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Abstract

In this article we consider the portfolio selection problem of an agent with ro-
bust preferences in the sense of Gilboa & Schmeidler (1989) in an incomplete market.
Downside risk is constrained by a robust version of utility-based shortfall risk. We
derive an explicit representation of the optimal terminal wealth in terms of certain
worst case measures which can be characterized as minimizers of a dual problem. This
dual problem involves a three-dimensional analogue of f-divergences which generalize
the notion of relative entropy.
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1 Introduction

The measurement and management of the downside risk of portfolios is a key issue for
financial institutions. The industry standard Value at Risk (VaR) shows serious deficiencies
as a measure of the downside risk. It penalizes diversification in many situations and does
not take into account the size of very large losses exceeding the value at risk. These problems
motivated intense research on alternative risk measures whose foundation was provided by
Artzner, Delbaen, Eber & Heath (1999). An excellent summary of recent results can be
found in the book by Féllmer & Schied (2004).

While axiomatic results are an important first step towards better risk management,
an analysis of the economic implications of different approaches to risk measurement is

indispensable. In the current article we investigate the agent’s optimal payoff profile under
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a joint budget and risk measure constraint. A first step in this direction has already been
made by Gundel & Weber (2005) where the utility maximization problem is analyzed for
fixed probabilistic models. In contrast, the current paper considers the situation of model
uncertainty and extends the results of Gundel & Weber (2005).

Here model uncertainty has three dimensions. The first dimension concerns the prefer-
ences of the maximizing agent. In most articles on optimal portfolio selection, preferences
are represented by von Neumann-Morgenstern utility functionals. These utility functionals
can be expressed in terms of a Bernoulli utility function and a single subjective probability
measure. A more general class of preferences can be constructed if the single representing
probability measure is replaced by a set of subjective measures. Robust utility functionals
of this type have been analyzed by Gilboa & Schmeidler (1989). We will study the portfolio
selection problem on this level of generality. Here, we will always assume that the essential
domain of the Bernoulli utility function is bounded from below.

The second dimension of model uncertainty is related to the budget constraint. In a
complete market, this constraint can be formalized in terms of an expectation under the
single pricing measure. In an incomplete market the set of equivalent martingale measures
is infinite, and the analysis of the budget constraint requires more care. We consider the
case of a financial market that is not necessarily complete.

Finally, the measurement of the downside risk can also be a source of model uncer-
tainty. We define the risk constraint in terms of wtility-based shortfall risk (UBSR). This
risk measure does not share the deficiencies of Value at Risk. For a detailed description of
its properties, we refer to Follmer & Schied (2004), Weber (2006), Dunkel & Weber (2005),
and Giesecke, Schmidt & Weber (2005). The definition of shortfall risk involves a subjective
probability measure. The choice of this measure can be a third source of model uncertainty.

In this article we consider the portfolio selection problem of an agent with robust
preferences in the sense of Gilboa & Schmeidler (1989) in an incomplete market. Downside
risk is constrained by a robust version of UBSR. We derive an explicit representation of the
optimal terminal wealth in terms of certain worst case measures which can be characterized
as minimizers of a dual problem. This dual problem involves a three-dimensional analogue
of f-divergences which generalize the notion of relative entropy.

The paper is organized as follows. Section 2 describes the agent’s preferences, budget
and risk constraint in detail. The portfolio selection problem is stated in Section 2.4. The
interpretation of the budget constraint in an incomplete market is further analyzed in Sec-
tion 2.5. Section 3 explains the notion of extended martingale measures which will be used in
our characterization of optimal wealth. Extended martingale measures have been introduced
by Follmer & Gundel (2006) and correspond exactly to the class of supermartingales which
appear in the duality approach of Kramkov & Schachermayer (1999). Section 4 describes
the solution in the absence of model uncertainty and summarizes the findings of Gundel &
Weber (2005). In addition, Section 4.2 presents a dual characterization which provides the
basis for the solution of the robust problem. The robust problem in an incomplete market is

solved in Section 5. To improve readability, some of the proofs are postponed to Section 6.



2 The Constrained Maximization Problem

We consider a market over a finite time horizon [0,7] for 7" > 0 which consists of d + 1
assets, one bond and d stocks. W.l.o.g. we suppose that prices are discounted by the bond,
i.e., that the bond price is constant and equal to 1. The price processes of the stocks are
given by an R%-valued semimartingale S on a filtered probability space (Q, F, (F;)o<i<t, R)
satisfying the usual conditions, where F = Fr; see Protter (2004), page 3.

An F-measurable random variable will be interpreted as the value of a financial posi-
tion or contingent claim at maturity 7. Positions which are R-almost surely equal can be

identified. The set of all terminal financial positions is denoted by L°.

2.1 Utility functionals

The classical problem of expected utility maximization consists in maximizing the utility
functional

U(X) = Eqy[u(X)]

over all feasible financial positions X, where () is some subjective probability measure
which is equivalent to the reference measure R and u : R — RU{—o0} is a Bernoulli utility
function.

Expected utility is a numerical representation of certain preferences which have been
characterized by von Neumann & Morgenstern (1944) and Savage (1954). The utility func-
tional is defined in terms of the single probability measure ()9. A more general class of
preferences admits a robust representation as suggested by Gilboa & Schmeidler (1989). In-
stead of a single measure )y, a set Qg of subjective or model measures provides a numerical
representation of these preference orders via a robust utility functional
1) U(X) = inf Eolu(X)]

These more general preferences resolve several well-known paradoxa which arise in the clas-
sical framework; see, for instance, Gilboa & Schmeidler (1989) or Follmer & Schied (2004).

The representation (1) suggests also another interpretation. An agent with Bernoulli
utility functional u is evaluating her expected utility, but is uncertain about the correct
subjective probability measure. Instead the agent is faced with a whole set of conceivable
probabilities. In this situation of model uncertainty, she considers the infimum of all possible
expectations in order to be on the safe side.

In the current article we consider the problem of maximizing robust utility under a joint
budget and downside risk contraint. We impose some standard assumptions on the Bernoulli
utility function u. We suppose that the utility function v : R — R U {—oc} is strictly
increasing, strictly concave, continuously differentiable with existing second derivative in
the interior of dom u := {x € R : u(x) > —o0}. 7, := inf{x € R: u(z) > —oo} is assumed
to be finite, i.e., T, > —oo. It follows that the interior of the essential domain of u is given
by the open interval dom u = (z,, 00). We suppose that u satisfies the Inada conditions

(U1) u'(00) := lim u'(z) = 0,

T—00
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(U2) W (Zy) = xli\rguu'(x) = 00.

Moreover, we assume that u has reqular asymptotic elasticity (RAE) in the sense of Kramkov
& Schachermayer (1999), Frittelli & Gianin (2004), i.e.,

, xu'(x)
(2) hrmris;jp e < L

The last assumptions allows us to simplify the analysis considerably. We will later emphasize
where we use the notion of RAE.

By shifting the utility function along the z-axis it is no loss of generality to suppose
that z, = 0, and we will make this assumption in the following. The inverse of the derivative
of u will be denoted by I := (u')~!.

We also impose some restrictions on the set Qy. We assume that the set Qg is convex
and that all measures )y € Qq are equivalent to the reference measure. In addition, we

suppose that
(3) Ve > 035 > 0 such that R(A) < 0 = Qp(A) < e VQp € Qp.

Since the set of densities 00
ICQO = {d_RO : QO S Qo}

is bounded in L'(R), (3) is equivalent to the uniform integrability of the densities. Intuitively,
the assumption corresponds to a generalized uniform moment condition on the densities.
Namely, by the de la Vallée-Poussin criterion, (3) is equivalent to the existence of a function

g :10,00) — [0, 00) with lim, . g(z)/x = oo such that

sup Er[g([¢])] < oo.
Pelq

W.lLo.g we will also assume that g, is closed in L'(R). Indeed, if Ko, is not closed,

then its L'(R)-closure Kg, defines yet another set Qy of subjective measures by setting
Q(A) = Eg[¢; A]
for ¢ € Kg,. For any claim X with u(X)~ € L'(Qo) for all Qy € Qy we obtain

inf Eo,[u(X)] = inf Eo,u(X)].
o, Foo[u(X)] = inf Fo,[u(X)]

In summary, we suppose that Ko, is L'(R)-closed and uniformly integrable. By the

Dunford-Pettis Theorem our hypothesis can therefore be rephrased in the following way:

Assumption 2.1. We assume that all measures in Q are equivalent to R and that the set

Ko, is weakly compact, i.e., Kg, is o(L'(R), L>(R))-compact.



2.2 Budget Constraint

We are interested in maximizing the terminal robust utility over all feasible financial posi-
tions. Feasibility is, of course, a term which needs to be defined in detail, and we will do so
in the following three sections. We will solve the optimization problem in two steps. Using
convex duality, we solve a portfolio optimization problem which is essentially static. We
investigate in Section 2.5 how this solution is linked to the problem of finding an optimal

self-financing trading strategy.

Definition 2.2. A self-financing portfolio with initial value x is a d-dimensional predictable,
S-integrable process (&;)o<i<r Which specifies the amount of each asset in the portfolio. The

corresponding value process of the portfolio is given by
t
(4) Vt::x—i—/ £sdSs 0<t<T).
0

The family V(x) denotes all non-negative value processes of self-financing portfolios with

initial value equal to x.

Let us fix an initial wealth zo > 0. We are interested in finding a self-financing portfolio
in V(xq) with bounded downside risk that maximizes terminal robust utility. The budget

constraint can be expressed in terms of martingale measures.

Definition 2.3. A probability measure P which is absolutely continuous with respect to
R is called an absolutely continuous martingale measure if S is a local martingale under P.
The family of these measures is denoted by P. Any P € P which is equivalent to R is called

an equivalent local martingale measure. The family of these measures will be denoted by P..

We interpret measures in the set P as pricing measures and assume throughout that
(5) P. # 0.

The financial market which we consider will thus have the no free lunch with vanishing risk
(NFLVR) property, see Delbaen & Schachermayer (1994).

Fixing initial wealth of x5 > 0, a contingent claim X > 0 is affordable if there is a
self-financing portfolio V' € V(z5) such that

(6) Vr>X R-—a.s.

The optional decomposition theorem by Kramkov (1996) and Féllmer & Kabanov (1998)
states that this notion of affordability is equivalent to
(7) sup Ep[X] < xs.
PeP
We will choose (7) as the budget constraint of our robust utility maximization problem. A

simple argument in Section 2.5 will later show that the optimal claim can actually be repli-

cated. This connects the static optimization result to the dynamic optimization problem.

ot



2.3 The Risk Constraint

Besides the budget constraint, we will also require feasible financial positions to satisfy
a downside risk constraint. Downside risk of financial positions can be quantified by risk

measures. We let D be some vector space of random variables.

Definition 2.4. A mapping p : D — R is called a risk measure (on D) if it satisfies the
following conditions for all X, X, € D:

o [nverse Monotonicity: If X; < X, then p(X;) > p(Xs).
e Translation Invariance: If m € R, then p(X +m) = p(X) — m.

Monotonicity refers to the property that risk decreases if the payoff profile is increased.
Translation invariance formalizes that risk is measured on a monetary scale: if a monetary
amount m € R is added to a position X, then the risk of X is reduced by m.

Value at risk (VaR in the following) is a risk measure according to the above definition,
but it does in general not encourage diversification of positions — it is not a convex risk
measure, if L>° C D. A risk measure p is convex (on D), if it satisfies the following conditions
for all X1, X5 € D:

o Convezity: p(aX; + (1 —a)Xs) < ap(Xy) + (1 —a)p(Xy) for all a € (0,1).

In this article, we focus on a particular example of a convex risk measure for measuring
the downside risk, namely wutility-based shortfall risk. Utility-based shortfall risk is most
easily defined as a capital requirement, i.e., the smallest monetary amount that has to be
added to a position to make it acceptable.! We will now give the definition of utility-based
shortfall risk.

Let ¢ : R — [0, 00] be a loss function, i.e., an increasing function that is not constant.
The level z; shall be a point in the interior of the range of ¢. Let Q)1 be a fixed subjective
probability measure equivalent to R, which we will use for the purpose of risk management.
The space of financial positions D is chosen in such a way that for X € D the integral
[ 0(=X)dQ; is well defined.

Define an acceptance set
(8) A ={X eD: Eq[l(=X)] <a}.

A financial position is thus acceptable if the expected value of ¢(—X) under the subjective
probability measure @)1, i.e., the expected loss Eg, [((—X)], is not more than z;.
The acceptance set Ag, induces the risk measure utility-based shortfall risk (UBSR in

the following) pg, as the associated capital requirement

9) po,(X)=inf{meR: X +me Ag, }.

Note that every static risk measure can be defined as a capital requirement. To be more precise, if p
is a risk measure, then A = {X € D : p(X) < 0} defines its acceptance set, i.e., the set of positions with
non-positive risk. p is then recovered as p(X) = inf{m € R : X +m € A}, see e.g. Follmer & Schied (2004),
Chapter 4.



Utility-based shortfall risk is convex and does therefore encourage diversification. Ex-
amples of loss functions ¢ include exponentials exp(ax), o > 0, which lead to the so-called
entropic risk measures, for which a simple explicit formula is available; see Follmer & Schied
(2004), Example 4.105. Alternatively, one-sided loss functions can be used to measure down-
side risk only. These risk measures look at losses only and do not consider tradeoffs between
gains and losses. Examples include (z + Z¢)® - 1(_z,00)(2), @ > 1, Ty € R, or exponentials
(exp{a(z +Zo)} — 1) L—z,00)(2), >0, Zp € R.

Our aim is to solve the utility maximization problem under a joint budget and risk
measure constraint. If there is no model uncertainty, the shortfall risk constraint (UBSR

constraint in the following) shall be given by
(10) pa. (X) <0.

A financial position X which satisfies (10) is acceptable from the point of view of the risk

measure p. This is equivalent to
(11) Eq,[6(=X)] < 1.

In the case where the agent faces model uncertainty, we consider a second set Q; of subjective
measures which are equivalent to the reference measure R. The robust UBSR constraint is
given by
(12) sup po,(X) < 0.
Qe

That is, any financial position must be acceptable from the point of view of all risk measures
po, (Q1 € Q). This is equivalent to
(13) sup Eq, [((—X)] < .

Q1€

As for the set Qp we impose also convexity and weak compactness on the set Q.

Assumption 2.5. We assume that all measures in the convex set Q; are equivalent to the

reference measure R, and that the set of densities

(14) ICQI = {% : Ql < Ql}

is weakly compact in L'(R), i.e., that Ko, is o(L'(R), L*°(R))-compact.

Weak compactness, of course, means that Ko, is weakly closed (or equivalently L'(R)-
closed) and uniformly integrable by the Dunford-Pettis. The uniform integrability can be
rephrased as a generalized moment condition by the de la Vallée-Poussin criterion.

We require the loss function ¢ to satisfy the following technical conditions. We assume
that ¢ is strictly convex, strictly increasing, and continuous. We suppose in addition that ¢ is
continuously differentiable on the interval?® (—,, 0o) for some z, € (0, oc], and that ¢(x) = 0
for © < —z,. We assume that lim,_, . ¢(z) = 0 and lim,_,_ ¢(x) = 0 if Z, = co. As for
the utility function, we suppose that ¢ has regular asymptotic elasticity (RAE) if 7, = oo,

ie., liminf, ., mf(/g) < 1. The last assumption implies that the associated Bernoulli utility

function x — —{(—x) has RAE for z — oc.

2If £, < 0, the risk constraint will trivially be satisfied for all claims with utility larger than —oc.



2.4 The Robust Problem in an Incomplete Market Model

We can now pose the robust utility maximization problem under a joint budget and downside
risk constraint which we will solve in the current paper. It can be seen as a auxiliary static
problem. Its relationship with the solution to the dynamic portfolio selection problem is
discussed in Section 2.5.

Let us denote the set of terminal financial positions with well defined utility and prices
by

(15) Z={X>0: XeL'(P)forall PeP andu(X)" € L'(Qo) for all Qy € Qo}.

For xy, 1 > 0, we will solve the following optimization problem under a joint budget
and UBSR constraint:

Maximize inf FEg, [u(X)] over all X € T

Qo€Qo
(16)
that satisfy sup Eg,[((—X)] <z, and sup Ep[X] < .
Q1€ pPepP
The set of all financial positions in Z that satisfy the two constraints is denoted by

X (o, 1), 1.€.,

(17) X(xo,x1) ={X €Z: sup Eg,[l(—X)] <z and sup Ep[X]| < z}.
Q1€ pep
We will first solve an auxiliary problem (20) without model uncertainty and then use
this result to tackle problem (16).

2.5 Replication

If S is locally bounded, then the solution to the static problem above is equivalent to the
following dynamic problem under a joint budget and UBSR constraint:

Maximize inf FEg,[u(Vr)] over all V € V(xy)
Qo€Qo

(18)
that satisfy sup Eg, [((=Vr)] < 1.
Q1€
Although the proof of the following theorem requires some results which will be proven
in later sections, we state it already at this point. This allows us to to motivate our analysis

of (16) more clearly.

Theorem 2.6. The optimization problem (16) admits a solution, if and only if the opti-
mization problem (18) admits a solution.

If X* € X(xo,21) is a solution to problem (16), then there exists a solution V* € V(xy)
to (18) with Vi > X* R-almost surely. In this case, Vi = X* R-almost surely, if the
solution to (16) is R-almost surely unique. If, conversely, V* € V(xy) is a solution to (18),
then Vi € X(xg,x1) is a solution to (16).



Proof. Assume first that (16) admits a solution. Let Z be a right-continuous version of
Zy = ess suppep, Ep[X*|F.

By Proposition 4.2 in Kramkov (1996) Z is a supermartingale for every P € P,.. By Theo-
rem 2.1 in Kramkov (1996) there exists a predictable, S-integrable process £ such that

T
VT_.Z'0+/ fstszX*z()
0

Under all P € P,, V is a o-martingale which is bounded from below, thus a supermartingale.
Thus, suppep, Ep[Vr] < 2o which implies by Lemma 3.3 that suppcp Ep[Vr] < xo. Since
Vr > X*, we obtain infg,cg, Fo,[u(Vr)] > infg,eo, E[u(X*)]. We also get Vi € X (xg,x1)
which implies that infg co, Eg,[u(Vr)] = infg,eco, E[u(X™)].

It remains to be shown that V' is a solution to (18). Letting V* € V(z¢) such that

sup Eg, [((=Vr)] <z and  inf Eg,[u(Vr)] > inf Eg,[u(Vr)],

Q1€9; QoEQo QoEQo

similar arguments as above show that V} € X' (g, x1). Thus,

Q?)IelfQo Eq, [u(Vy)] < QirelfQo Eq, [u(X™)] = Eqoeai Lo, [u(Vr)].

This implies that V' is a solution to (18). If X* is R-almost surely unique, then Vp = X*
R-almost surely, since Vr is a solution to (16).

Conversely, if a V* € V(xg) is a solution to (18), then V* is a o-martingale which is
bounded from below. With similar arguments as above, it follows that suppep Ep[V] <
zo. This implies V* € X(xg, ). If there was X € X(zo,x1) with infg co, Eg,[uw(V])] <
info,co, E[u(X)], arguments as above would imply the existence of V' € V(zy) such that

oinf Eqolu(Vy)l < jinf Elu(X)] = inf Eg,lu(Vr)]

contradicting the optimality of V*. It follows that V' is a solution to problem (16). O
Remark 2.7. In both the static and the dynamic problem (16) and (18) the risk constraint
is imposed at initial time 0 and not updated later. Optimal strategies are contingent on

future information, but have to respect the risk constraint at 0. They can be interpreted as

commitment solutions.

3 Extended Martingale Measures

Our characterization of a solution to the robust utility maximization problem (16) requires
an enlarged set of martingale measures. For this purpose, consider an additional default time
¢, defined as the second coordinate ((w,s) := s on the product space { :=  x (0, 00]. Set
Fi = Fp for t > T and let

Fi=0({Ax (t,o0]: A€ F,t >0})
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denote the predictable o-field on €2; the predictable filtration (F;);>0 is defined in the same
manner.

An adapted process Y = (Y;)i>0 on (Q, F, (F;)i>0) will be identified with the adapted
process Y = (Y;)i>0 on (Q, F, (Fi)i>o0) defined by Y, := Yilieoyy, Le.,

Yi(w, s) == Yi(w)1t,00)(5) (t>0).

To any probability measure @ on (€2, F) corresponds the probability measure Q := Q x
oo o0 (€, F). Conversely, for any probability measure Q on (£, F) we define its projections
Q' on (Q,F;) by
Q'(A) == QA X (b)) (AEFR).
Note that Q! is a finite measure, but not necessarily a probability measure.

In order to introduce the class P of extended martingale measures, let us denote by V(z)
the class of value processes V = (V;)i>0 on (Q, F, (Fy)iz0) with V; = Viliesyy for V € V(z).

Definition 3.1. A probability measure P on (©, F) will be called an extended martingale

measure if
(i) PP< Ron F; (t >0),
(ii) Any V € V(1) is a supermartingale under P.
We denote by P the class of all extended martingale measure on (€2, F), and by PT := {PT :
P € P} the class of projections of P on (9, F).
Remark 3.2. (i) P € PT is not necessarily a probability measure, but a measure with

P(Q) < 1.

(ii) For any martingale measure P € P the corresponding measure P := P x §,, on (Q, F)
belongs to P. This implies that P C PT. In particular, for any financial position X
we have suppep Ep[X] < suppepr Ep[X].

(iii) The class P of extended martingale measures corresponds exactly to the class of
supermartingales which appear in the duality approach of Kramkov & Schachermayer

(1999) to the problem of maximizing expected utility in incomplete financial markets,
see Follmer & Gundel (2006).

Lemma 3.3. For a contingent claim X > 0 the following conditions are equivalent:
(i) suppep Ep[X] < 5.
(i) suppep, Ep[X] < @3

(111) There exists a value process V € V(x2) such that Vi > X R-almost surely.

(iv) The corresponding claim X := X 17y satisfies the constraint

sup Ep[X] < zs.
PeP
(v) suppepr Ep[X] < 5.
Proof. See Follmer & Gundel (2006). O
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4 An Auxiliary Non-Robust Problem in a “Complete
Market”

4.1 The Non-Robust Problem in a “Complete Market” Setting

We fix a projection P := PT of an extended martingale measure P € P, a subjective
measure (g € Qp for the utility evaluation, and a subjective measure ); € Q; for the risk
constraint. Since P C PT, our analysis includes all martingale measures, but it covers also
cases in which P is not necessarily a probability measure and has total mass less than one.

We denote the set of terminal financial positions with well defined utility by
(19) Ipg, ={X>0: XeL'(P)and u(X)” € L'(Qo)}.

Let 9 > 0 be an initial endowment and x; > 0 be a risk limit. We consider an auxiliary

optimization problem under a joint budget and UBSR constraint:
Maximize Eq,[u(X)] over all X € Zpg,
20 that satisfy Eg, [((—X)] < x; and Ep[X] < .
The set of all financial positions in Zpg, that satisfy the two constraints is denoted by
Xp.o..00 (%0, 21), €.,
(21) Xpo,.00(T0, 1) = ={X € Zpg, : Fg,[l(—X)] <z and Ep[X] < xp}.

Recall that z, € (0, o0].
It has been shown in Gundel & Weber (2005) that the unique solution to the constrained

maximization problem (20) can be written in the form

XP7Q17Q0 =z (X{

where z* : [0,00) X (0,00) — (0,00) is a continuous deterministic function, and A}, A\
are suitable real parameters. z* is obtained as the solution of a family of deterministic
maximization problems.

To be more specific, let us define a family of functions g,, ,, with y;,y2 > 0 by

Gy1,y2 (x) = u(:c) - ylg(_x) — Y.

For each pair y; > 0,y, > 0, the maximizer of g,, ,, is unique and equals

J(y1,y2)  if yo > U (Z0) + il (—T+),
(22) (Y1, y2) = Ty if w'(Ze) < yo < U(Zp) + l' (=),
1(y2) if yo < u/(Zy).

Here, J(y1,y2) denotes the unique solution to the equation u'(z) + y1¢'(—x) = y, for the
case that vy, > u/(%) + 110/ (=Ze+), and I := (uv')~1. Note that 2*(0,y2) = I(y2) = J(0,v2).
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In order to characterize the solution to the utility maximization problem, we will also
need to determine a financial position Yp g, > 0 that minimizes the expected loss under the

budget constraint:

Minimize Eq,[¢(—Y)] over all financial positions Y > 0
(23)
with Y € L'(P) and Ep[Y] < .

The solution to this problem is of the form

dP
Yeo,=—L (CRQlW) -
1

Here L : R — [—Z,0] is defined as the generalized inverse of the derivative of the loss

function /, i.e.,

0 if y > ¢(0),
(24) L(y) == < ({7 Hy) if O(—z+) <y < £(0),
—Iy if y < (=Z¢+).

L is a continuous function which is strictly increasing on [¢'(—Z,+), ¢'(0)]. Properties of the
functions 2* and L are collected in Section A.

We make the following technical assumption.

Assumption 4.1. Let the function z* be defined as in (22). We impose the following
integrability assumptions for all A\; > 0, A\ > 0:

() o (M2, Aol ) € L(P),
() £ (2" (M2 X)) € 11(Qy),
(©) u (o (M doii ) € L'(Qu).

Assumption 4.1 imposes the standard integrability conditions which guarantee that the
price, the expected loss and the utility of the solution are well defined.

Let us now state the solution to the loss minimization problem (23).

Proposition 4.2. Let zy € (0,Z,). Then the equation

(25) w0=-r | (50 )]

has a solution cpg, > 0. A solution to Problem (23) is given by

dP
(26) YP7Q1 =—L <Cp7er621> .

On the set {dP/dR > 0}, the loss minimizing contingent claim is R-almost surely unique,

» Ypq, - Lap/ars0y = Y - Ltap/ar>0y R-almost surely for any other solution Y to (23).
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If Assumption 4.1(a) holds for \; = 0 and all Ay > 0, then there exists a unique constant
A2 > 0 that solves the equation

(27) zo = Ep [I <X2C%DO)} .

1 (;\gdP/ dQp) is the unique solution to the utility maximization problem without risk con-
straint.

The following theorem provides a solution to the utility maximization problem (20).

Theorem 4.3. Suppose that Assumption 4.1 holds. Let x1 > 0, xy > Z,, let cpg, and A be
defined as in (25) and (27), and let Ypg, be the solution to the loss minimization problem
(23) defined in (26). There are four cases:

(i) We have o < Ty and x1 < Eg, [( (=Ypo,)]-

Then there is no financial position which satisfies both constraints.
(i1) We have o < Ty and x1 = Eg, [( (=Ypo,)]-
Ifu(Ypq,)” € L'(Qo), then

Araan = Yran Hgraoy 00 Hgron)

dP
=~ (erorgy ) o) + o0 Ui
is a solution to the mazximization problem (20), and both constraints are binding. Oth-

erwise the maximization problem has no solution. Xpg, g, 15 the unique solution if
u(Xpg..q,) € L'(Qu)-

(iii) We have Eg, [((—I(AdP/dQy))] < x1. This implies that either xo > Ty or, if xo < Zy,
r1 > Eq, [((=Yrq,)]-

Then

< dP
XP,QLQO =1 <)\2r620)

is the unique solution to the maximization problem (20), and the UBSR constraint is

not binding.
() We have either xo > Ty or, if xg < &y, ©1 > Eg,[l(=Ypo,)], and in both cases
EqQ, [((=1(A2dP/dQo))] = 1.

Then a solution to the maximization problem (20) exists and both constraints are

binding. The unique solution is given by

d dP
XP,Ql,Qo =" ()‘T& Xk_)

J (XI%, )\Ed%go) on {)@j& > u/(Zy) + )\I%E’(—ig—l—)} ,
= on {/(@e) < Nyl < ol (@) + ATAR 0 (~7e) |
I (A;%) on {)\5% < u’(@)},
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where x* and J are defined as in (22), and A} > 0, A3 > 0 satisfy

(28) 1 = Eg, [0 (=XpPg,.q0)]
and
(29) o = Ep[Xpg.,qol-

4.2 Dual Characterization

The solution of the utility maximization problem (20) can alternatively be characterized
by dual functionals. These results provide the basis for the solution of the general robust
problem in an incomplete market.

Define the convex function
v(y2, Y1, Y0) = surg{you(:v) — yl(—x) — yo}
x>

for (ye,y1,40) € [0,00) x [0,00) x (0,00). Then, for Ay > 0 and Ay > 0, a convex functional
on PT x Q; x Qy is given by

(30)

Un s (Pl@1|Qo) = { ()\QdR’)\lcii% c;%))}

_ By, [u( (MZS; 10, ))]

— M Eg, [ﬁ( (Aljg; Ay —— 00 ))} — MEp {x (/\128; Ay——— 0; )}

Define the convex function
(Y2, 1) = SU%{_Z/lg(_CU) — Yo}
x>

for (ya,41) € (0,00) X [0,00). Then, for ¢ > 0, a convex funtional on P? x Q; is given by

L

~t (1 ()] o5 1 ()]

Proposition 4.4. For all Ay > 0, Ay > 0, and ¢ > 0 the functions vy, , and U, are
well-defined, and vy, », : PT x Q1 x Qp — RU {oo} and 9. : PT x Q1 — (—o0,0].

(31)

Proof. For any = > 0,

M2y -0 g

T dQO) = ;zg (@) = Mg R

()\QdR’ YdR’ dR

14



But Eg[Z] = u(x) — Ml(—x) — Az € R. Thus,

apP  d@Q, d N
ER (% ()\2 A Ql QO) S R,

dR’"VdR’ dR

which implies that vy, , is well-defined. Equality with the right hand side of (30) fol-
lows from Lemma A.1(x). The proof for . is analogous using Lemma A.1(xi). Moreover,
0(y2,71) <0 for all y; > 0 and yo > 0 and hence 7.(P|Q1) < 0. O

The following assumption replaces the integrability conditions from the last section.

Assumption 4.5. We suppose that
(32) Uny e (PlQ1]Qo) < oo for all Ay >0 Ag > 0.

In order to verify Assumption 4.5, it is sufficient to consider specific pairs (A1, Az). This

is a consequence of the assumption of the RAE of the utility function.
Proposition 4.6. The following statement are equivalent:
(1) Va0 (P|Q1]Q0) < 00 for all Ay > 0, Ay > 0.
(ii) vo1(P|Q1]Q0) < o0.
(111) vy, 0, (P|Q1]Q0) < 00 for some Ay > 0, Ag > 0.
Proof. (ii) = (i): There exist functions a > 0 and b > 0 such that for Ay > 0 and ys,yo > 0
v(A2y2, 0,90) < a(A2)v(ya, 0,90) + b(A2)(y2 + 1),

see e.g. Lemma 2.1.6(iv) in Gundel (2006). Since v is decreasing in y;, (i) follows from (ii).
(iii) = (i): Assume that vy, 5, (P|Q1|Qo) < oo. Then

v(A2y2, My, Yo) < v( A2z, 0,%0)

)\2 N )\2 3
a (5\—) v <)\2y2, 0, yg> +b (5\—) (Aoy2 + 1)

2 2

IN

A ~ ~ ~ A -
<a (r) (0ot Ay, 70) + yn(0)) + b (r) Cags + 1)

2 2

for A\; > 0 and Ay > 0. Thus, (i) follows from (iii). O

Assumption 4.5 is equivalent to the integrability assumptions that were needed for the
solution of the primal utility maximization problem (20) without model uncertainty, i.e.,
Assumption 4.1.

Lemma 4.7. Assumptions 4.1 and 4.5 are equivalent.
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Proof. By Lemma A.1(x) v is continuously differentiable in y; > 0 and y, > 0. We will first
show that Assumption 4.5 implies Assumption 4.1.

e Assumption 4.5 = Assumption 4.1:

(a) In order to simplify the notation, we define the convex function

f(yQ) = U(Z/%yla%)‘

Letting A\; > 0 be fixed, we set yo := dQo/dR > 0, y; := \dQ1/dR > 0, ¢ := dP/dR,
Yo = Ao for Ay > 0. Since f is convex, we obtain for 0 < p < v and ¢ > 0

fwo) = (v =)o) < pof'(ve) < f((v + n)o) — f(ve).

For ¢ = 0 we have to argue more carefully. If f(0) < oo, the above inequality is trivially
satisfied. If f(0) = oo and R[¢p = 0] > 0, then Eg[f(¢)] = oo, contradicting Assumption 4.5.

In summary, we obtain that

Er[f ()] = Er[f (v — w)9)] < pEp [ (v9)]

< Er[f (v+m)o) — Er[f (v¢)].

By Lemma A.1(x), f'(y2) = —x* (y1/Y0, Y2/v0). Multiplying all parts by —1 thus leads to

0"
YaQy "

< Ux p—u(PQ1|Q0) — i, (P|Q1]Q0)-

Both the upper and the lower bound are finite due to Proposition 4.4 and Assumption 4.5.

U (PlQ1]Q0) — vay wru(PlQ1]Qo) < pEp [:c (

This implies Assumption 4.1(a).
(b) follows analogously with dv(y2, 1, y0)/Oyr = —€ (=" (Y1/Yo,y2/10))-
(c) Finally, we obtain from Lemma A.1(x)

0Q, iQ, 1Q, dQ,
" ( (Alon 10, )) (AQdR MR dR)

dQ dQq dp d@n
+)\1Ef( ()\lon AQon)) )\QdR (Alon Ao Q).

Since we just showed that the right-hand side is in L'(R), 4.5(c) is also proven.

(33)

e Assumption 4.1 = Assumption 4.5: This direction is immediate from (33). O]

The following theorem gives an alternative solution of the robust utility maximization

problem in the absence of model uncertainty using the dual functionals vy, », and 2.
Theorem 4.8. Suppose that Assumption 4.5 holds.

(i) Let Ypg, be the solution to the the loss minimization problem (23) defined in Propo-
sition 4.2. Assume that either xo > T, or, if vo < &y, v1 > Eg, [( (=Ypo,)].- The

following conditions are equivalent:

16



(a) 21 = Eo, [z (—x* (A’{Zgl,)\gjg ))] o = Ep [m (A;jgl,A;ddg )] and X; > 0
(b) (A1, A7) = argminy, >g5,50 (Ua 00 (PQ1Q0) + Mzt + Aozo) and AT >0

For the case A} = 0 the following conditions are equivalent:
(¢) 21> Eo, [z( (o A;jg;))], 2o = Ep[ (0 A;ddé:)]
(d) (0,3) = argminy 505,50 (Va2 (P|Q1|Q0) + Arz1 + Aao)

*dQ1 A< 4P dP

13007 2400 ) 1 a solution to

If any of these conditions is satisfied, Xpg, g, = ** ()\

the utility mazimization problem (20) and
(34) EQO [U(XP,QLQO)] UNEA (P‘Ql‘QO) + )\*-771 + )\21’0

(ii) Let xg € (0,Z¢). The following conditions are equivalent:
(CL) Lo = Ep |:—L (CP’Q1 %)}
(b) cpq, = argmin.. (0.(P|Q1) + czo)

In this case, Ypg, = —L (CRQI%> is a solution to the the loss minimization problem
(23) defined in Proposition 4.2 and Eq, [~{(=Ypq,)| = Vepq, (P|Q1) + cpg, To-

The proof of the last theorem is based on the following lemma.

Lemma 4.9. Let Assumption 4.5 hold. Then vy, ,(P|Q1]|Qo) is continuously differentiable
m AL > 0 and Ay > 0 with

0 d
3 S (PlQiIn) = ~Eo, |¢ [~ (Mt i) )|
and
(36) ai)QvAl,AQ(P‘Ql‘QO) =—Lp [ (Algg; Ao —— a0, )} :
Furthermore, 0.(P|Q1) is continuously differentiable in ¢ > 0 with
(37) L a(PIQ)) = By [L (%)} .

Proof. By Lemma A.1(x)&(xi) v and © are continuously differentiable with

@(92 Y1, 40) = —L (—x* <ﬂ %» @(yz Y1,90) = —2" <g£ @) ov —(y2,y1) = L (%)
8y1 M M y07 yo M ay2 ) M y07 yo M 8y2 M yl

By Lemma 4.7,

dQl dQl dP
(Alon A2on> LR, g( <A1on A2on>> €L@). L (C_) € L)

for any A\; > 0, Ay > 0, and ¢ > 0. Furthermore, z* is decreasing in ys, £o (—x*) is decreasing
in y1, and L is increasing. Thus, the continuity of the right hand sides of (35), (36), and (37)
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follows from the dominated convergence theorem. Moreover we may use Fubini’s theorem
to obtain for 0 < A} < \2
A dQ, dP)\ dP
Pyt —) —dv
8 /A ( "dQo Qo

A3 d dP
= 1))\17>\%(P|Q1|Q0) - /A; Ep |: (Aldg; on):| dy,

U,\I,Ag(P|Q1’Q0) = U,\l,xé(P|Q1|Qo) -

and for 0 < \{ < A}

UA%,AQ(P|Q1\Q0) = ’U,\},AQ(P\QHQ(J) -

M L dQ, aQ:
b /A% g(_"”” ( Qs Qo)> ar "

A7
:UA%,,\Q(P|Q1|QO>_/A1 Eq, {ﬁ( z’ ( Sg(l) 240, dQo >)} w

1

and for 0 < ¢! < ¢2

2

¢ dP \ dP
Ll )2
/Cl (” dQl) ar"

=0 (P|Q1) + /10 Ep [L <I/%)} dv.

This completes the proof. O

U2 (P|Q1) = U (P|Q1) + Eg

Proof of Theorem 4.8. (i) Note that (A1, A2) — v, 2, (P]Q1|Q2) + A1 + Aaxg =: g(A1, A2)
is convex and continuously differentiable.

(a) = (b): By Lemma 4.9, 68/{7 (A}, A5) = 0 and w =L g(A7, A5) = 0. Thus, (A}, A;) is a global
minimum of g.

(b) = (a): Since A} > 0, we have

99 /\x ya LAQ1
0= 5 (A1) = —Fa, [4( <)\ o )\QdQO)>]+x1.

Moreover, =% (A},0) = —oo by Lemma A.1(vi), thus A5 > 0 and

78)\

B —=(A\],\5) =—Ep {m (/\ 30, )\Qon)] + .

(¢) = (d): By Lemma 4.9, aaf (0,A3) > 0 and a,\ =Lg(0,A3) = 0. Thus, (0,A) is a global
minimum of g.

(d) = (c): We have

99 \w e dQl *
o< 2 050 = s o (- (55252 ))]

The second claim follows as in the part “(b) = (a).”

0=
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It remains to prove (34). By Theorem 4.3, Xp ¢, ¢, is a solution to the maximization problem
(20) and

d dP
EQO [U<XP,Q17Q0)] = EQO |:u (J}* < TTg(l)’/\erO>):|

d dP d dP
(38) ke [5 (‘”C* ( %w)ﬂ Ak { ( ’frgl“’érczo)}
= U,\*{,,\;(P|Q1|Q0)-

The first equality follows, since the last two terms in (38) are 0. The last equality follows
from (30).

(ii) Note that ¢ — 0.(P, Q1) + cxog =: k(c) is convex and continuously differentiable.

(a) = (b): By Lemma 4.9, 2¥(cpq,) = 0. Thus, cpg, is a global minimum.

(b) = (a): %5(0) = Ep[L(0)] = —%, < 0 by Lemma A.1(viii). Thus, cpg, > 0 and

ok dP
0= %(CP7Q1> == Ep [L (CRQITCA)} + Zo-.

5 The Robust Problem in an Incomplete Market

In this section we finally solve the robust utility maximization problem (16) under a joint
budget and risk constraint. In order to keep the presentation clear, we postpone all proofs to
Section 6. The relationship of the solution to (16) with the dynamic portfolio optimization
problem (18) was already investigated in Section 2.5.

It turns out that the robust solution can be constructed from the non robust solution
with the help of certain worst-case measures. In the robust case, we replace Assumption
(4.5) by the following robust version:

Assumption 5.1.

inf inf inf P for all Ay > :
(39) Jof Jmf nf Un e (PlQ1]Qo) < oo forall Ay >0, Ay >0

In order to verify Assumption 5.1, it is again sufficient to consider specific pairs (A1, A2).

This is a consequence of the assumption of RAE of the utility function.

Proposition 5.2. Assumption 5.1 is equivalent to

inf inf inf wvy{(P < 00.
PePT Q1€21 QoeQo 0’1( |Q1‘QO)

Proof. The proposition follows from Proposition 4.6. n
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5.1 Loss Minimization

As in the non-robust case, a first step consists in solving the problem of minimizing the
expected loss over all contingent claims Y > 0 under the budget constraint in an incomplete

market, i.e.,

Minimize sup Eg,[¢(=Y)] over all Y >0
Qe
(40)
with Y € LY(P) for all P € P" and sup Ep[Y] < .

PepPT

Proposition 5.3. Let Assumption 5.1 hold and let xo € (0, Zy).

(i) There exists ¢* € (0,00) that minimizes the convez function

G(c) = inf inf o.(P .
(= o glth, P10 + e

(ii) There exist P € PT and Q, € Q, that achieve the infimum of ve(P|Q1) over the sets
PT and Q.

(iii) The solution to Problem (40) is R-almost surely unique on the set {dP/dR > 0} and
given by

Furthermore, Problem (40) is equivalent to the classical problem (23) under the mea-
sures P and Q1, suppepr Ep[Y*] = Ep[Y*], and

(41) — S g, [ )] = — B, (=Y )] = 5 (PIy) + "o

5.2 Utility Maximization

We will now solve the robust utility maximization problem (16) under a joint budget and

risk constraint.

Assumption 5.4. There exists a minimizer (A}, \3) € [0, 00) X (0, 00) of the convex function

inf inf inf P A A .
PEPT Q101 QoeQy {00 (PIQ1IQ0) + Ay + Aao}

Proposition 5.5. Suppose that Assumption 5.4 holds and that the sets Qg and Q1 satisfy
Assumptions 2.1 € 2.5. The convex functional

(P,Q1,Q0) — UA;,A;(P\QHQO)

attains its infimum on PT x Q) x Qy. We denote the minimizing measures by P* € PT,

Q1 € 91, and Qf € Qo.

We impose the following additional hypothesis:
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Assumption 5.6. For any Qg € Q, there exists a € (0, 1] such that
Vs (P QT[aQo + (1 — ) Q) < oo.
Lemma 5.7. If u(co) < oo, then Assumption 5.6 is automatically satisfied.

The minimizers P*, ()7, and () in Proposition 5.5 can be characterized as worst case

measures.

Proposition 5.8. Suppose that Assumptions 5.1, 5.4 € 5.6 hold, and define
dQy dP*)
X =" (N —, Ao—— | .
( HdQp " dQ;
Then

(i) X* € LY(P) for all P € PT, and

(42) Ep- [X*] = sup Ep[X7],

PePT
(ii) ((—X*) € LY(Qy) for all Q, € Qy, and

(43) Eq; [((=X™)] = sup Eq, [((=X")],
Q1eQ

(iii) u(X*) € LY(Qo) for all Qo € Qq, and

(4) Eqs [u(X)] = inf o, [u(X").

Finally, we state the solution to the robust utility maximization problem (16) under
both a budget and a risk constraint. Recall that v ,(P|Q1|Qo) does not depend on Q.

Uniqueness in the following is meant in the R-almost sure sense.

Theorem 5.9. Let the sets Qg and Q1 satisfy the Assumptions 2.1 € 2.5, let the integrability
assumptions 5.1 and 5.6 hold, and let x1, xqg > 0. Define Y* as the loss-minimizing claim

from Proposition 5.3. Furthermore, let Ay be a minimizer of the convex function

inf inf wg, (P + Aoz,
PcPT QoeQo 0’)\2( |Q1’QO> >0

and P and Qo minimizer of Vo 5, (P1Q11Qo) over PT and Q.

(i) If xo < Ty and x1 < supg,co, Fq, [ (=Y™)], then there is no contingent claim which

satisfies both constraints.

(i1) Assume that vo < T, and x1 = supg,cg, Eq, [( (=Y ™)].
If u (Y*)” € LY Qo) for all Qy € Qq, then

dR ™

X*::Y*.l{%>0}+oo‘1{£*0}

is a solution to the mazximization problem (16), and both constraints are binding. Oth-

erwise the maximization problem has no solution. X* is the unique solution on the set

{dP/dR > 0}.
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(ii1) Assume that supg, o, Eq,[((—I(X\2dP/dQy))] < x1. Then

X* =1\ d{D
dQo

is the unique solution to the maximization problem (16), and the UBSR constraint is

not binding.

(iv) Assume that 1 > supg,co, Fq, [ (=Y™)] and supg, co, Fo, [0(—=I(AydP /dQy))] > 1.

Then a solution to the mazimization problem (16) exists and both constraints are

binding.
Assume in addition that Assumption 5.4 holds. Then the unique solution is given by
aqQi . dP*
X" =a" ()\’fﬁi, 5 *) ,
dQy “dQg

where x* is defined as in (22). Furthermore, P*, Qf, and Q are worst case measures,
i.e., they satisfy (42), (43), and (44), and the utility of the optimal claim is given by
(15) It B, [u(X)] = vxg g (PYIQEIQR) + N1 + Ao,

The preceding theorem provides a solution to the robust utility maximization problem
(16) under both a budget and a risk constraint. The solution is of the same form as the
solution to Problem (20) without model uncertainty.

Note that in case (ii), the robust problem (16) has the same solution as the classical
problem (20) under Q1 and P, and these two measures may be interpreted as worst case
measures for the utility maximization problem. In case (iii), the robust problem (16) can
be reduced to a utility maximization problem with utility functional E; [u(X)] and budget
constraint Es[X]. The risk constraint is automatically satisfied in this case, and P and Q)
are worst case measures for the optimal claim. In the last case (iv), X* is the solution to

the utility maximization problem (20) with a joint budget and risk constraint under the

measures 5, Q7, and P*.

6 Proofs

6.1 Loss Minimization

Proof of Proposition 5.3. (i) The function G(c) := inf pepr infg, co, Te(P|Q1)4cxo is convex.
Lemma A.1 implies that lim. ., 9(c,1)/c = 0. Observe that for x > 0 we have
_( dP d@Q, S dQ1£ dP
"\“4r’ 4R ) © ’
We obtain 0.(P|Q1) > (e, 1) by taking expectations with respect to the reference measure

R and then the supremum over x > 0. Thus,

~ v(c, 1
lim G(c) > lim (9(c, 1) + czp) = lim ¢ (M + Jco) 00
c—00 c—00 C—00 C
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because xq > 0.

Assume now that the infimum is achieved in ¢* = 0. Observe that

G(c) > 0(e, 1) + cxy.

With ¢ — 0 we obtain by Lemma A.1(xi) that G(0) > 0. Thus, for any ¢ > 0,

~ . . ~ - dP
0<C0) < Jof, haf, %(PIQu) +exo S %(PIQ) +emo < @ (E [L (@ﬂ ' )

for any Q; € Q and P € PT. Noting that 0.(P|Q;) + cxg is zero for ¢ = 0, the last inequality
follows from the convexity of ¢ — 0.(P|Q1) + cxo and Lemma 4.9.

L (c%) converges to —T, as ¢ — 0 and is bounded. Since Z, > 1z, the bounded
convergence theorem implies that there exists ¢ > 0 such that the last term in the brackets
is strictly negative, a contradiction. Hence, the convex function G achieves its infimum in
some ¢* € (0, 00).

(ii) For the properties of the function ¢ the reader is referred to Lemma A.1. Let f(z) =

o(c*x,1). f is continuous, convex and

T (G
T—00 T T—00 €T
Moreover,
. 0 ify =0,
v(c'x,y) = .
( v) yf (i) if y > 0.

Since Q; is weakly compact by Assumption 2.1, we can apply Theorem 1.2.8 of Gundel
(2006).

(iil) supg,eo, Eq,({(=Y™)) = Eg, ({(=Y™)) and suppepr Ep(Y*) = Ep(Y™*) follow from
Proposition 2.3.8 in Gundel (2006). Here, —¢(—-) replaces the Bernoulli utility function.
Gundel’s Assumption 2.3.2 is automatically satisfied, since 9.(P|Q1) < 0 for all ¢ > 0.

By Theorem 4.8(ii), Y* is a solution to the classical loss minimization problem (23)
under P and Qy, and o = Es(Y*). Thus, Y* satisfies also the robust budget constraint in
(40). Then,

~ sup B, (((~Y)) < ~Eg, (K(~Y)) < ~Eg, ((-Y")) = — sup Eq,(((~Y")).
Q1€ Qe
This implies that Y* is a solution to (40). Moreover, by Theorem 4.8(ii),

—EBg, (((=Y")) = 0= (P|Q1) + ¢"o.

In order to show uniqueness, assume that Y solves Problem (40). Then we have E5[Y] <

o and hence

sup Eo,[((~Y)] 2 Eg,[6(~V)] 2 Eg [((~Y")]

Q1€
The second inequality holds strictly unless ¥ = Y* R-almost surely on {dP/dR > 0}.
This follows from the fact that Y* is the solution to Problem (23) under P and Q; and
from the uniqueness result in Proposition 4.2. But the strict inequality is a contradiction
to Eg, [((=Y™)] = supg,co, L, [{(=Y™)] = supg,co, Fa, [((=Y)]. Thus Y = Y* R-almost
surely on {dP/dR > 0}. O
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6.2 Utility Maximization

For the proof of Proposition 5.5, we need the following auxiliary result. In order to simplify
the notations, we define f (¢, 11, 0) := v (A3¢, A{1, o) and f(P[Q1|Qo) := var xs (P|Q1] Qo).

Lemma 6.1. The set

dP d@), d -
{f (Gr e o) PP Qe dne Qo}

is uniformly integrable with respect to R.

Proof. We obtain from the proof of Theorem 4.5 in Féllmer & Gundel (2006) that

{[sulg (%u(x) — Ao (% —l—e))]_ - PePl Q€ Qo}

is uniformly integrable. sup, (%u(z) — Ao (25 + €)) takes the role of the term “f (¢ +
€,10)” in the proof in Féllmer & Gundel (2006). The details are left to the reader. Now the

result follows from

AP dQy dQy\ [dQy . Q. . (dP
/ <dR+€’ iR’ dR> _i‘iﬁ’{ ar @)~ A=) T = e <dR+€>}

d dpP d
> Smlilg {%u(m) — Ao (ﬁ + 6) } — AM(O)%,
the uniform integrability of Ko, due to Assumption 2.5, and the fact that the sum of two

uniformly integrable sets is again uniformly integrable. m

Proof of Proposition 5.5. W.l.o.g assume that infpepinfg,co, info,ecq, f(P|Q1]Q0) < o0;
otherwise, any (P, Q1,Qy) € P x Q1 X Qp is a minimizer of the generalized divergence.
f(&,11,10) is continuous on [0, 00) X [0,00) x (0, 00), since the functions g and z* defined
in Lemma A.1 are continuous and f(¢, ¥, %) = Yog(x*(A11 /1o, Aad/10)).

Let (Qf)nz1 € Qo, (Q1)nz1 € Qi1, and (Py)n>1 € PT be such that f(P"|Q7]Qg)
converges to the infimum of the values f(P|Q1|Qy) over P € PT, Q, € Q; and Qo € Q,,
and define

n. dQY

for i = 0,1. By Delbaen & Schachermayer (1994), Lemma A1.1, we can choose

w?,o € conv( ?aT/J?H, ) (n=1,2,..)
and functions 1} such that
(0 R (0 R — almost surely.

Since the sets Ko, are weakly compact we have f € Kg,, i.e., ¢ are the densities of some

measures @ € Q;. Due to Lemma 4.4 in Follmer & Gundel (2006), we can also choose
P € conv(P", P"™ ) (n=1,2,..)
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and P* € PT such that

Pn,O P*
(46) ddR — C;R R — almost surely.

Define ¢"™° := dP™°/dR and ¢* := dP*/dR. Note first that

FPIQIIQ3) = B [f (67,01, 45)] = Er [lim £ (6" + €, 0f,05)] = lim En[f (6" + &, 47, 47)
by monotone convergence, since f(-,11,1) is continuous and decreasing on [0, 00), and

Er[f (¢" + e, 07,05)] > f(Er[¢*] +¢,1,1) > —o00

by definition of f as a supremum. Lemma 6.1 implies
Erlf (6" + 0l 09)] = Ep[lim f(6™ + €005
= Bp[lm 56"+ €0}, 05| - Br | lim £(6" + e 0}, v )]

< liminf Bp[f(¢™ +e 7" 9p")] < liminf Br[f(6"", 47", 457)]

n—oo

< lminf Eelf(6", v, )] = inf inf i f(PIQi|Qu).

The first equality follows from the continuity of f(- +¢,-,-) on [0,00)* x (0,00), the first
inequality follows from Fatou’s lemma (applied to the first term) and Lebesgue’s theorem
(applied to the second term) due to Lemma 6.1, and the last one from the convexity of
f(-,-,-). This shows that f(-|-|-) attains its minimum in (P*, QF, Qf)- O

Proof of Lemma 5.7. Let Qy € Qp, a € (0,1), and define ¢ := dQ§/dR, vy = dQo/dR,
V§ = ahy + (1 — a)if, ¥ := dQ7/dR, and ¢* := dP*/dR. The convex function f(1)g) :=
v(A30*, AT, ) has increasing derivative f'(vg) = u(x* (AT /1o, Nsd* /1bg)) < u(oo) due
to Lemma A.1(vii)&(x). Hence

F@W§) < f(Wg) = F/(@6) (W5 — ¥f)
< f(W5) = /(1 = e)abg) + u(o0)g

=f<wz§>—u(x*( I *))wzsw(oo)wg,

l—ay; 1—ay;

which is in L'(R) due to Assumption 5.1 and Lemma 4.7(i). O

Proof of Proposition 5.8. This can be shown in exactly the same way as Proposition 3.12
in Follmer & Gundel (2006) or Proposition 2.3.8 in Gundel (2006) by setting

(i) f(®) :=v(\sp, \idQ3/dR, dQ;/dR) for P € PT and ¢ := dP/dR,

(i) f(¢1) == v(AsdP* /dR, Aj1,dQ§/dR) for Q1 € Qp and ¢ := dQ,/dR,

(iil) f(vbo) := v(A3dP*JdR, \;dQ7 /dR, 1) for Qo € Qo and )y := dQy/dR,

and using Lemma A.1(x).
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Note that in (i) for any P € PT there is a € (0,1] such that vy:s(aP + (1 —
a)P*|Q3]QF) < oo. Indeed, let P € PT, o € (0,1), and define ¢* := dP*/dR, ¢ := dP/dR,
o* = ap + (1 — a)¢*, ¥} = dQ7/dR, and ¢§ := dQf/dR. The convex function f(¢) :=
v(A30, AfYy, ) has increasing derivative f'(¢) = —Nsz*(Afv7 /vg, Nsd/18) < 0on {¢ > 0}.
Hence we obtain on {¢* > 0},

f(@%) < f(¢7) = f(¢") (6" — ¢7)
< f(¢7) = A/ (1 = a)g")¢"

= 16+ 330 (N - S ) o

0 05
which is in L'(R) due to Assumption 5.1 and Lemma 4.7(i). If f(0) = u(o0)—A{(—o0) = oo,
then R(¢* > 0) = 1 since Er[f(¢*)] < oo. Otherwise vy xs(aP + (1 — o) P*|Q7|Q5) =
Eg[f(¢*); > > 0] + (u(o0) — Ail(—)) - R(¢* = 0), and the second term is bounded for
any P € PT.

Similarly, note for the proof of (ii) that the set Q; satisfies an assumption like As-
sumption 2.3.2 in Gundel (2006). That is, for any ¢; € Q; and o € (0,1) we have
Varg (Pa@] + (1 — a)@Q1|Qp) < oo. Indeed, let @1 € Q; and define ¢, := dQ;/dR and
Y = ar)y + (1 — a)yp}. For the convex function f(v1) := v(A5¢*, Aje1, ) with increasing
derivative f'(11) = —A[l(—a* (N[ /5, Nso* J1g)) < 0, we obtain

F@F) < f@1) = f1W)(WF —¥f)

SfWD+An(ﬂf01—ww¢lvj))w;

which is in L'(R) due to Assumption 5.1 and Lemma 4.7(i). O

Proof of Theorem 5.9. (i) follows from Proposition 5.3.

(ii) X* solves the loss minimization problem (40) by Proposition 5.3. Hence it satisfies
both constraints, and by Proposition 5.3, any other contingent claim satisfying both con-
straints equals X* on the set {dP/dR > 0}. On {dP/dR = 0} we cannot do any better
than setting X* equal to co. Hence, X* solves the utility maximization problem (16), and
it is the unique solution on the set {dP/dR > 0}.

In order to show (iii) and (iv), take a contingent claim X € X'(zo,x;) that satisfies
the constraints, and A\; > 0, Ay > 0. Letting P’ € PT, Q) € Qi, and Q) € Qy with
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011 (P'|Q11Q)) < oo, we obtain

ot Eo[u(X)] < Egyfu(X)]

< U0 (P1Q11Q0) + Ay + Ao

(. dQ, . dP'
s (25
© (= [ (o (wig i) )

aQ, . dP’
A — Epr 2" [ N\ —=. )\ .
" ( : [ (%l@a’ 2an)D

(iii) Let P’ = P and Q) = Qo in (47). If Supg,co, Fo [((—=I(\ydP/dQy))] < 1, then

the last two summands in (47) are equal to zero for Ay = 0, Ag = Xs. Since z*(0,y2) = I(y2),

(i)

By Proposition 2.3.8 in Gundel (2006) the last term equals infg,eo, Eg, [u(I(AdP/dQo))],
and I(A\dP/dQ,) satisfies the budget constraint. Thus, I(AodP/dQy) is a solution to Prob-
lem (16), and the UBSR constraint is not binding. In order to prove uniqueness we proceed
as follows: Assume that X € X (x,21) solves Problem (16). Then we have E5[X] < 20 and

hence

this implies

sup inf Fg,[u(X)] < Ep,

XeX(zo,x1) QoeQo

ot Eou[u(X)] < Eg, [u(X)] < Eg, [u(X")]

The second inequality holds strictly unless X = X* QO— and hence R-almost surely. This
follows from the fact that X* is the solution to Problem (20) under P and Q, and from the
uniqueness result in Theorem 4.3. But the strict inequality is a contradiction to Ey [u(X™)] =
info,co, B, [u(X™)] = infg,co, Fo,[u(X)]. Thus X = X* R-almost surely.

(iv) Let P' = P*, Q) = Q7, and Q) = Q. Since (A}, \}) minimizes vy, »,(P*|Q7]|Q%) +
Az + Aoz it follows from Corrolary 4.8 that the two terms in the brackets on the right-
hand side of (47) equal zero for A\; = A} and Ay = Aj. Proposition 5.8 implies that X*
satisfies the constraints and that Eg:[u(X™*)] = infg,eq, Eqg,[u(X*)]. This concludes the
proof of (45) and of the optimality of X*. Both constraints are binding due to the assump-
tion supg,co, Fo, [0(=I(A2dP/dQy))] > z1. Furthermore, in this case, the robust utility
maximization problem is equivalent to the classical problem with Qy, = {Q{}. Now the

uniqueness follows in the same way as in (iii). O

A Auxiliary Results

In this section we collect properties of the deterministic functions z* and L. Remember that z,, = 0.
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We consider a family of functions gy, ,, with y1,y2 > 0, defined by
Gypn (@) = u(a) — yal(—2) — o
In the following we will sometimes drop the indices y1, y if there is no danger of confusion.
Lemma A.1. (1) Gyr,y» 15 strictly concave and thus continuous on its essential domain

dom(gy, y,) = dom(u).

(it) Gy, .y, altains its supremum on R if and only if y» > 0. In this case, the maximizer is unique and

equals
Jr,y2)  if y2 > W () + il (—2et),

(48) ' (y1,y2) = (T if u'(2e) < yo < (Zg) +ynl (—Te+),
I(y2) if y2 < u/(Ze).

Here J(y1,y2) denotes the unique solution to the equation u'(x) + y1'(—x) = yo for the case that
yo > u'(Ze) + 1l (=T +), and I := (u') 71

(iii) If Ty = 00, (48) simplifies to
z*(y1,92) = J (Y1, y2).
(iv) The function z* : [0,00) x (0,00) — (0,00), defined in (48), is continuous.
(v) x*(y1,y2) is decreasing in yo for y1 > 0 fized, and increasing in y1 for yo > 0 fized.
(vi) For fized y1 > 0, we have x*(y1,00) 1= limy, 00 *(y1,y2) = 0, 2*(y1,0) := lim,, o 2*(y1, y2) = 0.
(vit) If « > 1, then x*(ayr, ay2) < z*(y1,y2).

(viti) Let L : R — [—Zy,0] be the generalized inverse of the derivative of the loss function ¢, i.e.,

0 if y > £'(0),
(49) Lly) = § (@) (y) i ¢'(=ze+) <y < £(0),
—Ty ify <U(=Zet).

L is a continuous function which is strictly increasing on [£'(—Z¢+), €' (0)].

If e > 0 is such that {'(—Ze+) < e < £(0), and p := u'(—L(e)), then we have for all y; > 0,
2(0, 1) = 2" (Y1, 1+ yre).
(iz) Let é: Ry — Ry be decreasing with limy, o é(y1) = ¢ > 0. Then
lim 2" (y1,é(y1) -y1) = —L(c) € [0,Z].
Y1—o©
Moreover, *(y1, cy1) converges for y1 — oo to —L(c) monotonously from above.
(x) Define

v(y2, Y1, 40) 1 = Sg%{you(r) —y1l(—x) — yaz}

_ « (Y1 Y2 « [ Y1 Y2 « (Y1 Y2
=%Y%u\|T — _ylg —T Y — Y2 —
Yo Yo Yo Yo Yo Yo

forya >0, y1 >0, and yo > 0. v is convex and continuously differentiable with derivatives

9 « (W y1>)
51 - 5 5 - —y )
( ) ayov(y2 Yy yo) B (x (yo Yo
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; m y2>>
52 U1, =0 —z* , ,
(52) 8y1U<y2 b1, %0) ( ! (yo Yo

and

0 'A% y2>
53 —v(Y2,Y1, =—z" [ =,=).
( ) 0ya (y2 u yo) (yo Yo

Hence v is decreasing in y1, and it is decreasing in yo if 0 = 0.

Furthermore,

v(0,y1,40) == lim v(y2, 41, 90) = you(00) — yrf(—00) == lim (you(z) —y1£(~2))

fory1 >0, yo > 0.
(zi) Define
(54) 0(y2,y1) = sup{—y14(—x) — yox} = —y1 ¢ (L <y2)> + yo L (y2>
x>0 Y1 Y1

forya >0 and y1 > 0. ¥ is convex and continuously differentiable with derivatives

o =-1(:(3))

a9 . yz)
— O(ya,y) =L 2.
8y20(y2 Y1) (y1

v(cz,1) —0.

and

Furthermore, lim,, .o 0(y2,71) = 0 and lim._,
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