STABILITY RESULTS FOR LEVY TERM STRUCTURE MODELS

BARBARA RUDIGER AND STEFAN TAPPE

ABSTRACT. In this note, we study term structure models driven by Lévy pro-
cesses and provide stability results for them. In reality, we can never be sure of
the accuracy of a proposed model. With this motivation, we present sufficient
conditions which ensure that the model has the tendency to recover from per-
turbations. Our results include stability conditions for the forward rates, yield
curves and option prices.

1. INTRODUCTION

The value at time ¢ of one monetary unit to be paid at time T > t is expressed
by a Zero Coupon Bond. A Zero Coupon Bond is a contract which guarantees the
holder one monetary unit at the maturity date T. The corresponding bond prices
till maturity can be written as the continuous discounting of one unit of cash

P(t,T) = exp ( -/ " s)ds),

where f(t,T) is the rate prevailing at time ¢ for instantaneous borrowing at time
T, the so-called the forward rate for date T'.

The classical continuous time framework for the evolution of the forward rates
goes back to Heath, Jarrow and Morton (HJM) [14]. They assume that, for every
date T, the forward rates f(¢,T) follow an It6 process of the form

(1.1) f(t,T):f(O,T)Jr/O aHJM(s,T)ds-l—/O o(s, T)dW,, t€0,T]

where W is a Wiener process.

In this paper, we consider Lévy term structure models, which generalize the
classical HIM framework by replacing the Wiener process W in (1.1) by a more
general Lévy process X, also taking into account the occurrence of jumps. This
extension has been proposed by Eberlein et al. [8, 7, 3, 4, 5, 6]. In the sequel, we
therefore assume that, for every date T, the forward rates f(¢,7) follow an Ito
process

f(t,T)zf(O,T)—i—/ OéHJM(S,T)dS+/ o(s, T)VdXs, t€][0,T]
0 0

with X being a Lévy process.

In reality, we can never be sure of the accuracy of a proposed model. Therefore, we
are interested to know how much its corresponding quantities (forward rates, option
prices, etc.) would change if we perturb the model —i.e. the volatility o(¢,7") and the
initial forward curve f(0,T) — a bit. In order to approach this stability problem, we
will switch to the Musiela parametrization of forward curves r(z) = f(t,t+x) (see
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[17]), which allows us to consider the forward rates as the solution of a stochastic
partial differential equation (SPDE), the so-called HIMM (Heath—Jarrow—Morton—
Musiela) equation

{d'r't = (Lr+ ompna(ry))dt + o(ry—)dX,

1.2
(12) ro = ho,

and to apply stability results for Lévy driven SPDEs, which can, e.g., be found in
[1, 12, 16]. Existence and uniqueness of the Lévy driven HIMM equation (1.2) has
been investigated in [2, 11, 15, 18, 19].

In order to ensure that the implied bond market P(¢,T) is free of arbitrage
opportunities, we assume the existence of an equivalent martingale measure. Under
such a measure, the drift apgy : H — H in (1.2) is given by the HJM drift condition

13) et = (= [Totman) =-oww( - [Tatman).

where U denotes the cumulant generating function of the Lévy process, see |7,
Sec. 2.1].

Therefore, the principal difficulty when applying stability results for SPDEs is
to assure that not only the volatility o, but also the corresponding drift term apym
which depends on o, satisfy appropriate regularity conditions.

The remainder of the note is organized as follows. In Section 2 we introduce the
term structure model, and in Section 3 we present the announced stability results.

2. PRESENTATION OF THE TERM STRUCTURE MODEL

In this section, we introduce the Lévy term structure model. From now on, let
(Q, F, (Ft)t>0,P) be a filtered probability space satisfying the usual conditions, and
let X = (X});>0 be areal-valued Lévy process with drift b € R, Gaussian part ¢ > 0
and Lévy measure v, that is, the characteristic function of X; is given by

vx, (u) = exp (ibu - guz —|—/ (e —1— iuzl_q (m))u(dx)), u e R.
R

In what follows, we assume the existence of constants N, e > 0 such that
/ e“fy(dxr) < 0o, z€[—(14+¢€)N,(1+¢€)N].
{lzI>1}
Then, the Lévy process X possesses moments of arbitrary order. The cumulant
generating function
U(z) := InE[e**1]

exists on [—(1 + €)N, (1 + ¢)N], and belongs to class C* on the open interval
(—(14+€¢)N, (1 +€)N). We fix an arbitrary constant 5 > 0 and denote by Hg the
space of all absolutely continuous functions h : Ry — R such that

1/2
(2.1) |hllg == <h(0)|2 —|—/R |h/(x)265””dx) < 0.

Spaces of this kind have been introduced in [9]. According to [13, Thm. 2.1], the
space Hg is a separable Hilbert space, the shift semigroup (S;)¢>o defined by S;h :=
h(t+ -) is a Cy-semigroup on Hpg, there are constants Cy,Cy > 0 such that

(2.2) 1Pl Lo ry) < Cillhllg, R € Hp,

(2.3) [h = h(co)lz1ry) < Collhlls, h € Hpg,
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and there exist another separable Hilbert space Hg, a Co-group (Uy)ier on Hg and
continuous linear operators ¢ € L(Hg, Hg), m € L(Hg, Hg) such that

nU/l =S, forallte R+.

The latter result allows us to apply the stability results from [12], where SPDEs
are understood as time-dependent transformations of SDEs. The particular rep-
resentation of the Hilbert space Hg is not required in the sequel. Let Hg be the
subspace

(2.4) HY = {h € Hy: lim h(z) = 0},

T—00

and let U C Hg be the set

(2.5) U= {heHB H/ o <N}.

For each h € U we define the function £(h) : Ry — R as

S(h) = h - w( /h dn>

Let C’ll?ip = C’ll)ip(Hg;Hg) be the linear space of all bounded Lipschitz functions
o:Hg — Hg. The linear space C,l]ip equipped with the norm
hi) —o(h
lollp = sup lo()s + sup I Z0U2)la

heHpg hha et [h1 — hallg

is a Banach space. We define the subset F' C C’Il)ip as
F:={o€e C’;l)ip to(Hg) C U}

2.1. Lemma. The following statements are valid:
(1) We have S(U) C HS, and ¥ : U — Hg is locally Lipschitz continuous.

(2) For each 0 € F we have Yoo € C’ll)ip, and for each n € N there exists a
constant M = M(n) > 0 such that

10 ollip < M
for all o € F with ||o|lip < n.

Proof. By [11, Prop. 4.5] there exists a constant C3 > 0 such that for all h,g € U
we have

ISk —Zglls < C3(1+ 1Rl + llglls + lgllZ)IR — glls,

which provides both assertions. O

Now let o € F be a volatility. Note that we can write the HIM drift term (1.3)
— which ensures the_absence of arbitrage — as ayjm = X o 0. Hence, by Lemma 2.1
we have ap € Cll;lp. Consequently, for each hg € Hg there exists a unique mild
solution for (1.2) with ry = ho on the state space Hg of forward curves with cadlag
sample paths satisfying

IE[ sup ||rt||2] <oo forall T >0,
te(0,7]

see, e.g., [11, Thm. C.1].
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3. STABILITY RESULTS

In this section, we present the announced stability results for the Lévy term
structure model presented in the previous section.

Let volatilities 0 € F' and (0™),en C F be given. Furthermore, let initial con-
ditions hg € Hg and (h{)nen C Hp be given. In addition to the HIMM equation
(1.2), we also consider the sequence of HIMM equations

51) {drf = (Lrp +allyy(rp))dt + o™ (ri)dX;

n _ n
o = 0>

where — in order to ensure the absence of arbitrage — the corresponding drift terms
are given by afi; = Yoo™. The following standing assumption assumptions prevail
throughout this section:

o h{ — hg in Hpg;
o 0"(h) — o(h) in Hg for all h € Hg;
o sup,,cy [[0"[iip < oo
Then, by Lemma 2.1 we have
o afy(h) = amym(h) in Hg for all h € Hg;
® supen [l flip < oo
For what follows, we define the joint Lipschitz constant
(3.2) L= ilégmax{ﬂaﬁmﬂlim llo" lip} < oo

Denoting by (7¢);>0 the mild solution for (1.2), for every T' > 0 we have

()= (2] | o) - o) s

= "ot - a”(rsn%ds])m S,

which follows from Lebesgue’s dominated convergence theorem. Now, we are ready
to prove stability of the forward curves under the previous conditions.

(3.3)

3.1. Proposition. For all T > 0 there exists a constant K1 = K1(T,L) > 0 such
that

1/2
(3.4) E| sup rter%} < Kiy/llho = hgl% + €2 =0 forn — oo,
t€[0,T]

where €, = €, (T, 1) was defined in (3.3).

Proof. Since we have the joint Lipschitz constant (3.2), the assertion follows from
[12, Prop. 9.1]. O

Besides the forward curve, the yield curve is another measurement of the bond
market. Given a bond price P(¢,T), the yield Y (¢,T) is the quantity
In P(t,T) 17
— = t,s)ds.
i T_t/t £, 5)ds

Switching to the Musiela parametrization, we thus define the yield curve operator
y: Hg — C(Ry) as the linear operator

O} ifx=0,
y(h)(z) :== {916 foz h(n)dn, if x> 0.

3.2. Lemma. We have y(Hg) C Cp(Ry) and y € L(Hg,Cp(Ry)), that is, y is a
continuous linear operator from Hg to Cp(R4).

Y(,T):=
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wt

Proof. For h € Hg we estimate, by using (2.2),

1 [® 1 [*
L h(n)dn‘é I M
0 0

y h o = Sup
|| ( )HL (R4) T z€(0,00) L

z€(0,00)
1R/l Lo ) < Chullhlls,
finishing the proof. ]

IN

We define (y;)¢>0 as the Cy (R4 )-valued process y(x) := y(ri(z)), where (¢)1>0
denotes the mild solution for the HIMM equation (1.2). Then, the time ¢ yield
curve is given by

Y(t,T)=y(T —t), T>t

3.3. Proposition. For all T > 0 there exists a constant Ko = Ko(T,L) > 0 such
that

1/2
(35) E s[up]||yt—yf||%m<R+)] < Ko\[lho — HE+ €& =0 forn = oo,
tel0,T

where €, = €,(T,r) was defined in (3.3).
Proof. This is a consequence of Proposition 3.1 and Lemma 3.2. O

Next, we analyze the stability of option prices under perturbations of the interest
rate model (1.2). For this purpose, we will assume that the HIMM equation (1.2)
only produces positive forward curves. This is a reasonable condition, as negative
forward rates are rarely observed at the market. More precisely, from now on we
suppose that the HIMM equation (1.2) is positivity preserving, that is, for all
ho € P we have

]P’(rtEP)zl, t>0

where (r;)¢>0 denotes the mild solution for (1.2) with 9 = hg, and where P C Hpg
denotes the subset

P={he Hg:h>0}
consisting of all nonnegative forward curves. We note that the conditions
o(h)(§) =0, ¢&€(0,00) and h € Hg with h(§) =0,
h+o(h)x € P, he€ P and v-almost all x € R.

are necessary and sufficient for the positivity preserving property of the HIMM
equation (1.2), see [13, Cor. 4.23].

Now, let us fix a future date T' > 0 and a payoff profile ¢ : P — R depending on
the forward curve 7. Since we model the HIMM equation (1.2) under a risk-neutral
probability measure, the time ¢ price of ¢ is given by

m(@) =E[e I O g00) | 7)., te 0.
where 7,(0) denotes the short rate at time ¢.

3.4. Examples. Let us consider the following examples:
(1) ¢ =1 is the payoff profile of a T-bond.
(2) We fiz another future date S with T < S and a strike rate K, and set

(3.6) (h) = <exp ( /OST h(n)dn) - K>+, heP.

Then we have

otrr) = (e (- [ o rr(n)dn) - K)+ — (P(T,S) — K",
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and hence ¢ is the payoff profile of a call option on a S-bond. Note that the
cash flow of a floor is (up to a constant) equivalent to the cash flow of a
call option on a bond, see [10, Chap. 2]|.

(3) Accordingly, the function

(h) = (Kexp(/OSTh(n)dn>>+, herp

is the payoff profile of a put option on an S-bond, and its cash flow is (up
to a constant) equivalent to the cash flow of a cap.

3.5. Proposition. For all T > 0 and all Lipschitz continuous payoff profiles ¢ :
P — R there exists a constant K3 = K3(T, ¢, L,r) > 0 such that

(3.7) S[up]]E[IWt(cb) — (@) < Ksy/llho = k|3 + €, = 0 for n — oo,
te[0,T

where €, = €, (T, 1) was defined in (3.3).
Proof. By the Lipschitz continuity of ¢, there exist constants Lg, Ky > 0 such that
[6(h) — &(9) < Lollh —gllg,  h,g € Hp
[¢(h)] < Ks(1+[[hllg), h e Hp.
Note that evg : Hg — R, evo(h) = h(0) is a continuous linear operator by [13,
Thm. 2.1]. Hence, using the Cauchy-Schwarz inequality we calculate

sup Ef|mi(¢) — 77'(6)[] < sup Eﬂe—ft”s@)%(w)—e—ff’”?“”sqb(r%)
te[0,T7] te[0,T]

< sup E“(e_ [ rs@)ds _ o= ftTT?(O)dS)WTT)H

t€[0,T)

+ sup E[e‘ff”:(o)d‘“lﬂrcr)—¢(T?~)I}

te[0,T)

T
< K, sup E[mnwnﬁ) / |rs<o>—r:<o>|ds] T LoE[lrr — 5]
t€[0,T] t

(/OT |75(0) _Tg(0)|ds)2 1/2

< KGEI(L+ )7 + LoEllrr - I3
1/2 T 1/2
< VITR,(1+Bllrrl2) E| [ 1n0) — 2O @]+ Loller — i)
0

1/2
1/2 n
< (VAT {1+ EllrrE) 2 evoll + Lo )E| sup = 7]
te|o,

Now, applying Proposition 3.1 completes the proof. ]

3.6. Remark. Note that Proposition 3.5 applies to all payoff profiles presented in
Ezxamples 3.4. For instance, the payoff profile (3.6) of a call option on an S-bond
can be written as

¢(h) = (Y(h) —K)*, heP
with ¢ : P — R being defined as

W(h) = exp ( /OST h(n)dn), heP
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Hence, it suffices to prove Lipschitz continuity of v. For arbitrary h,g € P this is
established, using estimate (2.2), by the calculation

w0l =|ew (= [ wwin) e (< [ awan) |

S—T S—T S—T
< '/0 h(n)dn—/o g(n)dn‘ é/o |h(n) — g(n)ldn
< (S =D)|[h = gllLem,) < (S—T)Cillh —glls.

Consequently, the prices of caps and floors are stable under perturbations of the
term structure model.

A Zero Coupon Bond P(t,T) has the payoff profile ¢ = 1. Applying Proposi-
tion 3.5 yields for every T' > 0 the estimate

sup E[|P(t,T) — P"(t,T)|] < Kzy/|lho — hgllz +e2 —0 forn — oo
t€[0,T]

with a constant K3 = K3(T,L,r) > 0. Now, we shall improve this result by con-
sidering the bond curve T — P(t,T') at time ¢t. Note that we can express the bond

prices as
T
P(t,T)=exp| — ds |.
1) e (= [ se.ois)

Switching to the Musiela parametrization, we thus introduce the bond curve oper-

ator p: Hg — C(R4) by
p(h) := exp ( - /0 h(n)dn)-

3.7. Lemma. The following statements are valid:

(1) We have p(P) C Cp(Ry4).
(2) There exists a constant Ly > 0 such that

)

||p(h1) _p(h2)||Loo(R+) S L1||h1 — hg”g, hl,hg eP with hl(OO) = hQ(OO)

(3) For every xg € Ry there exists a constant Lo = Lo(xg) > 0 such that
[p(h1) = p(h2)llLec(o,z0) < Lallha — h2llg,  hi,ha € P.

Proof. Tt is clear that p(h) € Cy(R4) for all h € P. For hy, hy € P with hy(c0) =
ha(c0) we obtain, by using estimate (2.3),

e fUE hi(n)dn _ e~ fom ha(n)dn

lp(h1) — p(h2)|lLe®,) = sup
w€R+

< sup
rERY

JROOE hz(n))dn’ < llhn — hallpr ) < Collhs — hall.
0

Similarly, for 2o € Ry and hq, he € P, by (2.2) we get

= Jo ha(mydn _ o= [ ha(n)dn

lp(h1) — p(h2)l|L>(0,20) = sUP
z€[0,z0]

< sup

z€[0,z0] /0 (hl(n) N hg(n))dn‘ = /0 |h1(77) - h2(77)|d77

< zollh1 — hallL=@®,) < 2oCillh1 — hal|s.

This completes the proof. O
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We define (p;);>0 as the Cp(R4)-valued process pi(z) := p(r¢(x)), where (r)i>0
denotes the mild solution for the HIMM equation (1.2). Then, the time ¢ bond
curve is given by

Pt.T)=p(T—t), T>t

3.8. Proposition. For all T, z¢ > 0 there exists a constant K4 = K4(T, zq, L) such
that

1/2
(3.8) E s[té[;] |t —p?%m[oymo]] < Kay/lho = hgl5 + €2 =0 asn— oo,
telo,

where €, = €, (T, 1) was defined in (3.3).
Proof. This is a consequence of Proposition 3.1 and Lemma 3.7. O

For the rest of this section, we suppose that the following stronger conditions
are satisfied:
e hyy — ho in Hg;
e 0" — o in Cll;ip.
Then, for all h € Hz we have
lo(h) — o™ (B)lls < llo = 0" lup = 0 for n— oo,

and, by Lemma 2.1, there exists a constant L; > 0 (depending on o) such that for
all h € Hg we have

lerm(h) = afym(P)lls = [Xa(h) = Za™ (h)]|s
< Liflo(h) = o™ (Rl < Lallo = o™ [Jiip-

Consequently, for any T > 0 there is a constant Ly = Lo(T) such that we can
estimate €, = €,(T,r) defined in (3.3) by

€n < La|lo — o™ |hip — O.

Therefore, we can improve the estimates (3.4)—(3.8) by replacing the right-hand
sides for i = 1,2, 3,4 by

(3.9) Ki\/||h0— B2+ o —omll2, =0 asn - oo,

showing that the dependence of the considered quantities on the initial curves and
on the volatilities is locally Lipschitz.
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