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Abstract

We prove the existence of comonotone Pareto optimal allocations satisfying utility con-
straints when decision makers have probabilistic sophisticated variational preferences and
thus representing criteria in the class of law invariant robust utilities. The total endowment

is only required to be integrable.
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1 Introduction

In this paper we prove the existence of Pareto optimal allocations of integrable random endow-
ments when decision makers have probabilistic sophisticated variational preferences. Variational
preferences were introduced and axiomatically characterized by Maccheroni, Marinacci, and Rus-
tichini (2006). This broad class of preferences allows to model ambiguity aversion and includes
several subclasses of preferences that have been extensively studied in the economic literature. In

mathematical finance, variational preferences are known as robust utilities; see Féllmer, Schied,
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and Weber (2009) and the references therein. In particular, Féllmer et al. (2009) establish the
connection between variational preferences and robust utilities as representing choice criteria
of variational preferences on random endowments corresponding to Savage acts; see also Re-
mark 2.2 for a brief summary of these results. Our study focuses on variational preferences
which are in addition assumed to be probabilistic sophisticated! and thus can be represented
by robust utilities which are law invariant. Probabilistic sophistication or law invariance means
that the decision maker sees any two random endowments that have the same distribution un-
der a reference probability measure as equivalent. To be consistent both with the literature on
decision making and (mathematical) finance, we use the term probabilistic sophistication when-
ever referring to preferences, and law invariance whenever referring to the representing robust
utility. We pursue this approach — in the spirit of Follmer et al. (2009) — in an attempt to unify
the current knowledge on Pareto optimal allocations, and to emphasize the range of the results
presented in this paper.

The class of law invariant robust utilities which represent probabilistic sophisticated varia-
tional preferences are of the following type:
(1.1) UX) = inf (Eglu(X)]+a(Q), XelLl,

QeQ

where u : R - RU{—00} is a (not necessarily strictly) concave (not necessarily strictly) increas-
ing utility function, Q is a set of probability measures which is closed under densities with the
same distribution, and a(Q) is a suited law invariant penalization on Q € Q; see Definition 2.1
for the details. This broad class nests many well-known choice criteria studied in the economic
and finance literature, in particular, the von Neumann and Morgenstern (1947) expected utility,
the probabilistic sophisticated maxzmin expected wutility preferences introduced by Gilboa and
Schmeidler (1989), the multiplier preferences introduced by Hansen and Sargent (2000, 2001),
and (apart from the sign) the law invariant cash (sub)-additive convex risk measures introduced
by Artzner, Delbaen, Eber, and Heath (1999), Follmer and Schied (2002), and Frittelli and
Rosazza Gianin (2005) with the property of cash-invariance, and by El Karoui and Ravanelli

(2010) with the generalized property of cash (sub)-additivity.

!Probabilistic sophisticated preferences were introduced by Machina and Schmeidler (1992), further studied
by Marinacci (2002) and by Maccheroni et al. (2006) and Strzalecki (2011) for the case of variational preferences.



We assume that the decision makers have preferences on a space of future random payoff
profiles which we identify with L! := L'(Q2, F,P), i.e. the space of P-integrable random variables
on a fixed non-atomic probability space (2, F,P) modulo P-almost sure equality, where PP is the
reference probability measure. So far, most of the existing literature makes the assumption that
payoff profiles are bounded, i.e. in L°°, or even that the state space is finite. These assumptions
are justified in many settings. But for applications in finance where nearly all models involve
unbounded distributions, the boundedness assumption is not appropriate. This suggests the
model space L' and the probabilistic sophistication of the preferences indeed allows for that;
see Remark 2.2 or Filipovié¢ and Svindland (2012).

In this paper we consider n > 2 decision makers with probabilistic sophisticated variational
preferences on L' represented by law invariant robust utilities as in (1.1). All decision makers
share the same reference probability. Given the initial endowments W; € L', i = 1,...,n,
of the decision makers, we prove the existence of comonotone Pareto optimal allocations of the
aggregate endowment W = Wi +. ..+ W, which satisfy individual rationality constraints. Indeed
we show that under some mild conditions comonotone Pareto optima exist for basically any
constraints on the utilities of the allocations as long as there is at least one allocation satisfying
these constraints. Note that comonotonicity means that the endowments in the allocation are
continuous increasing functions of the aggregate endowment W. Comonotonicity of the Pareto
optima is a consequence of the law invariant robust utilities preserving second order stochastic
dominance; see Section 3.2. The possibility to restrain the set of allocations to the comonotone
ones in the optimization problem corresponding to Pareto optima is also a major ingredient in
our existence proof.

The existence of Pareto optimal allocations has so far only been established for a few sub-
classes of law invariant robust utilities. In case that all decision makers have von Neumann—
Morgenstern expected utilities, existence results were already proved in the sixties by Borch
(1962), Arrow (1963) and Wilson (1968). More recent is the proof of the existence of Pareto
optimal allocations when all decision makers apply law invariant convex risk measures on L°°;
see Jouini, Schachermayer, and Touzi (2008) (and also Acciaio (2007) and Barrieu and El Karoui
(2005)) and references therein. Filipovi¢ and Svindland (2008) extend this result to integrable

(not necessarily bounded) aggregate endowments. Even more recently, Dana (2011) proves the



existence of Pareto optimal allocations when the decision makers have choice criteria within a
class of law invariant, finitely valued, continuous, concave utility functions on L°° not necessarily
representing variational preferences. In Dana (2011) at least one utility function is required to
be cash additive and the others are assumed to be strictly concave. Note that the cash addi-
tivity assumption is very useful when proving the existence of optimal allocations because, in
conjunction with a comonotone improvement result, it immediately allows us to restrain the op-
timal allocation problem to an essentially compact set. Dropping the cash additivity assumption
generates some difficulties which we are able to solve: Indeed, we also reduce the problem to an
optimization over an essentially compact set of comonotone allocations. However, in contrast
to the cash additive case, in which this reduction can be simply imposed due to the invariance
towards constant re-sharing of sure payoffs, in the concave (non cash additive) case it follows as
a necessity from the concavity of the utility functions w in (1.1). Other results on the existence
of Pareto optimal allocations are found in Kiesel and Riischendorf (2008). Here the existence
of optimal allocations is proved for convex risk functionals on L°° which are not necessarily law
invariant, however, under the assumption that the aggregate endowment W is in the interior
of the domain of the (infimal-)convolution of the convex risk functionals, and that there exists
an interior point in the intersection of the domains of the dual functions of these risk func-
tionals. Such interior point conditions are standard when arguing by means of convex duality
theory. Unfortunately, such results are not applicable in our case. The reason is that on large
model spaces like L! the interior of the domains of the robust utilities (1.1), as well as of their
(sup-)convolutions, are in general empty. Reducing the model space to e.g. L> could solve that
problem, but then monotonicity implies that the interior of the domain of the dual function is
always empty because it is concentrated on the positive cone of the dual space. Another result
in the economic literature is provided by Rigotti, Shannon, and Strzalecki (2008). Here the au-
thors prove the existence of Pareto optimal allocations for variational preferences on the positive
cone of L under the strong assumption of mutual absolute continuity, which is in general not
satisfied in our case.

The paper is organized as follows. In Section 2 we introduce probabilistic sophisticated vari-
ational preferences and law invariant robust utilities on L' and we recall some useful properties.

The Pareto optimal allocations problem is studied throughout Section 3 in which we state our



main results. Section 4 briefly summarizes our main result on the existence of comonotone

Pareto optimal allocations whereas in Section 5 we provide examples illustrating our findings.

2 Setup

Throughout this paper (€2, F,P) is an atom-less probability space, i.e. a probability space sup-
porting a random variable with continuous distribution. All equalities and inequalities between
random variables are understood in the P-a.s. sense. Given two random variables X and Y we
write X £ Y to indicate that both random variables have the same distribution under the ref-
erence probability measure P. The expectation (if well-defined) of a random variable X under
a probability measure Q on (Q,F) will be denoted by Eg[X]. In case Q = P we also write
E[X] := Ep[X]. We denote by L! := L'(92, F,P) the space of P-integrable random variables

modulo P-almost sure equality.

2.1 Probabilistic Sophisticated Variational Preferences on L!

Variational preferences were introduced by Maccheroni et al. (2006). In the same paper the au-
thors also study the subclass of probabilistic sophisticated variational preferences. Probabilistic

sophistication means that X 1y implies X ~ Y in the preference order.

Definition 2.1. (i) A functionu: R — RU{—o00} is a utility function (on R) if it is concave,
right-continuous, increasing, dom u := {zx € R | u(z) > —oo} # 0, and not constant in the

sense that there exist x,y € dom u such that u(z) # u(y).

(ii) Let A denote the set of all probability measures Q on (2, F) which are absolutely continuous
and have bounded densities with respect to P, i.e. VA € F,P(A) =0 = Q(A4) =0, and
there exists K > 0 such that P (?l% < K) = 1. A set of probability measures Q C A is
closed under densities with the same distribution if Q € Q and @ e A with % 4 %

implies that @ € Q.

(iii) A decision maker has probabilistic sophisticated variational preferences = if for all X,Y €
L

XzY <«  inf (Eg[u(X)]+a(Q)) > inf (Eg[u(Y)]+ a(Q))
QeQ QeQ



where u is a utility function, ) # Q C A is convex and closed under densities with the same
distribution, and o : Q@ — R is a convex and law invariant function on Q in the sense that
Q,Q € Q with % 4 % implies a(Q) = a(Q). In addition « satisfies infgego a(Q) > —oo.
The numerical representation

(2.1) U: L' 5w RU{-oc0}, X (i@nfg (Egu(X)] + a(Q)),

1s the law invariant robust utility used by the decision maker to quantify the utility of a

payoff profile X € L.

The law invariant robust utility ¢/ in (2.1) is, clearly, law invariant? (X Ly implies U(X) =
U(Y')) and posseses some other useful properties which are collected in Lemma 2.3 below. Due to
Jensen’s inequality for concave functions, the expectations in (2.1) are all well-defined, possibly
taking the value —oo. Note that U(X) = —oo is possible for some X € L. The interpretation
is that the payoff profiles with utility —oo are totally unacceptable.

We remark that what we call a utility function in Definition 2.1 (i) satisfies relatively weak
requirements and nests the vast majority of utilities proposed in the economic, finance, and
insurance literature (like CARA and CRRA), also including extreme cases such as increasing
linear or affine functions (Convex Risk Measures). Notice that by allowing u to take the value
—oo we incorporate the cases when the domain of the utility function u is bounded from below,

as e.g. for the power utilities or the logarithmic utilities.

Remark 2.2. A standard approach to modeling preferences in presence of model ambiguity
(Knightian uncertainty) is to consider preference orders on the set M of all Markov kernels
X(w,dy) from (2, F) to (R,B(R)) (where B(R) denotes the Borel-o-algebra) for which there
exists a k > 0 such that X (w, [k, k]) =1 for all w € Q. It can then be shown under some mild
additional assumptions that a preference order on M is in the class of variational preferences if

and only if it admits a numerical representation of the form

(2.2) U(X) = inf <// X(w, dy) dQ(w) + (Q)>, XeM.

QeC

2Since U is defined via the law invariant penalization «, it is law invariant. This follows as in Féllmer and
Schied (2004) Theorem 4.54. Conversely, the dual function in the convex duality sense of a law invariant concave
function U : L' — R U {—oc}, which in particular can serve as a penalization « in the sense of (2.1), is always

law invariant; again see Follmer and Schied (2004) Theorem 4.54.



Here w is a utility function on R, and without loss of generality we may assume that C'is the set of
all finitely additive normalized measures, and « : C' — RU{o0} is a convex law invariant function
with the additional property of being the minimal function for which i/ can be represented as in
(2.2). For an axiomatic definition of variational preferences on Markov kernels and the details
on their numerical representation (2.2) we refer to Follmer et al. (2009). Notice that the space
of all bounded payoff profiles L*° is naturally embedded into the space M by identifying each
X € L* with the associated kernel X'(w,dy) = dx(.)(dy) where J, denotes the Dirac measure
given x € R. The restriction of & to L*>° then takes the form
(2.3) U(X) = inf (/u(X) dQ+a(Q)> , XelL™

QeC
which is a robust utility. In case of probabilistic sophistication/law invarinace, using results in
Svindland (2010a), it follows that U is o(L>, L*°)-upper semi continuous and thus we obtain a
representation of I as an infimum over o-additive probability measures in A:
(2.4) U(X) = inf (Eglu(X)]+a(Q)), X elL™,

QeQ

where Q := dom aNA. Hence, these preferences on L are indeed consistent with our definition
of probabilistic sophisticated variational preferences on L'; see Definition 2.1. Moreover, the
representation (2.4) shows that the robust utility ¢ and thus the corresponding preference order

is canonically extended from L* to L. O

2.2 Properties of the Law Invariant Robust Utilities

In the following Lemma 2.3 we collect some well-known properties of law invariant robust utilities
on L' which we will make frequently use of. The proofs can be found or easily derived from
results in for instance Dana (2005), Follmer and Schied (2004) and Maccheroni et al. (2006).

For the sake of completeness we provide a proof in Section A.

Lemma 2.3. Consider a law invariant robust utility U as in (2.1). Then U has the following

properties:
(i) properness: U < oo and the domain dom U := {X € L' |U(X) > —oo} is not empty.

(i) concavity: UNX + (1 = N)Y) > NU(X) + (1 = NUY) for all X € [0,1].



(iii) monotonicity: X >Y implies U(X) > U(Y).
(iv) >gsa-monotonicity: X =ssq Y implies U(X) > U(Y), where
X rsaY < EuwX)] > E[uY)], for all utility functions u: R — R,
s the second order stochastic dominance order.

(v) upper semi-continuity: If (X,) C L' converges to X € L' (with respect to || - |1 := E[|-]]),
then U(X) > limsup,,_,., U(Xy).

Probabilistic sophisticated variational preferences do not only preserve second order stochas-
tic dominance (Lemma 2.3 (iv)) but consequently also the concave order, i.e. X = Y implies

U(X) > U(Y), where =, denotes the concave order, that is
(2.5) X>0Y &  EuX)] >E[u()] for all concave functions u : R — R.

Clearly, X >, Y implies X >, Y. The property of preserving >, is often referred to as
Schur concavity of &. Indeed, in case of monotone concave upper semi-continuous functions

> ssq-monotonicity is equivalent to Schur concavity.

3 Comonotone Pareto Optimal Allocations for Probabilistic So-

phisticated Variational Preferences

Consider n > 2 decision makers with initial endowments W; € L!. All decision makers are
assumed to have probabilistic sophisticated variational preferences on L' and corresponding law
invariant robust utilities
(3.1) U(X) = inf (Eo[u(X)]+(Q), XelL'i=1,...,n,

Qe;
as defined in (2.1). We assume that U;(W;) > —oo foralli =1,...,n,and let W := Wi+...+W,
be the aggregate endowment.

Denote by A(W) the set of all allocations of W, i.e.

AW) = {(X1,...,X,) € (LH" | i:Xl- =W}
=1



Recall that an allocation (X1,...,X,) € A(W) is Pareto optimal if (Y71,...,Y,) € A(W) and
U(Y;) > Ui(X;) for i = 1,...,n implies that U;(Y;) = U;(X;) for all i = 1,...,n. We are
interested in those Pareto optimal allocations which are in addition acceptable in the following
sense: Define the set A (W) of all acceptable allocations of W as those (Xi,...,X,) € A(W)

such that U;(X;) > —oo and

foralli =1,...,n, where ¢; € RU{oco}. The condition (3.2) expresses the individual (rationality)
constraint of decision maker i, specifying which payoff profiles X; in a new re-allocation of W
she is willing to accept. Clearly, ¢; = 0 represents the (classical) case when the decision maker
will not accept any allocation which allots her an endowment which is not at least as good as
her initial one. An extreme is ¢; = oo which means that the decision maker is willing to accept
any allocation with finite utility.> We also allow for situations in which the decision maker is
to some bounded extent willing to accept a worsening as compared to her initial endowment
(¢; > 0), or requires an improvement (¢; < 0). Note that if ¢; > 0 for all ¢ € {1,...,n}, then
the initial allocation (W7, ..., W,,) is acceptable, so in particular A.(W) # (). However, if some

agents demand a strict improvement, it is in general not clear whether the set of acceptable

allocations is non-empty. Hence, we make the following assumption.

Assumption 3.1. A (W) # 0.

3.1 Characterization of Pareto Optimal Allocations

It is well-known that Pareto optima can be characterized as solutions to a weighted sup-

convolution optimization problem

n
(3.3) Maximize Y Ailfi(X;) subject to (X1,..., X,) € A(W),
i=1
where \; > 0, ¢ = 1,...,n, are Negishi weights associated to the Pareto optimal allocation.

Notice that we do not require acceptability in (3.3). However, replacing A(W) by A.(W) in

(3.3) characterizes acceptable Pareto optima as solutions to

n

(3.4) Maximize Z Aili(X;) subject to (X1,...,X,) € A (W)
=1

3¢; = oo is understood as the restriction Ui (X;) > Ui (W;) — 00 := —o0 being redundant.



where again \; > 0, i = 1,...,n. The relation of (3.3) and (3.4) to (acceptable) Pareto optima

is given in the following proposition.

Proposition 3.2. If (Xi,...,X,) € A(W) (€ A, (W)) is Pareto optimal (and acceptable), then
there exist weights A\; > 0,1 =1,...,n, not all equal to zero, such that the allocation (X1, ..., X,)
solves (3.3) (or (3.4)) with these weights. Conversely, if (X1,...,X,) solves (3.3) (or (3.4))
for some strictly positive weights \; >0, i =1,...,n, then (X1,...,X,) is Pareto optimal (and

acceptable).

Let us briefly comment on the differences between the problems (3.3) and (3.4). It is easily
verified that any solution (X7,...,X,) to either (3.3) or (3.4) for some strictly positive weights
Ai > 0 is Pareto optimal. In case of (3.4) this follows from the fact that any other allocation
(Y1,...,Y,) with ¢4(Y;) > U;(X;) for all i would have to satisfy (Y1,...,Y,) € A (W) too.
However, the solutions to (3.4) are acceptable Pareto optima. On the other hand, any acceptable
Pareto optimum (X7, ..., X,) can be characterized as a solution to both (3.3) and (3.4). Clearly,
for any Negishi weights (\1,. .., A,) associated to (X1,...,X,) via (3.3), (X1,..., X,) also solves
(3.4) with the same weights because A.(W) C A(W). But in general the converse is not true.
The set of weights for which (X7, ..., X,) solves (3.4) does in general depend on the individual
constraints ¢;. This set increases as the set A.(WW) decreases?, and is thus always a superset of
the set of Negishi weights associated to (Xi,...,X,) via (3.3). This latter set corresponds to
the limiting case where ¢; = oo for all ¢ and is valid for and therefore independent of any possible
individual constraints. Also notice that for given weights (A1,...,\,) the solution to problem
(3.4) may depend on the individual constraints in the sense that changing the constraints gives
a different or no solution.> When proving the existence of acceptable Pareto optima later on,
we will need both (3.3) and (3.4). More precisely, in Theorems 3.8 and 3.9 we will show that
there is an invariant (under all possible individual constraints) set of Negishi weights for which
(3.4) (and thus also the limiting case (3.3)) always admits a comonotone solution. This set of

Negishi weights however is given by the limiting case (3.3).

4See Example 5.4.
5The individual constraints may for instance imply that the closed set A.(W) is essentially bounded. Let us

think of it as compact. Then (3.4) will allow for a solution for any positive weights whereas the optimization (3.3)

over all allocations only works for certain weights.

10



In the characterization of Pareto optima given in Proposition 3.2 the associated Negishi
weights in (3.3) or (3.4) can in general only be shown to be non-negative. So we may have
Aj = 0 for some 4.5 As we will see in Section 3.3, our techniques allow us to prove the existence
of solutions to (3.4) only in case all Negishi weights are strictly positive, i.e. A; > 0 for all
i € {1,...,n} (see Theorems 3.8 and 3.9). So the question may arise what kind of Pareto
optimal allocations we are neglecting. The following Lemma 3.3 shows that very often there are

strictly positive Negishi weights for any Pareto optimum.

Lemma 3.3. Let (X1,...,X,) € A(W) be Pareto optimal and suppose that there is some € > 0
such that for any i =1,...,n it holds that U;(X; — €) € dom U; and that

(0,€) >m — U(X; +m) s strictly increasing.
Then all Negishi weights associated to (X1,...,X,) via (3.3) are strictly positive.

Proof. Let (Xy,...,X,) € A(W) be Pareto optimal and consider any set of Negishi weights
(A1,...,An) associated to (Xi,...,X,) via (3.3). Assume that for some j € {1,...,n} we have
Aj = 0 and pick some k € {1,...,n} such that Ay, > 0 (Proposition 3.2). Consider the allocation
()?1, .. ,)Z'n) € A(W) where X; = X; for all i # 4,k and )Z'j = X; —0 and X = X}, + 6 for some
0 € (0,€). As A\j =0, we obtain

i=1 i=15i£k,j
(3.5) >0 NU(X) A MU(X) = Nldi (X5).
i=1:i#k,j k=1
which is a contradiction. O

An immediate consequence of Lemma 3.3 and Proposition 3.2 is the following:
Corollary 3.4. Suppose that the U; satisfy the following conditions for alli=1,...,n:
e dom U; = dom U; + R,

e R 3> m— U(X +m) is strictly increasing for all X € dom U;.

®Note that A; = 0 implies that the decision maker j is not considered in the social welfare maximization

problem (3.4).

11



Then (X1,...,X,) € A(W) is Pareto optimal if and only if it solves (3.3) for some strictly

positive weights A; > 0,1 =1...,n.

3.2 Comonotone Pareto Optimal Allocations

When proving the existence of solutions to (3.4), and thus of acceptable Pareto optimal al-
locations, we will profit from the fact that due to the > 4 -monotonicity of the U; we may
restrict our attention to the set of comonotone acceptable allocations defined next; see proofs of

Theorems 3.8 and 3.9 in Appendix C.

Definition 3.5. We denote by CF the set of all n-tuples (f1,..., fn) of increasing functions
fi:R=>R,i=1,...,n, such that > | fi = Idg. These functions f; are necessarily 1-Lipschitz-
continuous. An allocation (Y1,...,Y,) € A(W), is comonotone if there exists (f;)iy € CF such
that Y; = fi(W) for alli=1,...,n.

In particular, it is known that if there exists a Pareto optimal allocation in our setting, then

there is also a comonotone one. This follows from the following Proposition.

Proposition 3.6. For any (X1,...,X,) € A(W) there exists a comonotone acceptable alloca-

tion (Y1,...,Yn) € Ad(W) such that Y; =co X; (and thus Y; =ssq X;) for alli=1,... n.

Proof. First of all we recall a result which is often referred to as comonotone improvement: for
any allocation (X7,...,X,) € A(W) there exists a comonotone allocation (Y7,...,Y,) € A(W)
such that Y; =, X; for all ¢ = 1,...,n. The proof for the case when W is supported by
a finite set goes back to Landsberger and Meilijson (1994). This has been further extended
to aggregate endowments W € L! by Filipovi¢ and Svindland (2008), Dana and Meilijson
(2011), and Ludkovski and Riischendorf (2008). Finally, by 4ss-monotonicity of the U; (see
Lemma 2.3 (iv)) it follows that if (Xi,...,X,) € A.(W), then any comonotone improvement
(Y1,...,Y,) of (X1,...,X,) is acceptable as well, i.e. (Y1,...,Y,) € A (W). O

Remark 3.7. The comonotone allocations have another desirable property. Suppose that
W € LP C L' for some p € [1,00], and let (fi(W))™, be a comonotone allocation of W,
ie. (fi)lo; € CF. Then, by the 1-Lipschitz continuity of the f;, it is easily verified that

(fi(W)), € (LP)". Hence, any comonotone Pareto optimal allocation will posses the same

12



integrability /boundedness properties as the aggregate endowment W. In that sense, further
restricting the set of acceptable allocations by imposing additional integrability or even bound-
edness constraints in the formulation of problem (3.4) (or (3.3)) will yield the same comonotone

solutions as solving the unrestricted problem. O

3.3 Main Results

Let s; := infdom u; € RU {—oc0}, i = 1,...,n, and di; := lim,,s, u}(z) (which may be oo)
and di := limg_,oo uj(z)(> 0) where v’ denotes the right-hand-derivative of u. Finally, let
N C {1,...,n} be the set of all indices such that di, = d77, and M := {1,...,n} \ N the set of
all indices such that d% < d%;. Note that N = () or M = () is possible.

In the following theorems we specify a non-empty set of Negishi weights (A1,...,\,) for

which the associated optimization problem (3.4) admits a solution.

Theorem 3.8. Suppose that s; > —oo, i@ = 1,...,n. Then for every set of strictly positive

weights \; > 0,1 =1,...,n, (3.4) admits a comonotone solution.

Theorem 3.9. Consider the following bounds on the weights A\;, i =1,...,n, and some § > 0:
=2 foralli e N,

(3.6) tdy

)\idiL << /\idﬁq for alli e M.
We consider two cases:

(i) Suppose that N =0 or |N| = 1. Then (3.4) admits a comonotone solution for every set
of weights \; > 0, i = 1,...,n, satisfying the constraints (3.6).

(ii) Suppose that |[N| > 2. If s; = —oo for all i € N, and U;(=W ™) > —oo for all j € N
such that c; € R, then (3.4) admits a comonotone solution for every set of weights A\; > 0,
i =1,...,n, satisfying the constraints (3.6). In particular, if |N| = n, the solutions are
given up to a reallocation of cash. That is, if (X1,...,X,) is a solution to (3.4) for some
given weights, then also (X1 +mu,..., X, +my) is a solution to (3.4) with that weights
whenever the numbers m; € R satisfy Y iy m; =0 and (X1+m1,..., Xp+my) € A(W).

"When dt. =diy =d' and s; = —oc0 (i.e. dom u; = R), then the corresponding robust utility U; is cash additive
in the sense that U;(X +m) = U;(X) + d'm for all m € R and X € L' and thus corresponds to a convex risk

measure (if d° = 1 and multiplied by —1).

13



We remark that when N = (), the two conditions in (3.6) reduce to the last one. Note that
Dana (2011) derives similar bounds on the weights \; given in (3.6) in her setting. The proofs of
Theorems 3.8 and 3.9 are provided in Appendix C. Theorem 3.9 is discussed in several examples
in Section 5.2 in which we illustrate that if we drop one of the conditions on the weights stated
in (3.6), we cannot in general expect the existence of solutions to (3.3) any longer.

If d; = oo and d, = 0 for all i = 1,...,n, then the bounds in (3.6) are void. Hence,

Theorem 3.9 (i) implies the following Corollary.

Corollary 3.10. If di; = oo and d’): =0 foralli=1,...,n (as for instance when the decision
makers’ utilities u; are chosen amongst the exponential, logarithmic or power utilities), then there

exists a comonotone solution to (3.4) for any set of strictly positive weights X\; >0, i =1,...,n.

As regards the uniqueness of Pareto optimal allocations, we have the following result. To
this end we recall that a function U : L' — RU{—o0} is strictly concave if U(AX + (1 - \)Y) >
M (X)+ (1 = NU(Y) whenever A € (0,1) and X # Y.

Corollary 3.11. Suppose that under the conditions stated in Theorem 3.8 (and Theorem 3.9,
respectively) (n—1) among the n law invariant robust utilities U; are strictly concave. Then, for
any given set of weights \; >0, i =1,...,n, (and satisfying the bounds (3.6), respectively), the
Pareto optimal allocation which solves the optimization problem (3.4) associated to (Ai,...,Ap)

is unique and comonotone.

Proof. For any given vector of positive weights (A1, ..., A,) the set of solutions to the associated
optimization problem (3.4) is convex because the U; are concave. This together with the strict

concavity of (n — 1) robust utilities implies that the solution to (3.4), if it exists, is unique. O

4 Conclusion: The Existence Theorem

Proposition 3.2 and Theorems 3.8 and 3.9 immediately imply the existence of acceptable comono-

tone Pareto optimal allocations. This is summarized in the following theorem.

Theorem 4.1. (i) Ifs; > —oo foralli =1,...,n, then there exists an acceptable comonotone

Pareto optimal allocation.
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(ii) If IN| < 1, then there exists an acceptable comonotone Pareto optimal allocation.

(iii) Suppose that |[N| > 2. If s; = —oo for alli € N, and U;j(—W ™) > —oo for all j € N such
that c; € R, then there exists an acceptable comonotone Pareto optimal allocation.
Moreover, in the situation of (iii), if |[N| = n, then the Pareto optimal allocations have the
property of being up to a reallocation of cash. That is, if (X1,...,Xy) is a Pareto optimal
allocation of W, then also (X1 +my,..., X, +my) is a Pareto optimal allocation whenever the

numbers m; € R satisfy Y iy m; =0 and (X1 +mq,..., X, +my) € A(W).

5 Examples

5.1 Yaari Preferences Versus Multiplier Preferences

Suppose that decision maker 1 has Yaari (1987) type preferences represented by the robust
utility

1

(5.1) U (X) = - /Oa qx(s)ds, X e L,

where « € (0,1) and ¢x(s) := inf{z : P(X < z) > s} with s € (0,1) being the quantile function
of X. Note that —f; is the well-known Average Value at Risk (AVaR), that is

1
Ui(X) = —AVaR,(X) = nin Eg[X] = &81/0 qX(s)q%(l —s)ds

where Q1 == {Q < P | % < 1} see e.g. Follmer and Schied (2004) Theorems 4.47 and 4.54. As
for decision maker 2, her probabilistic sophisticated variational preferences are represented by a
law invariant robust utility s as in (2.1) satisfying some additional properties which are listed
in Proposition 5.2. Examples of such robust utilities are multiplier preferences or semi-deviation
utilities with any strictly increasing utility us : R — R.

Our case study is inspired by and extends an example in Jouini et al. (2008), Proposition
3.2. In Jouini et al. (2008) Us is required to be a monetary utility, i.e. cash additive (us = Idg).
Proposition 5.2 below shows that the functional form of the Pareto optimal allocations obtained

in Jouini et al. (2008) stays the same also when we allow for a larger class of preferences for

the second agent. The proof of Proposition 5.2 is essentially the same as in Jouini et al. (2008).
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For the sake of completeness we provide it in Section D. Before giving the result, we recall the

definition of strict risk aversion conditional on lower-tail events.

Definition 5.1. (i) Let X € L! and A € F with P(A) > 0. The set A is a lower tail-event for
X if essinfg X < esssupy X < essinfyec X where essinfy X := sup{m € R | P(X > m |
A) =1} (supl) := —o0) and esssupy X :=inf{m e R|P(X <m | A) =1} (inf ) := c0).

(ii) A function U : L' — R U {—oo} is strictly risk averse conditional on lower tail-events if
UX) < U(X1ae + E[X | Alla) for every X € dom U and any set A which is a lower
tail-event for X.

Proposition 5.2. Let decision maker 1 be represented by (5.1) and decision maker 2 by a law

mvariant robust utility

Uz(X) = inf (Egluz(X)] + a2(Q))
QeQ

as in (2.1) with the following additional properties
e dom Us = dom Us + R,
o Uy is strictly monotone, i.e. X >Y and P(X >Y) > 0 implies Us(X) > Us(Y'),
o Us is strictly risk averse conditional on lower-tail events.

Given any initial endowments W; € dom U;, i = 1,2, and c1, ¢y € RU{oo} such that A.(W) # 0,
the comonotone Pareto optimal allocations of the aggregate endowment W = Wy + Ws are of
the following form
(5.2) (X1, X2) =(—(W =1)_+k,WVI—k) wherel € RU{—o0}

and k € R with k > U (Wh) —U(—(W —1)-) — c1.

If Uy is in addition strictly concave, then according to Corollary 3.11 all Pareto optimal

allocations are comonotone and of shape (5.2).

5.2 Examples Illustrating the Bounds (3.6)

Since our examples will only involve two decision makers and as the bounds (3.6) are determined
by the limiting case with trivial individual constraints, in the following we give a version of

Theorem 3.9 for two decision makers with ¢; = ¢y = o .
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Theorem 5.3. Suppose n =2. We consider two cases:

(i) Suppose that db < di; for at least one i € {1,2}. If the weights A\; > 0 and \g > 0 satisfy
oo (dbdy
(5.3) e<,,
A1 dz’ d2
then there exists a comonotone solution to (3.3).8

(ii) Suppose that dy; = di, d% = d3, s1 = sy = —oo. If \j = d%, 1 =1,2, for some 6 > 0,
H

then there exists a comonotone solution to (3.3).
Example 5.4. Illustration of Theorem 5.3 (i) and of the differences between (3.3) and (3.4):
Let Uy (X) =E[d Xt — dyX~] and Us(X) := E[X], X € L', where 0 < dy, < 1 < dy. Suppose
that W > 0. If i—f < d,, consider the allocations (W + k, —k) € A(W), k € Ry. Then

Alul(W + k‘) + )\QUQ(_k) = AlE[dL(W + k)] — Aok

= ME[d W]+ (Mdp — M)k — o0 for k — 0o

because A\idr, — A2 > 0. Hence, (3.3) admits no solution. Analogously, (3.3) admits no solution
in case :\\—f > dp. However for :\\—f € [dr,dg] the comonotone allocation (0, W) solves (3.3). Now
suppose for simplicity that W = 0 and that ¢; € R for ¢ = 1,2. By Proposition 3.6 we only need
to consider the comonotone allocations (—k, k), k € R, when solving (3.4). Since acceptability
implies that & must be bounded (for instance k < ¢1/dg if kK > 0), (3.4) admits a solution for
any A\; > 0, ¢ = 1,2. This solution obviously depends on how far we can push k in an optimal
direction, hence on the constraints c¢;. Apparently, all allocations (—k, k), k € R, are Pareto
optimal and also acceptable for some ¢;. Also note that if ¢; = co and co € R, then (3.4) admits
a solution if and only if i—f < dg while if ¢; € R and ¢z = oo there is a solution to (3.4) if and

only if 32 > dy. O

Notice that in Example 5.4 there exists a solution to (3.3) even if i—i equals one of the bounds
given in (5.3). However, if the robust utility of one of the decision makers is strictly concave,

then often (3.3) admits no solution at the interval bounds of (5.3) either:

8Here % :=0and T := oo.
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Example 5.5. Illustration of Theorem 5.3 (i): Let W = 0 and consider two utility functions

uy and ug with di; < oo and di > 0, i = 1,2. Let ;(X) := E[u;(X)], X € L'. Suppose that

uh(a) = d2 + ﬁ for large a > 0 (in particular u} does not attain d7) and that u}(—a) = d}
A2

1
for a > 0. Then for 2= Z—g and some constant k£ > 0 we have
L

sup MUy (—a) + Xolda(a) = sup Aug(—a) + Aous(a) > sup A\av/a + k = oo.
a€eR a€eR a>0

Similar arguments show that in general we cannot expect the existence of solutions to (3.3) in

dt .
case i—f equals the lower bound dTL either. O
H

Example 5.6. Illustration of Theorem 5.3 (ii): Suppose that u;(z) = d'z and uz(z) = d*z for
some d',d* > 0. If f\‘—i #* j—;, then (A1d' — \2d?) # 0 and considering the allocations of type
(W + k,—k) € A(W) for some constant k yields

sup MUy (W + k) 4 daldo(—k) = MUy (W) + Aalha (0) + sup(A\1d — Nod?)k = oo,
keR keR

Hence, (3.3) admits no solution. O

5.3 (Non-)Existence of Pareto Optima in case the Decision Makers are not

Probabilistic Sophisticated with respect to the same Reference Measure

Consider two decision makers with expected utility choice criteria U;(X) = Ep[u1(X)] and
Uz (X) = Eglua(X)], X € L, where the probability measures P and P are equivalent but not
equal, and u; : R — R are utility functions with u;(0) = 0, ¢ = 1,2. Notice that the decision
makers are probabilistic sophisticated in different worlds, i.e. with respect to different reference
probabilities. Hence there is € > 0 such that the sets A := {j—g >1+¢€}and B := {%E <1—¢}
have positive probability (under P). Suppose that ¢; = ¢; = oo and that (Y7,Y2) € A(0) is
a Pareto optimal allocation. According to Lemma 3.3 - which does not rely on probabilistic

sophistication - if the u; are ‘nice’, then (Y7,Y3) is the solution to

MU (Y1) + Aoldsy (Yg) = Sup1 )\1U1(—Y) + )\QUQ(Y)
YeL

for some weights A\; > 0, i = 1,2. However,

UL (Y1) + Malha(Ya) > igg MEp[ui(—t14)] + A2Ep uQ(tlA)jﬁ]
(5-4) > sup(un (=) + Aa(1+ ua(1)P(A)
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and similarly
dP
MUL (YD) + Aolha(Ys) > iulo) MEp[ui(tlp)] + AEp [u2(_ﬂB)dP]
>
(5.5) > sup(Mui(t) + A2(1 — €)ua(—1))P(B).

>0
Now it is easy to construct situations in which (5.4) or (5.5) explode and thus contradict the

Pareto optimality of (Y7,Y2). If for instance d7 > 0 and di; < oo for i = 1,2, then

(5.6) (5.4) > iu%)()\g(l +€)d3 — M\dy)P(A)t
and
(5.7) (5.5) > sug)()\ldlL — Xa(1 — €)d?)P(B)t.

(5.6) or (5.7) explode apart from the case’

(L+ad} A\ _ (1-9d;

5.8
(58) & SnSd@

So in particular we must have that

(5.9) (12}?@ L a _d?d%]'

However, if e.g. 1 —¢/2 < di < di < 1+¢€/2,4i=1,2, then (5.9) is not satisfied which in the
end contradicts the Pareto optimality of (Y7, Y2).

But there are also cases in which Pareto optimal allocations exists. Suppose that there are
constants K > 1 > k > 0 such that £ < dﬁ’/dP < K and suppose that uo is such that % > %
The latter condition implies that us is concave enough in the sense that there is a utility function
uz which dominates v(x) := kua(z)lz<0y + Kua(2)1l(z>0), © € R. Indeed, as v is concave on
the half axises £ < 0 and = > 0 respectively, and by the requirement on the concavity of wus,
there are zp < 0 and x; > 0 and a joint constant L > 0 such that ku)(zg) > Kub(z1) and

z +— kub(zg)z + L dominates v on x < 0 and z — Kub(x1)z + L dominates v on = > 0, so

ug(r) = Kuh(x1)a™ — kub(zo)r~ + L does the job. Consequently for all W € L! and for any

9Note the similarity between the bounds in (5.8) and the bounds in (5.3).
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A1, A2 > 0 we have

dP
(5.10) sup )\12/{1 (Xl) + )\QUQ(XQ) = sup )\12/{1 (Xl) + )\QE]}D [’LLQ(XQ)dP]
(X1,X2)€A(W) (X1,X2)€A(W)
< sup MU (X1) + A Ep [U(XQ)]
(X1,X2)eA(W)
(5.11) < sup )\11/{1(X1) + Mo Ep [ﬂg(Xg)] .

(X1,X2)eA(W)

Since Us(+) := Ep [tz ()] is of type (2.1) we know that (5.11) is bounded and admits a comonotone
solution if A1, Ao satisfy the conditions stated in Theorem 5.3. Now it is easy to construct
situations in which the above inequalities are indeed equalities, and solutions to (5.11) thus
coincide with solutions to the left hand side of (5.10). Suppose for instance that g—g =klp+Klpe
for some set B € F with P(B) = %, and that us(z) = d2a™ — d%,2~. Then we may choose
Uz (7) = v(z) = Kd2aT—kd%z~. Depending on uy, any situation in which the extreme allocation
(W, 0) is a solution to (5.11) (like in Example 5.4), this allocation obviously also solves the left
hand side of (5.10). Furthermore, whenever there is a solution (Y7,Y2) to (5.11) such that
B = {Y> < 0}, the allocation (Y7, Y2) solves (5.10) too, because then uQ(Yg)% = u9(Y3).

Apparently, if P = P, the existence of Pareto optima depends on parameters such as the deviation
of the measures P and P from each other relative to the concavity of the utilities u;. Hence,
if the decision makers are not probabilistic sophisticated with respect to the same reference

probability measure, then existence results like Theorem 4.1 do not hold in general any longer.

A  Proof of Lemma 2.3

In the proof of Lemma 2.3 and Theorems 3.8 and 3.9 we will apply the following facts about

law invariant monetary utilities which apart from the sign are convex risk measures.

Lemma A.1. Let

UX) = inf (Eglu(X)] +a(Q), X el
QeQ

be a law invariant robust utility as (2.1). Define

(A1) U(X):= énfg (Eg [X] +(Q)), X €L,
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so that U(-) = U(u(-)). Then, U is a proper, law invariant, =gsq-monotone, upper semi-
continuous, monotone, cash additive (U(X +m) = U(X) + m for all m € R), and concave

function. Moreover, we have that
(A.2) U(X) <E[X]4+U(0) forall X € L.

Proof. We give a brief version of the proof since many of the presented arguments are standard
and can for instance be found in Foéllmer and Schied (2004). Cash additivity and monotonicity
are obvious by definition of U and properness follows from infgpe g a(Q) > —oco. Concavity and
upper semi-continuity follow from the fact that U is a point-wise infimum over continuous affine
functions. To see that U is law invariant we note that for X € L' and Z € L> we have
_ 1

(A.3) sup E[XZ] = / ax(s)qz(s) ds

74z 0
where gy (s) := inf{z | P(Y < x) > s} denotes the (left-continuous) quantile function of a ran-
dom variable Y. The relation (A.3) is a consequence of the (upper) Hardy-Littlewood inequality
and some analysis. A proof can be found in Follmer and Schied (2004), Lemma 4.55, or in a
slightly more general version in Svindland (2010b), Lemma C.2. As e.g. in the proof of Follmer
and Schied (2004), Theorem 4.54, by (A.3) and law invariance of @ and « we obtain that

. dQ L dQ ~
0 - (9] 00) - s (2] o)
. dQ
= (élelfg — gzzE _dTP’X +a(Q)
1
= it ([ o xago)ds+a(@)
QeQ \Jo dp
1
= inf </ qX(l—s)qd@(s)ds+a(Q)>
Qeo \Jo P

in which, with some abuse of notation, we write @ 4 Q instead of ‘é% 4 ‘é% and use the fact

that gx(1 — s) = —¢_x(s) for almost all s € (0,1). Clearly, the last term in the equations only
depends on the distribution of X under IP. Hence, the law invariance follows. According to Dana
(2005), Theorem 4.1, an upper semi-continuous monotone concave function is law invariant if

and only if it is > zsg-monotone as defined in Lemma 2.3 (iv). The final statement follows from
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the fact that E[X] =s,q X by Jensen’s inequality for concave functions. Thus > ¢s4-monotonicity
and cash additivity imply that U(X) < U(E[X]) = E[X] + U(0). O
Proof of Lemma 2.3. Let

UX) = inf (Eg[u(X)]+a(Q), XL

QeQ

as in (2.1) and let U be defined as in Lemma A.1 such that U(-) = U(u(-)).
(i): This follows from Jensen’s inequality for concave functions and the fact that by definition
dom u # () and infpe g a(Q) > —oo.
(ii): is obvious.
(iii): This follows from the concavity of u and the monotonicity and concavity of U.
(iv): According Dana (2005), Theorem 4.1, an upper semi-continuous monotone concave function
is law invariant if and only if it is > ¢s4-monotone. The upper semi-continuity of ¢/ is proved in
the next item.
(v): Let k € R and (X,)nen C Ey := {X € L' | U(X) > k} be a sequence converging in
(L',]| - |l1) to some X. Then we may choose a subsequence which we also denote by (X, )nen
which converges P-a.s. to X too. We consider the following two cases: either the right-hand
derivative v’ of u is bounded on the domain of u or it is unbounded. In the first case, if the
right-hand derivative v’ of u is bounded on the domain of u, let C' > 0 such that «/(x) < C' for
all x € dom u. The right continuity of u implies that in this case dom w is closed in R. Since

X, € dom U for all n € N, we must have that X,, € dom u P-a.s. for all n € N (see (A.2)) and

therefore X € dom u P-a.s. Monotonicity and concavity of u imply that
[u(Xn) — u(X)] < (W (X) V' (Xn))[Xn — X| < ClX, — X|.

Hence, we conclude that the sequence u(X,) converges to u(X) in L', and by upper semi-

continuity of U we infer that

U(X) = U(u(X)) > limsup U(u(X,)) > F,

n—o0

so FEj, is closed. Now suppose that ' is unbounded on the domain of u. Then there ex-

ists a strictly decreasing sequence (a,)rey C dom w such that u/(a1) > 0, u/(a,) < oo, and
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lim, _, o '(a,) = co. By the same arguments as presented in the first case the sequence u(X,Va,)
converges in L! to u(X Va,), because u’ is bounded on [a,, o0] and (X, V a,),en converges P-a.s.
and in (L', ||-]|1) to X Va,. Hence, by upper semi-continuity and monotonicity of U (Lemma A.1)
as well as monotonicity of u we obtain

UX Va)=U(u(X Va,)) >limsupU(u(X, Va,)) > limsupU(u(X,)) > k.

n—oo n—oo
Now let @ := lim, o @ > —00. Then dom u C [a,0), and X,, > a P-a.s., because X,, € dom U.
Hence, X = lim,, o X;, > a P-a.s. too and thus lim, .o X V a, = X. Moreover, by right-
continuity and monotonicity of v we have lim, o u(X V a,) = u(X) monotonously. Therefore,

we infer from applying the monotone convergence theorem that

UX) = inf (Egu(X)]+a(Q)) = inf lim (Eglu(X Va,)]+ a(Q))
QeQ QeQ 7™
> limsup inf (Eg[u(X Va,)]+a(Q)) = limsupU(X Va,)
r—oo QeQ r—00
> k.
Hence, also in this case F, is closed, so U is upper semi-continuous. 0

B Proof of Proposition 3.2

We prove the case of Pareto optima. For acceptable Pareto optima in what follows simply
replace A(W) by A.(W).
Now let (X1,...,X,) € A(W) be Pareto Optimal. Then the non-empty convex sets

C = {Mh(X1),....Us(Xp))}

and

V= {(ul(yl)? cee aun(Yn)> | (Yh s 7YTL) € A(W)} - Ri-f—

in R", where R, := {(y1,...,yn) € R" | y; > 0,7 = 1,...,n}, have empty intersection due
to the Pareto optimality of (Xi,...,X,). Hence, there exists a non-trivial linear functional
(A1,...,An) € R™ such that

n n

(B.1) D ONU(XG) =D MU (Y1) — i)

i=1 =1
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for all (Y1,...,Y,) € A(W) and (y1,...,yn) € R} ; see Rockafellar (1974), Theorem 11.2. We
infer that A\; > 0 for all ¢ because otherwise choosing y; >> 0 would yield a contradiction. The

last assertion of Proposition 3.2 is obvious.

C Proofs of Theorems 3.8 and 3.9

The next Lemma C.1 is an Arzela-Ascoli type argument which will also play a crucial role in

the proof of Theorems 3.8 and 3.9. For a proof see e.g. Filipovi¢ and Svindland (2008).

Lemma C.1. Let f, : R — R, n € N, be a sequence of increasing 1-Lipschitz-continuous
functions such that f,(0) € [-K, K] for alln € N where K > 0 is a constant. Then there is a
subsequence (fn, )ken Of (fn)nen and an increasing 1-Lipschitz-continuous function f : R — R

such that img_,oo fn, () = f(x) for all x € R.

Let CFN := {(fi)i~; € CF | f1(0) = ... = f,(0) = 0}. Note that

CF = {(fi+a)izy | (fi)i=y € CFN,a; € R, > a; = 0}.

i=1
According to Proposition 3.6 there exists a solution to (3.4) for some given weights (A1,...,\,)
if and only if there is a solution to
n
(C.1) Maximize Z Nilli(fi(W) 4+ a;)  subject to (f;)i=; € CFN, a; € R,

i=1
n

D ai=0,(fi(W) + ai)iy € Ac(W).
i=1

Proof of Theorem 3.9. We will prove the existence of a solution to (C.1). Fix a set of weights
(A1,..., An) satisfying the conditions (3.6). First of all, we observe that if for some j € M
the right-hand-derivative u; does not attain the values dgq and/or di, we can always find non-
negative numbers c?H and /or cﬂlvi in the image of u; such that, for the already given set of weights
(A1,...,An), the conditions (3.6) still hold true if we replace the dg{ and/or di by JJH and/or JJH
We assume that all dgq and /or d% which are not attained by the corresponding u; are replaced
as in the described manner, and for the sake of simplicity we keep the notation d{q and di.

By concavity of the u; there is a constant k& such that for all ¢ = 1,...,n the affine functions
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Rz~ diLm +kand R>z— diHa: + k both dominate u;'°. Using this, we will show that
(C.2) P = sup { SCNU(F(W) + ) | (fi)iy € CFN, a; € R,
i=1

> ai = 0,(fi(W) + )iy € Ad(W) } < o0,
=1

and that this supremum is realized over a bounded set of comonotone allocations where the
bound is given by W. More precisely, we will prove that there exists some constant K > 0

depending on W such that

n

(C.3) P = sup { SONUF(W) + i) | (fi)iey € CFN, o € [-K, K],
=1

> ai = 0,(fi(W) + )iy € Ao(W) }.
i=1
To this end, we define the functions

Ui(X) := inf (Eg[X]+x(Q), XelL'i=1,...,n,
QeQ;
as in Lemma A.1. Consider (f;)I; € CFN and a; € R such that " ; a; = 0 and (fi(W) +

a)ty € Ac((W). Let I := {i € {1,...,n} | a; < 0} and J := {1,...,n} \ I. By applying

ONote that if u is a concave function, then it is always dominated by z +— v’ (y)(z — y) + u(y).
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monotonicity, cash additivity and finally property (A.2) of the U; (see Lemma A.1) we obtain:

Z)\zuz(fz( +az Z)\ U uz fz +ai))
=1

< O AU (W) +a) + k) + > NU;( W) +aj) + k)+
i€INM JjeEJNM
D AUy (fi(W) + @) + k)
leN
< kZ)\ + > AU W)+
i€eINM
> NUHdL W)+ MUy W)+
jeJNM leEN
. ]
(Zg%%AdH) Z az+(jg1]%>]<w)\d > Z aj—i-éZal
ieInM jeJnM leN

SEY NAEWTDY  Ndy + > AUi(0)+
i=1 i=1 i=1
(C4) <Z€r111r1j1]1w)\ dH> Z a; + <]g}%§4)\ T ) Z a; +5Zal

ieInM jeJjnM IEN

Suppose that N = (), then we further estimate

+ b , 17:(0) — [ min \di, — i
(C.5) (CA) SEWHY Ndy +k> A+ > AUi(0) (r?el}mde r?eaf/\jdL>a

i=1 i=1 i=1
where a:=3,.;0; (> 0). If N # 0 and >",.y a; <0, then we estimate

(C.6) (C.4) <E[W] Z/\dHJrkZ)\ +Z)\U (5— max)\d>

jeJNM
=1

for @ := 3", ;s @i (> 0) using (3.6). And similarly, if N # () and 3,5 a; > 0, then we estimate

(C.7) (C.4) < E[WT] ZAd +kz>\ +Z)\U —<m1n)\dH—5>

i€INM
=1
for a:=3 ;. ; nai (> 0). Consequently we infer that

P < E[WJr] Zn: )\idé_[ + kzn: A+ zn: AiU;i(0) < oc.
=1 =1 =1

Choose any allocation (X1,...,X,) € A (W) (Assumption 3.1). Then we have that P >
Yoy Al (X)) =: k. Letting

A= 1111111 Nidly — Hllax )\d

7’7 7 ]7
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if N=90, or
—mi _ g7 in \sdb, —
A :=min { <5 gléi}\}()\]dL> ) <£2}\£}>\de 5> }
if N # 0, we infer from (C.5), (C.6), and (C.7) that the supremum in (C.2) is realized over

allocations such that

7. +1 51 gt n ) n T7. o
o < [ELEEOVI S Ay B M | S MO

for all i € M, and | >,y a;| < K too. Note that A > 0 due to the conditions (3.6) on the
weights A;. In the following we argue that in case |[N| > 1 we may also assume that the a;
belonging to ¢ € N are bounded due to the insensitivity of the cash additive U;, i € N, to
constant re-sharings of 0 amongst themselves. To this end note that the choice of the A; and
the requirement s; = —oo for ¢ € N implies
(C8) D NUL(W) +a;+mi) =D ANU(Fi(W) +a;) +6> mi=> NUhi(fi(W) + ai),
i€EN i€EN i€EN i€EN

whenever m; € R such that Zie ~ m; = 0. Hence, adding constants m; such that Zie Nm; =0
to the endowments of the decision makers in IV does not affect the contribution of the allocation
to P. This immediately implies that we may assume |a;| < K for all i € N if ¢; = oo for all
1 € N, because in that case we may choose m; = ZiGN a; — a1 and m; = —a; for all 4 # 1 in
(C.8), and the altered allocation satisfies the bound (|m1 +a1| = | > ;cn ai| < K, see above). If
the set N C N of indices i € N such that ¢; € R is not empty, we also need to consider cash
amounts that might be needed to make the endowment f;(W)+ a; acceptable. This is the point
where the assumption U;(—W ™) > —oo for all i € N, enters (whenever |[N| > 1). Using the cash
additivity (U (Y + z) = U;(Y) + diyz, z € R) and monotonicity of U; we obtain that f;(W) + 2
is acceptable for decision maker i € N, whenever

S U;(W;) — Z/l,-'(—W_) —¢

> d, ~

Moreover, acceptability of f;(W) + a; implies (again using cash additivity and monotonicity of
UZ) for all i € Ny:

Ui(Wi) — i = Ui(fi(W3)) _ Us(Wi) — ci —Ui(0) E[W]

ai 2 di - di
H H

where we have used that U; (fi(W;)) < Us(W) < E[de W +]4+U;(0) according to (A.2). Therefore

<
we know that there exists a joint constant K > 0 such that the a;, © € Ny, are bounded
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from below by —K and such that the endowments f(Wy) + a; + m; stay acceptable for m; =
—[(a;i = K)V0],i € Ny. If Ny = N, then choosing some j € N, and letting m; = —[(a; — K) V0]
for i € Ny \ {j} and m; = =3 ;-\ (53 ™, we obtain that } ;. mi =0, |a; +m4| < K for all
i€ Ny\{j}, and
jaj +mgl <Y a4+ D aitm| <K+ [N|K = K.
ieEN €N\ {7}
Moreover, since a; < a; +mj, also f(W;) + a; + m; is acceptable, i.e. U;(f(W;) + a; + m;) >
Uj(Wj) —¢j. If [Ny| > 1 where N, := N \ N, then we choose some j € N, and let m; =
—[(a; — K) V0] for all i € N, and m; = —a; for all i € N,, \ {j}, whereas mj == ien\{j} M-
Again, Y ..y m; =0, and a; +m; = 0 for all i € N, \ {j}, |a; +m;| < K for all i € N, and
laj +my <) ail+ ) ai+m <K +[NJK = K.
iEN iEN,
Hence, (C.2) and (C.3) are proved. By virtue of (C.3) we may choose a sequence ((ff)?zl)peN C
CF with fP(0) € [-K,K] for all i = 1,...,n and p € N such that (f7(W))", € A.(W) for all
p € N and

P = lim i:/\,;ui(ff(W)).
=1

p—00 4
According to Lemma C.1 there exists a subsequence, which we for the sake of simplicity also

denote by (fF)" ,, which converges pointwise to some (f;), € CF. As |f/(W)| < [W|+ K

forall i =1,...,n and p € N, we may apply the dominated convergence theorem which yields
fi(W) € L', and limp_,oo E[| f;(W) — fF(W)|] = 0 for all i = 1,...,n. By upper semi-continuity
of the U; (Lemma 2.3) we have
Ui(W;) — ¢; < limsup U (f7 (W) < U(fi(W)),
p—0o0
and

P = lim ;Aiu,-(fﬂW)) < Y Nlimsupli(fF(W))

n

< O AU(fi(W)).
i=1
Hence, we infer that (f;(W))’; € A.(W) (since P > —o0) and

P =Y AUhi(fi(W)).

i=1
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For the last part of (ii) suppose that |N| = n, and let (Xi,...,X,) be a solution to (3.4) for the
given weights. If m; € R such that ) ;" ; m; = 0, then the same computation as in (C.8) yields
Z?:l /\J/lz(Xl + mz) = Z?:l )\J/lz(Xl) O

Proof of Theorem 3.8. Recall (C.1) and let (f;)7., € CFN, a; € R with ;' ;a; = 0 such
that (f;(W) + a;)y € Ac(W). Since in particular U;(f;(W) + a;) > —oo, we must have that
fiW) +a; >s;foralli=1,...,n. Let K := 3" |s;|]. Then

—(W|+E)< (W) +ai =W = O f;(W)+a;) < [W|+ K.
J#
Hence, we deduce that (C.3) holds with K := 2essinf |W|+ K. The rest of the proof now follows
the lines of the proof of Theorem 3.9. O

D Proof of Proposition 5.2

For the proof of Proposition 5.2 we will need some (additional) tools from convex duality theory
which we briefly introduce in the following. The details and proofs of the statements can e.g.
be found in Ekeland and Téman (1999). Let U be a law invariant robust utility as in (2.1). The
dual function of U is

U(Z):=sup U(Y)—-E|YZ], ZeL>,
YeLl

which is convex and o(L*°, L')-lower semi-continuous, i.e. the level sets Ej := {Z € L> |
U*(Z) < k} are closed in the o(L>°, L')-topology for all k € R. Moreover, U* is law invariant
by the same arguments as applied in the proof of Lemma A.1 (—U/* is concave and upper semi-
continuous) and therefore U* is > -antitone according to Dana (2005), Theorem 4.1. Since U is
concave and upper semi-continuous (Lemma 2.3), it follows from the Fenchel-Moreau theorem
that

(D.1) UX)=U™(X):= inf E[ZX]+U*(Z), X ecL

ZeL>
Again the very same techniques as in the proof of Lemma A.l1 show that I/ is law invariant if

and only if /* is law invariant. The superdifferential of I/ at some X € L' is
OUX):={Z L™ |UY)<UX)+E[Z(Y - X)|VY € L'}.
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Notice that
(D.2) ZedUX) & UX)=E[ZX|+U"(Z)
and that monotonicity of ¢/ implies OU(X) C dom U* C LY.

Lemma D.1. Let U be a law invariant robust utility as in (2.1) and let X € L' such that
OU(X) # (. Then there exists a decreasing function h : R — [0,00) such that h(X) € OU(X).

Proof. Let Z € OU(X) and h : R — Ry be a measurable function such that h(X) = E[Z | X].
By (D.2), E[Z | X] =, Z (Jensen’s inequality), =.-antitonicity of &/* and finally (D.1) it follows
that

UX)=FZX|+U"(Z) > EIE[Z | X]X|+U*(E]Z | X]) > U(X).

Thus h(X) € OU(X) too. Note that (A.3) and law invariance of U* imply
1
Ux) < [ aon( - Oax(0)dt+ U (X))
0

in the same way as the similar argument presented in the proof of Lemma A.1. Hence we obtain

that

UX)

IN

1
/0 anx) (1 = Dax (8) dt + U (h(X))
< ERXOX]+U (X)) = UX)

where we applied the Hardy-Littlewood inequalities in the second step; see Follmer and Schied
(2004) Theorem A.24. Consequently E[h(X)X] = fol qn(x)(1 —t)gx (t) dt which guarantees that

h might be chosen as to be decreasing; see again Follmer and Schied (2004) Theorem A.24. [

Lemma D.2. Let U be a law invariant robust utility as in (2.1) which is strictly risk averse
conditional on lower-tail events. Let (X, Z) € L* x L™ be such that Z € OU(X) and X = f(W),
Z = h(W) for some W € L' and an increasing function f : R — R and a decreasing function
h:R — Ry. Consider the set A .= {Z = esssupZ}. If P(A) > 0, then X is constant on the
set A.

Proof. Assume that P(A) > 0 and, by contradiction, that X is not constant on A. Since f is

increasing and h is decreasing A is a lower tail-event of X. As U is strictly risk averse conditional
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on lower-tail events it follows that
(D.3) UX) < U(Y)

where X = X14c +E[X | A]14. But E[ZX] = E[ZX] and Z € 0U(X) imply U(X) <U(X) +
E[Z(X — X)] = U(X) which contradicts (D.3). O

Lemma D.3. Let U be a law invariant robust utility as in (2.1) which is in addition strictly

monotone on dom U and let (X,Z) € L' x L™ such that Z € OU(X). Then Z > 0 a.s.

Proof. Let A :={Z =0}. AsU(X +14) <U(X) + E[Z14] = U(X), strict monotonicity of U
implies P(A) = 0. O

Proof of Proposition 5.2. In the following we may and will assume that ¢; = co = 00, because
any Pareto optimum remains optimal if we replace the rationality constraints by the trivial ones.
Given that we are only concerned about the shape of the allocation, the constraints ¢; do not
play any role apart from giving the bound on the constant & in (5.2). This bound in turn follows

from the translation invariance of U; implying that
ul(Xl) = L{l(—(W - l),) +k> ul(Wl) — (1.

Hence, let (X1, X2) € A(W) (where ¢; = ¢a = 00) be a comonotone Pareto optimal allocation
of W, and let f,g : R — R be increasing functions such that f + ¢ = Idg and (X, X2) =
(f(W),g(W)). According to Lemma 3.4 there exists Ay > 0 and Ay > 0 such that

D4 AMUL(XT) + Aol (X9) = MUL(YT) + Aals(Y2).
(D.4) UL (X1) + Aalha(X2) (thl)%}g(w) U1 (Y1) + Aol (Y2)

Note that the function

Uny xs (Y) = sup )\11/{1(Y1) + )\QUQ(YQ), Y € Ll,
(Y1,Y2)€A(Y)

is concave, increasing and
dom Uy, , = dom Uy + dom Uy = L' 4 dom Uy = L*.

Moreover Uy, x, () > Ml (-) + Aalho(0) implies that there exists an open set in L' on which

Uy, », is bounded from below, because AU, as a continuous concave function has this property;

31



see Ekeland and Téman (1999) Proposition 2.5. Hence Uy, », is continuous on L! and there-
fore everywhere superdifferentiable; see e.g. Ekeland and Téman (1999) Proposition 2.5 and

Proposition 5.2. Uy, », is also law invariant. This can be deduced by verifying that the dual
U;:I’AQ = (/\1(/{1)* + (/\2(/{2)*

is law invariant as a sum of law invariant functions; see also the introductory remarks of this

section. According to Lemma D.1 there exists a decreasing function A : R — Ry such that
(D.5) Z = h(W) € 0Ux, », (W) = OMUL(X1) N Ol (X2).
The inclusion C in (D.5) is due to the fact that for all Z € 0Uy, x,(W) we have that
Un, 2, (V) U 2y(W) +E[Z(Y —W)] forallY € L}
and thus by (D.4) and definition of U), , that
MU (YD) + Aalhz(Ya) < Mlh (X7) + Aalha(X2) + E[Z(Y1 + Y2 — (X1 + X2))]

for all Y1,Y> € L'. Now Z € O\NU;(X;), i = 1,2, follows. The converse inclusion in (D.5) follows
similarly. By definition of the supergradient, this implies that )\% € 0U;(X1) and /\—Zz € 0Uz(X2).
From )\—ZQ € OUs(X2) and the strict monotonicity of Us it follows that P (Z = 0) = 0; see Lemma
D.3. Note that

1
Ul(Y):/O gy (t)dp(t), Y e L,

where ¢(t) := £ A1 for ¢ € [0,1] is an increasing continuous (on (0,1)) function. Since /\—Zl €
OU;(X1) we have also that
1 1
06 = [ axi(ag - 0de= [ ax o du
0 1 0
where ¥(t) := % fg qz(1—s)ds, t € [0,1], is another increasing continuous function. Hence, we

obtain that
1 1
| ax®det) = [ ax@dvte) =th(x0) - (1) =0
and integration by parts Dunford and Schwartz (1976, I111.6.21, Theorem 22) of each integral in

combination with a limiting argument by means of X{' :== —nV X1 An, n € N, yields
1
(D.6) | 0 = ) dax, ) = 0.
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As )\—Zl € 9y, we observe that ¢» < ¢. Hence (D.6) can only be satisfied if gx, is constant on

{1 < ¢}

Since P(Z = 0) = 0, we have gz(1 —s) > 0 for any s € (0,1), so in particular ¥(¢) < 1
for all t < 1. Moreover, 1(0) = 0 and the slope of v is at most é Therefore we have
B :=inf{t | ¥(t) < ¢(t)} €[0,1) and

(D.7) gx, is constant on (3,1) C {¢ < p}.

If 5> 0, it follows for any ¢ € [0, 5] that é =Y(t) = fll—t )\ilqz(s)ds. As gz < i, we deduce
AL
that

A
(D.8) qz(s) = El =esssup Z for all s € (1 — 3,1].

Since /\—ZQ € OUy(X32) and as Us is strictly risk averse conditionally on lower tail-events, Xj
is constant on {Z = esssup Z}; see Lemma D.2. Recall that X; = f(W), Xy = ¢g(W) and
Z = h(W) for increasing functions g and f and a decreasing function h. Consequently (D.7)
implies that f(W) is constant on W~1(l, 00) whereas (D.8) implies that h(W) and thus g(W)
are constant on W=1(—o0,1) for | := g (B) (:= —oo if 3 = 0). In conjunction with the fact that

f, g are continuous we deduce that X; and X5 ought to be of the following form

X1 =W - l)l{ng} +k, Xo= ll{ng} + Wl{lgW} —k, where k € R.
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