of (P2 7),7)ce. But if
I, contains more than just one cg-algebra, then the definition of strong consis-
tency given in Definition 5.5 also has implications on the relations between these
subfamilies corresponding to different sets £(7) for T € Z.
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Assumption 2. In order to have sufficiently many subfamilies we suppose for
the remainder of this section that Z; = 7, =: 7.

Proposition 5.9. Let (py,7)m,m)ece be a strongly consistent family such that
(5.2) holds for all (H,T) € E. Then for all T1, T €Z and H € TTNTy, H e L,

pr7(X) = form, (fu}l2 (a7, 7Ep [ur; (X) | H] + bH,ﬂ,E)) 7

where az, 7, € RT\{0}, byri;n € L®(H) and Ep [by 77 | G] = bg1n7 for all
G eT withG CH.

The proof of Proposition 5.9 is provided in Appendix E. From Proposition 5.9
it follows that any strongly consistent family (pz; 1), 7)ee (under Assumption 2)
is basically a family of conditional certainty equivalents as in Frittelli and Maggis
(2011):

Corollary 5.10. In the situation of Proposition 5.9, if a1, = 1, by = 0
for all H €Ty N Ty where H € Z and T1,T2 € L, and if pr1 are normalized on
constants for all T € I, then (pu,7)m,ee satisfies

prug(X) = —fo, (Bp [ur(X)| H]), X € LF(T). (5:3)

Proof. If ay; 7, =1 and by 7,7, = 0 for all H C 73 N Tz, then

o (X) = Fpur, (fih (B [ur (X) | H]))

and thus by choosing 75 = H and since py 3 is normalized on constants we get
(5.3). O

A Auxiliary results

Note that the strict antitonicity of pg implies that the inverse function f, lin
Definition 2.2 is well-defined. Indeed let 8 € Im f,, and oy, € L®(G) such
that f,, (o) = f = fy,(a2). Suppose that P(A) > 0 where A := {ay > @} € G.
Then by strict antitonicity and G-locality we obtain that

BLa+ pg(04)Lsc = pg(a1ly)La + pg(0a)Lac = pg(a1lqla)
< pglazlqla) = pg(asla)Lla + pg(0a)Lac
= 814+ pg(04)1 4c,

and the inequality is strict with positive probability which is a contradiction.
Thus we have that P(a; > ay) = 0. The same argument for {a; < as} yields
a1 = ag P-a.s.

Next we will show that properties of pg transfer to f,, and fp_gl. Since the
domain of f,_ ! might be only a subset of L>(G), we need to adapt the definition
of the Lebesgue property for f, ! in the following way: If (8,)nen C Im f,,
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is a sequence which is lower- and upper-bounded by some @,B € Im f,;, ie.
B < B, < B for all n € N, and such that 8, — 3 P-a.s., then Foa (Bn) = [, (B)
IP-a.s. Note that this alternative definition of the Lebesgue property is equivalent
to Definition 2.1 (iv) if the domain is L>°(G). The properties ’strict antitonicity’
and ’locality’ of f,; or f, ! are defined analogous to Definition 2.1 (i) and (iii).

Lemma A.1. Let f,, and f‘;} be as in Definition 2.2. Then f,, and f,;gl are
strictly antitone, G-local and fulfill the Lebesgue property.

Proof. For f,, the statement follows immediately from the definition and the
corresponding properties of pg. Concerning the properties of f;gl, we start by
proving strict antitonicity. Let (3,5, € Im f,; such that 8, > 35 and P(f; >
f2) > 0. Suppose that P(A) > 0 where A := {f, '(61) > f,/(32)} € G. Then

Bilat oo (O)Lae = fo (F2150) Ta+ fog (O Lac = fy (£ (B1)1LA)
< fpg (fp_gl(ﬁ2)]lA) = ﬁZ:H-A + fpg(o):ﬂ'Aca

and the inequality is strict on a set with positive probability since f,, is strictly
antitone. This of course contradicts 81 > fy. Hence f,'(61) < f,'(B2). More-
over, as

P(B; > ;) =P (fpg (fp_gl(ﬁﬂ) > fog (fp_gl(BQ))) >0
we must have f;l(ﬁl) =+ f[;} (B2) with positive probability, i.e.

P (f,5(B1) < [, (B2)) > 0.

Now we show that fp_g1 is G-local. Let B;,0, € Im f,, as well as A € G be
arbitrary. Further let a; = f;gl (Bi),i=1,2,1e. fp;(cs) = B;. Then we have that
fog(ar1la + ol gc) = foz(or)La + fog(a2)lgc = Bila + Bol gc.

Thus f,;;(ﬁljﬂ-A + /BQ:I].AC) =l + OZQJ].AC.

Finally for the Lebesgue property let 3 .5 €Im fog and let (3,)nen C Im f,, be
a sequence with § < 8, < f for all n € N and 3, — 8 P-a.s. Consider the
bounded sequence_s By = supys, B and B¢ = infy>, B, n € N which converge
monotonically almost surely to 3, i.e. 8¢ | 8 P-a.s. and 8¢ 1+ 3 P-a.s. Since
B < B¢ < Bfor all n € N which by antitonicity of foo yields f, 1 (B) < foa(By) <
f>5(B), we observe that the sequence (f,'( ;j))neN is uniformly bounded in

L>=(G). Note that by the same argumentation also the sequences ( foo( g))neN

and ( fod (Bn))neN are uniformly bounded in L*°(G). Next we will show that

By € Im f,, for all n € N. Fix n € N and set recursively

k—1
A= (g =p) and Ap:= {8 =80\ U A k>n,

i=n—1
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then it follows from induction that A} € G,k > n — 1. Sincesup{S, 6k : k > n} =

max {f3, B : k > n}, we have that (UIQW1 AZ)C is a PP-nullset. It follows from
G-locality and the Lebesgue property of f,, that

Fro (fp_gl(ﬁ)hz_l +D o <ﬁk’“’“‘>

k>n

= BLag_, + oo ( Jim > f;;wkmg) LUy, 47
k=n

=Play_, + lim (Z Brlag + fog (0) Ly, A::)
k=n
=BLan  + > Bplay =B,

k>n

which implies 8% € Im f,,. By a similar argumentation we obtain 8¢ € Im f,,.
Recall that g8} | 5 P-a.s. which by antitonicity of fp;1 implies that the sequence

(f;;(ﬁ;f))neN is isotone and thus o = lim,, o f, ' (By) exists in L=(G). It follows

from antitonicity and the Lebesgue property of f,, that
B=lim 52 = Tim f, (/) (52) = fyo(0).

and hence that indeed a = f '(8). Analogously, we obtain that f,, (&) = f for

& = limy, o0 f;gl(ﬁff), and thus & = o = f, (). Hence, by antitonicity of f, '

Tro (B) = lim £, 1(5;) < liminf £, 1(5,)
< limsup f1(8a) < lim f1(8) = 7' (8),

50 lim, 00 £, (Ba) = f,,'(8), i.e. f,! has the Lebesgue property. O

An important observation is that the domain of f;gl is equal to the image of pg,

ie. f,(pg(X)) is well-defined for all X € LF(F).

Lemma A.2. For a CRM pg : LY (F) — L*>(G) it holds that
po (L3 (F)) = fog(L=(9))-

Proof. Clearly, pg(Lg*(F)) 2 fog(L=(G)).
For the reverse inclusion let X € LP(F). Our aim is to show that there exists

an a* € L*(G) such that
pg(X) = fpg(a”). (A1)
Define
Pi={a € 17(G) : fyp0) 2 pa(X)} .
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As —||X|lgoola < X < || X|lacola we have that —|| X400 € P, so P # 0.
Moreover, P is bounded from above by || X |40 since if A :={a > || X||400} for
a € L>(G) has positive probability, then by G-locality and strict antitonicity

fog(@)la = fog(ala)la < foo([[X|la00la)la = fog (I X][a00)La < pg(X)1a

where the first inequality is strict with positive probability, so a € P. By G-
locality it also follows that P is upwards directed. Hence, for

a* = esssup P

there is a uniformly bounded sequence (ay,)nen C P such that o = lim,, . @,
P-a.s.; see Follmer and Schied (2011) Theorem A.33. Thus it follows that a* €
L>(G) and
fpg(a*) = nh_{rolo fpg(an> > pg(X),
ie.a* € P. Let
B = {fps(a") > pg(X)}

and note that by the Lebesgue property
B = U{fpg(oz* +1/n) > pg(X)} P-as.
neN

Hence, if P(B) > 0 it follows that P(5,) > 0 for some B, := {f,;(a* +1/n) >
pg(X)}. Note that B, € G and that

@*lge + (" +1/n)lp, € P

by G-locality of f,,. But this contradicts the definition of a*. Hence, P(B) =
0. [

Lemma A.3. Let A : LP(F) — L®(F) be a conditional aggregation function.
Then fr and fgl are strictly isotone, F-local, and fulfill the Lebesgue property.
Moreover, A(LF(F)) = fa(L®(F)) and A(X) = A(fy ' (A(X))1y) for all X €
LP(F).

The well-definedness of f, ' follows similarly to the well-definedness of fp_gl. Fur-
ther the proof of Lemma A.3 is analogous to the proofs of Lemma A.1 and
Lemma A.2 and therefore omitted here.

B Proof of Theorem 3.9

The Proof of Theorem 3.9 is based on a result from Hoffmann et al. (2016) which
we in the following present in a version adapted to the framework of this paper.
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Proposition B.1. Let pg : LY (F) — L>(G) be a CRM and suppose that there
exists a continuous realization pg(-,-) which satisfies risk-antitonicity:

pg(X(w),w) = pg(Y (w),w) P-a.s., implies pg(X) = pg(Y').

Then there exists a G-conditional aggregation function Ag : LP(F) — L®(F)
and a univariate CRM ng : Im Ag — L*°(G) such that

pg (X) =ng (Ag(X)) forall X € LT (F)

and
ng (Ag(X)) = —Ag(X) for all X € LF(G). (B.1)

This decomposition is unique.

Proof. Since pg is antitone, R? > z + pg(z) is antitone. It has been shown
in Hoffmann et al. (2016) Theorem 2.10 that this property in conjunction with
the fact that pg has a continuous realization which fulfills risk-antitonicity is
sufficient for the existence and uniqueness of a function Ag : Ly (F) — L>(F)
which is isotone, F-local and fulfills the Lebesgue property and a function ng :
Im Ag — L*>(G) which is antitone such that

pg =ngolg and ng (Ag(x)) = —Ag(x) for all z € R<. (B.2)

Note that in the proof of Theorem 2.10 in Hoffmann et al. (2016) Ag is basically
constructed by setting Ag(X)(w) = —pg(X(w),w), which implies that Ag is
necessarily F-local even though this is not directly mentioned in the paper.
Indeed in Hoffmann et al. (2016) we do not require or mention locality at all.

It remains to be shown that Ag is a G-conditional aggregation function, 7g is
a univariate CRM on Im Ag, and that (B.1) holds. First of all, we show that F-
locality and (B.2) imply (B.1). To this end denote by S the set of F-measurable
simple random vectors, i.e. X € § if X is of the form X = Zle x;14,, where
keN, 2, € Rland A; € F, i = 1,..., k, are disjoint sets such that P(A;) > 0
and ]P(Uf:1 A;) = 1. Now let X € LYP(G). Pick a uniformly bounded sequence

(Xn)nen = (Zk” ]lAn>n C Ssuch that A7 e Gforalli=1,...,k,,n €N,

111

and X,, — X P-a.s. Then by (B.2), F-locality and the Lebesgue property of Ag
and pg we infer that

—Ag(X) = —lim Ag(X,) = Tll;ngoz —Ag(x])Lan

n—oo

= ggong Jlar = lim pg(X,) = pg(X),

n—oo

which proves (B.1). Next we show that Ag is a G-conditional aggregation func-
tion. The yet missing properties which need to be verified are strict anti-
tonicity and that Ag is G-conditional. The latter follows from Hoffmann et al.
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(2016) Lemma 3.1. As for strict antitonicity let X,Y € L3°(F) with X > Y such
that P(X > Y) > 0. Then by isotonicity of Ag we have that Ag(X) > Ag(Y).
Suppose that Ag(X) = Ag(Y) P-a.s., then

pg(X) = ng(Ag(X)) = ng(Ag(Y)) = pg(Y)

which contradicts strict antitonicity of pg. Thus Ag fulfills all properties of a
G-conditional aggregation function.
As for ng, note that by Lemma A.3 for all F' € Im Ag we have that

16(F) = ng (Mg (fay (F)1a)) = pg(fa, (F)1a). (B.3)

Since pg and f;gl are strictly monotone, G-local, and fulfill the Lebesgue property,
so does 7g, i.e. ng is a univariate CRM on Im Ag. ]

The proof of Theorem 3.9 is now based on the following observations: pr
is necessarily risk-antitone as defined in Proposition B.1. Strong consistency in
turn implies that risk-antitonicity of pr is passed on (backwards) to pg, and
hence Proposition B.1 applies.

Proof of Theorem 3.9: In case we already know that (3.4) holds, then by an-
titonicity of ng it follows that {pg, —Ag} is strongly consistent, and clearly
—Ag : LY(F) — L®(F) is also a CRM. Thus the last assertion of Theorem 3.9
is proved.

In order to show the first part of Theorem 3.9, we recall that the only property
which remains to be shown in order to apply Proposition B.1 is risk-antitonicity
of pg: For this purpose we first consider simple random vectors X,Y € & where
S was defined in the proof of Proposition B.1. Note that there is no loss of
generality by assuming that X = Y " 2,14, € Sand Y = ) y;la, € S,
i.e. the partition (A;);—1, ., of Q is the same for X and Y. Suppose that
po(X(w),w) > pg(Y(w),w) P-a.s. It follows that pg(z;,w) > pg(yi,w) for all
we A\N,i=1,...,n, where N is a P-nullset. Let B; := {w € Q| pg(z;,w) >
pg(yi,w)} € G. As (A;\ N) C B, using antitonicity and G-locality of f, ! we
obtain

Foo (o (i) 1a, = [ (po(x:)1,) La, < foo (pa(yi)LB,) Ta, = [y (Po(yi)) La,-

Now by strong consistency of {pg, pr}, F-locality of pr and f;fl, and by (3.3)
as well as antitonicity of pg we arrive at

pg(X) = pg ([} (pr(X))1a) = pg <pr_;(/)f($i))1,4i1d>

= pg (prgl(Pg(iﬂi))]lAild> > pg (prgl(Pg(yi))ﬂAild)

i=1 i=1

= pg(Y),
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which proves risk-antitonicity for simple random vectors X,Y € S. For general
X, Y € LP(F) with pg(X(w),w) > pg(Y(w),w) for P-a.e. w € 2 we can find
uniformly bounded sequences (X,,)nen, (Yn)nen € S such that X,, ~ X and
Y, Y P-as. for n — co. Then by antitonicity

p6(X (), ) > po(X(w),w) > pg(Y (@), w) > po(Yr(w),w) P-as.

Therefore, pg(X,) > pg(Y,) and the Lebegue property of pg yields

pg(X) = lim pg(X,) > lim pg(Yy) = pg(Y).

n—o0

Thus pg is risk-antitone and we apply Proposition B.1. Hence, there is a G-
conditional aggregation function Ag : LP(F) — L*(F) and a univariate CRM
ng : ImAg — L*>(G) such that pg = ng o Ag and ng(Ag(X)) = —Ag(X) for all
X € LF(G).

Using locality it follows that (3.3) indeed holds for all & € LP(G) NS and
thus by continuity pr(a) = pg(a) € L>*(G) for all « € LP(G). Thus also
Ar(a) = —pr(a) € L®(G) for all a € LP(G). Finally by the same procedure as
above, i.e. approximation via elements in S, using locality, strong consistency,
and continuity, we obtain (3.6). O

C Proof of Theorem 4.4

Lemma C.1. Let {p,py} be strongly consistent and suppose that p is law-
invariant (and thus py is conditionally law-invariant by Lemma 4.3). If (0, H, P)
is an atomless probability space and X € LY (F) is independent of H, then

o (p(X0) = £ (p(X)).
The proof of Lemma C.1 is adapted from Kupper and Schachermayer (2009).

Proof. We distinguish three cases:

e Suppose that f,! (pu(X)) < o (p(X)) and strictly smaller with positive
probability. Then by strong consistency

£ (p(X) = £, (o (£, (pn(X))1a))
< [, (o (fH (p(X))1a)) = £, (p(X)),

by strict antitonicity of p which is a contradiction.

e Analogously it follows that it is not possible that f;ﬂl (pH(X)) > fp*1 (p(X))
and P(f} (pn(X)) > £, (p(X))) > 0.
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e There exist A, B € H such that P(A) = P(B) > 0 and

Fot (on(X)) > £, (p(X)) on A and ! (pu(X)) < f,* (p(X)) on B.

Then we have for an arbitrary m = aly where a € R that

p(XTa+mlae) = p(f,, (pu(XTa+mlye))la)
= p (for (pu(X))1ala +mlac)
<p(f, (p(X))Lalg+mlye) (C.1)

and similarly
p(X1p+mlge) > p(f, " (p(X))1pla+ mlge). (C.2)

However, as X is independent of H the random vector X1 4+ml  c has the
same distribution under P as X15+mlpge. Note that also f, ! (p(X))1a+

al pc and f, (p(X))1p+al e share the same distribution under P. Hence,
as p is law-invariant, (C.1) and (C.2) yield a contradiction.

[]

Proof of Theorem 4.4. For the last assertion of the theorem note that since u is
a deterministic function, we have for o € L>°(H) that

fon(@) = pulaly) = g (f ' (Ep [u(aly) | H]))
= gn (f ' (fu(@))) = gn(a)

and analogously we obtain f, = g.

Next we prove sufficiency in the first statement of the theorem: Let py and p
be asin (4.2) and (4.1). It is easily verified that py and p are (conditionally) law-
invariant CRMs. Furthermore, since f, ! is strictly increasing and gy is strictly
antitone and H-local, we have for each X, Y € L5 (F) with py(X) > py(Y) that

Ep [u(X)| H] < Ep [u(Y) | H].

But this implies that also Ep [u(X)] < Ep [u(Y)] and thus that p(X) > p(Y),
i.e. {p, px} is strongly consistent.

Now we prove necessity in the first statement of the theorem: We assume in
the following that p and py are normalized on constants and follow the approach
of Follmer (2014) Theorem 3.4. The idea is to introduce a preference order < on
multivariate distributions u, v on (RY, B(R?)) with bounded support given by

p<v <= p(X)>pY), withX ~pgandy ~v.
Here B(R?) denotes the Borel-o-algebra on R? and X ~ p means that the dis-

tribution of X € L3°(F) under P is p. It is well-known that if this preference

29



order fulfills a set of conditions, then there exists a von Neumann-Morgenstern
representation, that is

p<v < /u(m) p(dr) < /u(x) v(dz), (C.3)

where u : R — R is a continuous function. Sufficient conditions to guarantee
(C.3) are that < is continuous and fulfills the independence axiom; cf. Follmer
and Schied (2011) Corollary 2.28. We refer to Follmer and Schied (2011) for a
definition and comprehensive discussion of preference orders and the mentioned
properties. Suppose for the moment that we have already proved (C.3). Note
that strict antitonicity of p implies that 0, > d, whenever x,y € R? satisfy z > y
and = # y. Hence u(x) = [u(s)d,(ds) > [ u(s)d,(ds) = u(y), and we conclude
that u is necessarily strictly increasing as claimed.

Now we prove (C.3): The proof of continuity of < is completely analogous
to the corresponding proof in Follmer (2014) Theorem 3.4, so we omit it here.
The crucial property is the independence axiom, which states that for any three
distributions p, v, 9 such that g < v and for all A € (0, 1], we have

A+ (1T =)0 2 Av+ (1= N)9.

Since (2, F,P) is conditionally atomless given #H, we can find X,Y, Z € LP(F)
which are independent of H such that X ~ u,Y ~ v and Z ~ 9. Furthermore,
since (£, H, P) is atomless, we can find an A € H with P(A) = . It can be easily
seen that X14+Z1 4 ~ Au+(1-N)d and YI4+Z1 40 ~ Av+(1—\)J. Moreover,
since u < v, we have that p(X) > p(Y). As {p, py} is strongly consistent and
as p is law-invariant, we know from Lemma 4.3 that py is conditionally law-
invariant. This ensures that we can apply Lemma C.1 to the random vectors X
and Y which are independent of H. Therefore, by H-locality of py; and recalling
Remark 3.4

p(XLa+ Z1ye) = p(—pu(X1a+ Z1xc) 1a)

(—

(=pu(X)1aly — pu(Z2)1 4c1y)

(—p(X)1aly — pp(2)1scly)

(=p(Y)Laly — py(Z2)Lacly) = p(Yla+ Z1ye),

p
p
p
p

v

p

which is equivalent to Ap + (1 — A\)d < Av + (1 — A)J. Thus there exists a
von Neumann-Morgenstern representation (C.3) with a continuous and strictly
increasing utility function v : R — R.

In the next step we define f, : R — R;z +— u(x1ly). Then f, is strictly increas-
ing and continuous and thus f; ! exists. Let u be an arbitrary distribution on
(R4, B(R?)) with bounded support and X ~ u. Then

p(IIXNlacela) < p(X) < p( = [[X]|ac01a)
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and hence

Ful =X o) = / w(@) Sy ns(de) < [ u(x) plde)

< / () Byt (@) = Full X las0).

The intermediate value theorem now implies the existence of a constant ¢(u) € R
such that

ulet) = [ e ntae) = et = £ ([ ute) i)

Finally, since d¢(,)1, ~ i, we have

pUX) = pleli1a) = —clp) = ~12* ([ o) n(d) ) = =17 (e FaC0))).
Hence, we have proved (4.1) (with g = —id). Define
Un(X) = —f; (Bp [u(X)| H]), X € LF(F),

then we have seen in the first part of the proof that 1y is a CRM which is
strongly consistent with p. Moreover, 13 is normalized on constants. Thus it
follows by Lemma 3.5 that py = ¥y. If p and/or py are not normalized on
constants, then considering the normalized CRMs —f, ' o p and —f, o py, the
result follows from p = f, o (— (=f 1o p)) and py = f,, 0 (— (= Lo pu)), ie.
9= fp and gy = pr'

m

D Positive affine transformations of stochastic
utilities

Proposition D.1. Let Uy be the stochastic utility from Theorem 4.6 and let

Uy : ImAy — L°(F) be another function which is strictly isotone, F-local,

fulfills the Lebesgue property and Uy (Im Ay N L>®(H)) € L>®(H), such that
[77;1 <E]P [fj”(F) ‘ H]) =Uy' (Ep [Uy(F)| H]), forall Fe€lmAy. (D.1)

Then [77{ is an H-measurable positive affine transformation of Uy, i.e. there
erist a, f € L®(H) with P(a > 0) = 1 such that Uy(F) = aUy(F) + B for all
FelmAy.

Proof. We have seen in Theorem 4.6 that Uy o Ayy = u, where u is strictly
increasing and continuous. Thus

X :=1Im Uy = u(LF(F)) C L®(F)
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and it follows that for all F' € X there exists a sequence of F-simple random
variables (F),),en € & such that F,, — F P-a.s. Moreover, by the intermedi-
ate value theorem we can find for each XY € LP(F) and A € L*>°(F) with
0 < A < 1 arandom variable Z such that min{—||X||gc0, —||Y le.cc} < Z <
max{ || X|| 400, [|Y |40 } and for all P-almost all w € 2

Mw)u(X(w)) + (1= Nu(Y(w) = u(Z(w)14)

where X (+),Y(-) and A(-) are arbitrary representatives of X,Y and A. Indeed,
it can be shown by a measurable selection argument that Z can be chosen to
be F-measurable and hence X is F-conditionally convex in the sense that A\F' +
(1-XNGeXforall F;Ge€ X and A € L™(F) with 0 < X < 1.

Next define the strictly isotone and F-local function

Vit X — L®(F); X v Uy (UM (F)),

that is (7% = Vi o Uy. Moreover, it easily follows that V4 fulfills the Lebesgue
property and Vi (X NL®(H)) C L*(H). We show that V3 is an affine function,
that is Vi (F) = aF 4 § for all F € X, where a, 8 € L*>(F). Note that affinity
can be equivalently expressed via Vi (AF + (1 — A\)G) = AVy(F) + (1 = N\)Vu(G)
for all F,G € X and A € L>®(F) with 0 < XA < 1.

We suppose that 13, is not affine, i.e. there are F,G € X and A € L*>°(F) with
0 < X <1 such that

P (Vi (AF + (1 — N)G) # AVi(F) + (1 — M)Vi(G)) > 0. (D.2)

First note that it suffices to assume that (D.2) holds for deterministic F, G and
A. To see this suppose that V4, is affine on deterministic values, but not on the
whole of X, i.e. (D.2) holds for some F,G € X and A\ € L®(F) with 0 < A < 1.
We know that there exist sequences of F-simple functions (F},)nen, (Gn)nen C
X NS and (M\p)pey € L®(F) NS with 0 < A, < 1 for all n € N such
that F,, — F,G, — G,\, — X P-a.s., where & was defined in the proof
of Proposition B.1. Without loss of generality we might assume that F,, =
Sk F'lan, G, = S Gilan and A, = S ALan have the same disjoint
F-partition (A?);—1 k. By the F-locality and Lebesgue property and since
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F' G} AP eRforalli =1,...,k, and n € N we have

[

Vi AF 4+ (1 = N)G) = lim V(M En + (1= N)G)

kn
— lim Vi (Z(A?Ff +(1- A?)G?)JIA;L)
=1

k'n
= lim S Vi(NF! 4 (1= NG ) Lan
=1

kn
= lim >~ (AVA(F?) + (1= X)ValGY) ) g
=1

= Tim A\Va(FL) + (1 — Aa)Vae(Ga)

n—o0

= AVi(F) + (1= NV (G),

which contradicts (D.2). Moreover we assume that 0 < A < 1 since otherwise
this would also contradict (D.2). Finally, we assume w.l.o.g. that

A= {ViAF + (1= NG) < A\Vi(F) + (1 — MVa(G)} € H

has positive probability. Next define H; := F1, + G1l4c and Hy := G, then
H; € XN L*(H),i = 1,2 and by F-locality of Vi

Vi (AHy + (1 — N Hy) < ANV (Hy) + (1 — N Vy(Hs)

and the inequality is strict with positive probability.

Since (€2, P, F) is conditionally atomless given H there exists a B € F with
P(B) = X and which is independent of H. Since H,Hy, € X and X is F-
conditionally convex

H := Hlp+ Hylge € X.

Now by F-locality of Va;, V(X N L>®(H)) C L*>°(H) and B L H we get

Ep [V (H)| H] = Ep [Vy (H11p + Hylpe) | H]
= Vy(H1)Ep [15 | H] + Vi (H2)Ep [150 | H]
= Vau(H1)Ep [15] + Vi (Hz)Ep [1c]
= AV (H;) + (1 — \)Vy(Hs)
> Vi(AHy + (1 — M) Hy)
=Vy (Ep [H11lp + Holpge | H))
= Vi (Ep [H | H]),

and the inequality is strict with positive probability. Moreover X = Im Uy
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implies the existence of a H € Im Ay such that H = UH(fI ). Finally we get

U (Be | Ou(H) | #]) = Uy (Vie" (Be Vi (Ua(D) | #]))
= Uy, (Vi (Ep [Va (H) | H)))
> U (Vg (Vi (Ep [H | H])))
=U," (Ep [H| H])

-0 (e vt )

and the inequality is strict with positive probability, since (7@1 and Ugl are
strictly isotone (c.f. Lemma A.1). Thus we have the desired contradiction of (D.1)
and hence Vy is affine, i.e. Vi (F) = aF + f for all F € X, where a, f € L>®(F).
Moreover, since we know that Vi (z) € L>°(H) for all x € RN X, we obtain that
«, B are actually H-measurable. That o > 0 follows immediately from the fact
that Uy, Uil are strictly isotone. O

E Proof of Proposition 5.9

Lemma E.1. Let u : R = R be a deterministic utility, i.e. u is strictly increas-
ing and continuous, and let G and H be a sub-o-algebras of F such that G C H.
Then

Ep [u(Lg ()| G] = w(Lg(G))-

Proof. "2": Obvious. ”C”: Define the CRM pg : L3P(H) — L>*(G); X —
—Ep [u(X)| G]. By Lemma A.2 it follows that

Ep [u(Lg (M) | G] = =pg (L3 (H)) = =[5 (L7(9)) = Ep [u(L7(9)14) | I]
C Ep [u(Lg7(9)) | 9] = u(Lg(9))-

]

Lemma E.2. For an arbitrary T € T let ur : R? — R be a deterministic
utility and define Xy = up(L(H)) for all H € E(T). Moreover, let py :
Xy — L®(H) be functions such that py is H-local, strictly isotone and fulfills
the Lebesgue-property. If for all G,H € E(T) with G C H and H atomless it
holds that

pg (Ep [F'| G]) = Ep [pn(F) | G] for all F' € Xy, (E.1)

then
p'H(F) - aF+/8H7

where a € RT\{0} and By € L>®°(H) such that Ep [By | G] = Bg.
Note that (E.1) is well-defined by Lemma E.1.
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Proof. Firstly, we consider the case where G is the trivial o-algebra. We write
P = Doy Note that, since p is a deterministic function, p (Ep [F]) is law-
invariant and thus by (E.1) also Ep [py(F)].

Now suppose that there exist z,y € X := Xq gy with py(z) — pu(y) € R, ie.
there exists a ¢ € R such that P(py(z) < pu(y) +c¢) € (0,1). Since H is an
atomless space we can choose Aj, Ay, A3 € ‘H with

P(A;) =P(Ay) :==¢>0
such that
Ay € {pu(z) < puly) + ¢}, As € {pule) > puly) + ¢}, Az = (A1 U Ay)°.
Moreover, we define

Fy =214, +yla, +2ly, and Fhi=yla, +aly, +2la,.

Obviously Fy, Fy ~ qb,+(1—q)d,, that is F} 4 Fy. However, since py is H-local,
we have

Ep [py(F1)] + cq = Ep [py(2)1a,] + Ep [(pn(y) + ¢)1a,] + Ep [pr ()L 4,)
< Ep [(pu(y) + )14, ] + Ep [py(2)1a,] + Ep [py(2)La,]
= Ep [pn(F2)] + cq,

which contradicts the law-invariance of F' — Ep [py(F)].
Hence we have that py(z) — py(y) € R for all z,y € X. Choose an arbitrary
7 e X, and let

a(x) = py(z) —pu(z), x€X,

so a: X — R. Define By := pu(Z) € L¥(H), then py(z) = a(z) + Bx. The
function a is continuous, since otherwise there would exist a sequence (z,)nen C
X with x, — z € X, but a(z,) 4 a(zr) and the Lebesgue-property would imply
the contradiction

pu(r) = lim py(z,) = hm a(z,) + B # a(@) + By = pu(2).

n—oo

Let F' € &3 Since the H-measurable simple random vectors are dense in L°(H)
and by the definition of A% there exists a sequence of H-measurable simple

random variables (F},)neny C Xy NS with F, = Z”l 7lan — F P-as. Thus
kn N
pu(F) = lim py(F,) = lim ZPH Jlan = r}g{}oza(% JLar + By

i=1

= lim a (Zx ]lAn) + By = lim a(F, n)+BH:a(F)+EH.

n—00 n—00
=1

35



The function Xy > F +— Ep [F] induces a preference relation on M = {u :
JF € X3 such that F' ~ p} via

pwrv <= Ep[F]|>Ep[G],F ~uG~uv.

Moreover the function z — p~!(x 4 E[By]) is strictly increasing and by (E.1)
Ee [F] = p! (Bp [pu(F)) = p* (B [a(F)] + E[3] ).

Thus Ep [a(F)] is another affine numerical representation of »=. It is well-known
that the affine numerical representation of = is unique up to a positive affine
transformation (see e.g. Follmer and Schied (2011) Theorem 2.21), i.e. there
exist a,b € R,a > 0 such that Ep [a(F)] = aEp [F] 4+ b for all F € Xy. In
particular this implies that for all x € X

a(x) = Ep [a(x)] = aEp [2] + b = ax + b.
By setting b + By =: By € L*°(H) we get for all F' € X3 that
pu(F) = a(F) 4 By = aF + b+ By = aF + By
Finally we obtain by (E.1) that for every G C H and for all F' € Xg
pg(F) =pg (Ep [F'| G]) = Ep [pn(F) | G] = aF + Ep [ | G],
which proves the martingale property of (5g)gcx- ]

Proof of Proposition 5.9. Let (pu,7)m,17ece be a strongly consistent family such
that (5.2) holds for all (H,7) € &, i.e.

pru7(X) = for (fu (Be [ur(X) | H])), forall X € LF(T),
We define the functions

hagr s ur (L (M) = L2(H); F = fr © fup (F)

uT

and
gt ur (L (H) = L(H); F = hyly, 0 haygi (F).

By strong consistency, we obtain for G CH C Ty N Ty, X € LP(Th) and F :=
Ep [ur; (X) | H] that
po.r.m (Ep [F| G)) = hg'y, (hgr (Bp [Ep [ur, (X)| H]| G]))
= hg.1, (pg.7 (X))
= 5l (P (i (o7 (X)) 1a) )
= Ep [h3)y; (haers (Be [ur (X)| H])) | 6]
= Ep [punm(F)] g (E-2)

36



By Lemma F.2 (E.2) is fulfilled, if and only if
punn(F) =annF +bungn, foral F € up(Ly(H)),

where a7 € R+\{O}, b7.,577’177'2 S LOO(H) and Ep [bH,Tl,Tz ’ Q] = bg’7-177-2 for all
G € 7 with G C H. Thus

hug (F) = hyn(annF +bynnm), F€un(Ly(H)),

which implies that

P (X) = form, (fzfé (a7, =Ep [ur (X) | H] + b%,ﬂﬂ;)) -
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